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PREFACE 


Mathematics, physics, and applied mechanics have always been re- 
garded as essential courses in the education of an engineer, but there 
has been a general tendency in the past to focus primary attention upon 
various specialized phases of professional endeavor. The engineer of 
today, however, is confronted with a variety of new and ever-changing 
problems that are seldom restricted to one particular field. Since the 
background of fundamentals necessary to the solution of such problems 
is exceedingly difficult to acquire after graduation, whereas the spe- 
cialized skills of engineering practice are best obtainable through post- 
graduate experience, technical education is now evidencing a marked 
trend toward more thorough grounding in the basic engineering 
sciences. 

Closely associated with this trend has been a growing realization of 
the importance of flow phenomena in almost every field of application. 
Once considered a special interest of but a single professional group, the 
science of fluid motion is gradually attaining recognition as one of the 
basic subjects necessary to all engineers. Since the principles of fluid 
motion stem from the same physical laws as the principles of motion 
of rigid and elastic solids, the study of such motion is properly becom- 
ing an essential branch of engineering mechanics. 

The mechanics of fluids is evidently not merely traditional hydraulics 
under another name, or even a combination of hydraulics with certain 
aspects of aerodynamics, but rather as fundamental a treatment of 
fluid behavior as the mechanics of solids is of the behavior of rigid and 
elastic bodies. In the effort to provide a textbook for an elementary 
mechanics course in fluid motion, the author assembled in 1940 a pre- 
liminary series of notes for undergraduate study at the University of 
Iowa. After two years of use the notes were considerably revised, and 
during the following years further revisions and additions were made in 
preparation for publication in book form. The present volume there- 
fore represents the “third edition” of the original notes, the major por- 
tion of which reflects experience gained through five years of teaching 
by various members of the mechanics staff. 

The word "elementary” appearing in the title has been used ad- 
visedly, since the subject matter presumes no previous training in flow 
principles — and, in fact, no prior knowledge of mechanics beyond that 
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CHAPTER I 


INTRODUCTION TO THE STUDY OF FLUID MOTION 

1. MECHANICS OF FLUIDS AS AN ENGINEERING SCIENCE 

Historical development. Some two hundred years ago, mankind’s 
centuries of experience with the flow of water began to crystallize in 
scientific form. Despite this common origin, however, two distinct 
schools of thought gradually evolved. On the one hand, through the 
convenient creation of an “ideal fluid,” mathematical physicists de- 
veloped the theoretical science known as classical hydrodynamics. On 
the other hand, claiming that idealized theories were of no practical 
use without empirical correction factors, engineers developed from 
experimental findings the applied science known as hydraulics, for the 
specific fields of water supply, irrigation, river control, and water 
power. 

As other engineers became confronted with problems involving the 
flow of oil and gas in pipes or of air in ventilating systems, hydraulics 
formulas were gradually extended to fill these needs. The design of 
modem aircraft, on the contrary, permitted from the outset much 
smaller “factors of ignorance” than most engineering fields. Not only 
were existing principles of hydraulics often too inexact for use in aero- 
nautics, but these principles were not sufficiently descriptive of fluid 
motion in general to be adaptable t-o the motion of bodies through air. 
Fortunately, rather than develop purely empirical methods to supply 
this need, physicists and engineers began instead to expand the basic 
concepts of fluid motion into a science which now includes as special- 
ized phases both aerodynamics and hydraulics, as well as a host of 
other applied fields. 

This science has come to be known as the mechanics of fluids, a sub- 
ject parallel to the mechanics of solids and engineering materials and 
built upon the same fundamental laws of motion. Unlike empirical 
hydraulics, therefore, it stems primarily from basic physical princi- 
ples; unlike the purely mathematical treatment of classical hydrody- 
namics, on the other hand, the science is closely correlated with experi- 
mental studies which both complement and substantiate the funda- 
mental analysis. In a word, the mechanics of fluids avoids the weak- 

I 
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and bearing can be stated in terms of geometrical measurements, the 
rotational speed in terms of time, and the shear and pressure of the 
fluid lubricant in terms of length and force. Once such flow char- 
acteristics are known, any problem of fluid motion is, for all practical 
purposes, completely solved. 

There are fairly simple means of measuring length, time, and force — 
whether individually or in combination — in laboratory, shop, and field, 
so that the characteristics of practically any kind of fluid motion may 
be determined either directly or indirectly. The measurement of 
boundary form, as the reader is well aware, requires in effect only a 
protractor and a linear scale, whether one deals with the minute frac- 
tions of an inch involved in bearing clearances or with the thousands 
of feet over which atmospheric disturbances may extend. The basic 
unit of time is generally considered to be the second, and such short- 
period phenomena as the induced vibration of a submarine periscope 
may be of this order of magnitude; on the other hand, flood movements 
in rivers may be followed more conveniently with a calendar than with 
a stop watch, while tides have daily, monthly, and even seasonal cycles. 
Force, normally measured with a calibrated spring, likewise varies 
greatly in magnitude from one flow phenomenon to the next, the re- 
sistance to the settling of dust particles in air being a minute fraction 
of an ounce as compared to the thrust of many tons exerted by the 
screws of an ocean liner. 

The measurement of fluid velocity, a combination of length and 
time, is somewhat more involved. For example, one may time the 
movement of a float over a known distance, or count the revolutions 
per minute of a sensitive propeller which has been calibrated in a 
flow of known speed. Through simultaneous use of many such floats 
or current meters, moreover, one can obtain a picture of the rate and 
direction of movement over a large region, as in maps of prevailing 
winds or ocean currents. Another combination of length and time 
units is illustrated by volume rate of flow: the number of drops of 
liquid emerging per second from a pipette, or the number of million 
gallons of water passing per day through the supply mains of a large 
city. 

Quite as often as one measures the force exerted upon a body by a 
fluid, one is interested in determining the intensity of such force at a 
given locality. The local intensity of the pressure exerted upon a body 
by the atmosphere, for instance, is usually measured in pounds per 
square inch, although far below the ocean surface, or in high-pressure 
equipment, the intensity of pressure is so great that it is often eval- 
uated in “atmospheres,” or multiples of the normal atmospheric in- 
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in ail three instances, and is embodied in a single principle of fluid 
mechanics. 

W ater, furthermore, is known to flow down a slope as a result of 
weight, or gravitational attraction. Few realize, however, that a rela- 
tively slight difference in fluid weight due to local temperature changes 
in the atmosphere or in the ocean will likewise result in the “downhill” 
flow of the colder within the warmer medium. The principle of gravi- 
tational action in river hydraulics thus has its counterpart in meteor- 
ology and oceanography, to mention only two of many fields. 

Likewise, although the I'iscosity of lubricating oil is obviously far 
higher than that of alcohol, tests on the flow of oil through a pipe may, 
through present-day knowledge, be used to predict with great accu- 
racy the corresponding flow characteristics of alcohol — or of steam, or 
natural gas — because the principle of \i'scous resistance is the same for 
any true fluid. Indeed, the wind resistance of skyscrapers or suspen- 
sion bridges could just as well be investigated on models towed through 
water as on models held in a stream of air. 

Gases, finally, are well known to be readily compressible, but liquids 
are normally considered of fairly constant density even under con- 
siderable pressure. Yet the fact that the elastic modulus of water, for 
instance, is well below that of steel indicates that it is also compres- 
sible, even though to a much lower degree than air. As a result, the 
propagation of elastic waves in the sea follows quite the same basic 
laws as the propagation of sound in the atmosphere, however much 
the actual velocity of propagation may differ. Indeed, the analogy 
may even be extended to include other fluid properties, for the capil- 
lary waves in front of a model bridge pier, the gravity waves at the 
bow of a ship, and the sound waves at the nose of a projectile may be 
analyzed through essentially the same principles of fluid mechanics. 

Influence of fluid properties upon flow characteristics. Before pro- 
ceeding to the study of each fluid property, it is necessary for the 
reader to become familiar with methods of visualizing a flow pattern, 
such as that produced, let us say, by the speeding of an automobile 
along a highway or by the flow of water over a spillway. As a first 
approximation, such patterns of fluid motion may be obtained di- 
rectly from the geometrical form of the flow boundaries, and in the 
following chapter will be found a detailed treatment of the correspond- 
ing velocities and accelerations without consideration of the fluid 
forces which are involved. Fluid density is introduced in the chapter 
thereafter, but the sole force discussed is that due to the pressure 
variation which accompanies the acceleration of a fluid according to 
the various patterns of motion already studied. 
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3. Suggest how an understanding of fluid behavior might advantageously be 
applied in the following fields: bridge design; oil-well drilling; sanitary engineering; 
mining and metallurgy; soil conservation; grading of abrasives; chemical engineering; 
geology. 

4. Is the motion of the atmosphere always turbulent? By what visual means 
readily at hand may such motion be observed? 

5. \Yhv are modern vehicles streamlined? Cite cases in which streamlining is 
(a) scientifically sound and ( b ) merely aesthetic. 

6. Is maw’s Wood stream probably turbulent like the flow through a moderately 
large boiler tube, or is it more reasonable to conclude that it exemplifies another 
means of transferring heat? 

7. High winds tend to lift roofs from buildings rather than to force them inward. 
Explain this effect in terms of pressure distribution. 

S. Suggest a likely cause of the "singing” of telephone wires in the wind. 

9. Enumerate the fluid properties which can influence the behavior of a fluid in 
motion. Suggest flow phenomena illustrating the influence of each property. 

10. It is a well-known fact that one can float more easily in salt water than in 
fresh. Should one also be able to swim faster in salt water? 

1 1 . Should mercury or water be expected to flow more rapidly down a channel of 
given slope? 

12. Why is it necessary' in winter to use a "lighter” oil for automobiles than in 
summer? To what property does the term "light” refer? 

13. Would you imagine the viscous resistance to the flow of air to be greater or less 
than the viscous resistance to the flow of water? 

14. Is the pressure intensity (a) within a bubble of gas, and (6) within a drop of 
liquid, probably greater than, equal to, or less than that of the surrounding medium? 

15. Projectiles are known to whistle or scream during flight. Should the sound 
wave follow a projectile or precede it? 

16. Gulliver's Travels is sometimes criticized on the basis of conversion principles 
now used in model experiments. Should gravitational attraction seem relatively 
greater to a Lilliputian or to a Brobdingnagian? To which would the day seem 
shorter? To which would water appear more viscous? Which would have less dif- 
ficulty with surface tension? Assuming a height ratio of 1 : 100, estimate their 
relative weights, velocities of walking, and frequencies of breathing. 

SELECTED REFERENCES 

GlACOltEixr, R., and PistOLEsi, E. “Historical Sketch.” Aerodynamic Theory, Vol. 
I, Springer, 1934. 

Bardsley, C. E. “Historical Resume of the Development of the Science of Hydrau- 
lics.” Publication j g, Engineering Experiment Station, Oklahoma A & M Col- 
lege, 1939. 

KarmaX, Th. vox. “The Role of Fluid Mechanics in Modern Warfare.” Proceed- 
ings of the Second Hydraulics Conference, Bulletin 27, University of Iowa Studies 
in Engineering, 1943. 
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In the laboratory, to be sure, it is common practice to introduce drop- 
lets of oil or shiny particles of aluminum for visual or photographic 
observation, but for general purposes one’s only recourse is to con- 
struct on paper or in the imagination a system of flow lines showing 
the nature of the motion in any desired region. Such a system of lines 
may seem at first quite a haphazard affair; the motion which it indi- 
cates, nevertheless, must be in complete accord with principles of 
mechanics, the investigation of which is the purpose of this book. 
While the ultimate goal of the present chapter is the determination of 
the flow pattern around or between boundaries of any given form, it is 
evidently first necessary to devise means of interpreting such a pat- 
tern once it is at hand. 

Velocity vectors and components. The motion of a fluid, like that 
of a solid, is described quantitatively in terms of the characteristic 
known as velocity. In dealing with a 
solid, however, it is generally suffi- 
cient to measure the velocity of the 
body as a whole, whereas the motion 
of a fluid may be quite different at 
different points of observation. At 
any such point, nevertheless, the ve- 
locity completely defines the rate of 
motion at a given instant, in that it 
is a measure not only of the speed at Fig h velocity vector and recti- 
which the fluid is passing that point linear components, 

but also of the direction in which the 

fluid is moving. Velocity is thus a vector quantity, for it possesses 
both magnitude and direction. The vector is usually represented by 
an arrow, as shown in Fig. 1, the length of the arrow being propor- 
tional to the magnitude of the velocity, and the orientation of the 
arrow indicating the direction of the flow. 

Owing to its vector properties, a velocity may be resolved into com- 
ponents in any desired directions (such as the rectilinear directions 
x and y of Fig. 1). Likewise, velocity components at a given point 
may be combined vectorially to yield their resultant, a procedure 
which is of particular importance in problems involving relative motion. 
For instance, to an observer in an airplane the air at a point which is 
fixed in relation to the plane will appear to have a definite direction 
and speed; the actual air velocity, however, is the vector sum of the 
velocity of the air relative to the plane and the velocity of the plane 
itself, as indicated in Fig. 2. Such vector addition is perhaps most 
readily accomplished by resolving each velocity into rectilinear com- 
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seen from this pattern at a glance; that the stream-line configuration 
also indicates the magnitude of the velocity at all points will be shown 
in the following section. 

Example 1. Tests upon a bomb held stationary in the air stream of a wind 
tunnel yielded (by means of a series of smoke filaments) the stream lines shown. 
At point a, where the inclination of the stream line is 30°, the velocity vr relative 



to the bomb was found to be 1.6 times as great as the velocity v 0 of the approach- 
ing air. What resultant velocity would this indicate when the bomb was falling 
at the rate of 500 feet per second? Sketch the corresponding instantaneous 
stream line. 


Since the rate of fall corresponds to the velocity of the air stream in the wind- 
tunnel tests (i.e., vr = v 0 ) the relative velocity at point o will be 

vr = 1.6 vr = 1.6 X 500 = 800 fps 

The resultant velocity is then the vector sum of the relative velocity and the 
bomb velocity 7 : 

v = vr 44 vr 


In terms of vertical and horizontal components, 


V„ — Vr cos 30° — t’B 

= 800 X 0 866 - 500 = 193 fps 


v x = vr sin 30° = 800 X 0.5 — 400 fps 


a = vV + v„- = V400 : + 193- = 444 fps 


- S = Wo - °- 482 


P = 25° 45' 



The instantaneous stream line vould therefore be inclined at the angle ft to the 
horizontal at this point, as indicated in the sketch. 
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the volume rate of flow past any normal cross section of an elementary 
stream tube will be 

dQ = v dA ( 1 ) 

in which dQ has the dimension of volume per unit time or [length 3 /time], 
v that of distance per unit time or [length/time], and dA that of area 
or [length 2 ]. 

Since the stream tube is bounded by stream lines, it is evident from 
the definition of the stream line that no fluid whatever can pass through 
the tube wall. From the law of conservation of mass, moreover, it is 
clear that fluid matter can be neither created nor destroyed. If, for 
the present, it is further specified that fluid matter is not expanded or 
compressed during motion, then at any instant flow must take place 
past all successive cross sections of a stream tube at the same mass 
rate. In other words, the mass of fluid passing one cross section per 
unit of time must equal, simultaneously, the mass per unit time passing 
every other cross section. But, if the mass per unit volume of the fluid 
is assumed for the present to remain constant, the volume of fluid pas- 
sing every section of a given tube per unit time must then also be the 
same. Therefore, if the mass density of the fluid does not change, the 
volume rates of flow past all Successive cross sections of a stream tube 
must be equal at any instant. This elementary principle is expressed 
in the following basic equation of continuity: 

Vi dA\ = Vo dA 2 = V 3 dA 3 • • • (2) 

Evidently, the instantaneous velocity of flow must vary inversely with 
the cross-sectional area of the tube. 

Before proceeding farther, two circumstances warrant clarification : 
Equations such as (1) and (2) frequently involve areas and lengths 
of differential magnitude, whereas the corresponding figures invariably 
show areas and lengths of small but finite magnitude; this is due pri- 
marily to the fact that quantities which are sufficiently minute to 
make the differential equations exact cannot well be illustrated to 
scale without losing all semblance of stream-line curvature; on the 
other hand, the equations are often applied to stream tubes of finite 
cross-sectional area as a first approximation, the actual error remain- 
ing small so long as the curvature of the tube and the velocity varia- 
tion across the section are not excessive. It may also have been noted 
that the stream lines and stream tubes appearing in the illustrations 
show no suggestion of the turbulence so often present in fluid motion. 
Although the concept of stream lines is quite as applicable to flow with 
turbulence as to flow without, in the former instance the pattern as a 
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in which dQ has the dimension of volume per unit time or [length 3 /time], 
v that of distance per unit time or [length/time], and dA that of area 
or [length 2 ]. 

Since the stream tube is bounded by stream lines, it is evident from 
the definition of the stream line that no fluid whatever can pass through 
the tube wall. From the law of conservation of mass, moreover, it is 
clear that fluid matter can be neither created nor destroyed. If, for 
the present, it is further specified that fluid matter is not expanded or 
compressed during motion, then at any instant flow must take place 
past all successive cross sections of a stream tube at the same mass 
rate. In other words, the mass of fluid passing one cross section per 
unit of time must equal, simultaneously, the mass per unit time passing 
every other cross section. But, if the mass per unit volume of the fluid 
is assumed for the present to remain constant, the volume of fluid pas- 
sing every section of a given tube per unit time must then also be the 
same. Therefore, if the mass density of the fluid does not change, the 
volume rates of flow past all successive cross sections of a stream tube 
must be equal at any instant. This elementary principle is expressed 
in the following basic equation of continuity : 

i’i dA 1 = t'n dAn = z’;j dA 3 * • • (2) 

Evidently, the instantaneous velocity of flow must vary inversely with 
the cross-sectional area of the tube. 

Before proceeding farther, two circumstances warrant clarification: 
Equations such as ( 1 ) and ( 2 ) frequently involve areas and lengths 
of differential magnitude, whereas the corresponding figures invariably 
show areas and lengths of small but finite magnitude; this is due pri- 
marily to the fact that quantities which are sufficiently minute to 
make the differential equations exact cannot well be illustrated to 
scale without losing all semblance of stream-line curvature; on the 
other hand, the equations are often applied to stream tubes of finite 
cross-sectional area as a first approximation, the actual error remain- 
ing small so long as the curvature of the tube and the velocity varia- 
tion across the section are not excessive. It may also have been noted 
that the stream lines and stream tubes appearing in the illustrations 
show no suggestion of the turbulence so often present in fluid motion. 
Although the concept of stream lines is quite as applicable to flow with 
turbulence as to flow without, in the former instance the pattern as a 



12 


FLUID VELOCITY AND ACCELERATION 


[Chap II 


PROBLEMS 

1 When a jet of water is deflected by a plate held at 
right angles to the jet axis the speed of the water rela 
tive to the plate is the same before and after deflection 
If the plate is moved in the direction of the jet atone half 
the absolute jet velocity through what absolute angle 
will the jet be deflected? 

2 An airplane is observed to travel due north at a 
speed of 150 miles per hour in a 50 mile per hour wmd 
from the northwest What is the apparent wind velocity 
observed by the pilot? 

3 Jets at the two ends of the 18 inch rotating arm of 
a lawn sprinkler direct the water in the plane of rotation 




Prod 1 


ingle of 45® relative 





If the relative jet velocity is 30 feet per second 
and the arm makes 150 revolutions per 
minute determine the actual velocity of the 
water as it leaves the sprinkler 
4 The air around the front of a baseball 
necessarily has the same velocity as that 
part of the ball with which it is in contact 
If a ball is thrown horizontally with a speed of 75 feet per second and a back spin of 
15 revolutions per second what will be (lie air ve 
locity at the foremost point of contact? (Assume 
a ball diameter of 1 inci cs ) 

5 Water passes through a series of moving vanes 
inclined at an angle of 60° to their direction of 
motion If the water velocity relative to the vanes 
is 15 feet per second and the vanes move with a 
speed of 10 feet per second dctermin* the actual velocity of the water and show in 
a sketch the inclination of the stream lines 


i ' A s/Sfps 
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5 EQUATIONS OF CONTINUITY 

Continuity of flow through a stream tube J ust as stream lines may 
be passed through a moving fluid in 
such manner as to indicate the dircc 
tion of motion at every point, a tube 
like surface bounded by such stream 
lines may be considered to enclose an 
elementary portion of the flow Such 
an imaginary surface, known as a 
stream tube, is illustrated in Tig 4 If 
the cross sectional area of the tube is 
sufficiently small, the velocity at its 
midpoint will closely represent in magnitude and direction the average 
\elocity for the section as a whole In differential terms, therefore 



Fig 4 Velocity variation through 
a stream tube 
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whole can become extremely complicated, when turbulence exists, 
therefore, it is customary to represent by the stream lines only the 
aierage pattern of motion, a procedure which will be followed through- 
out this book. 

Continuity relationships for two-dimensional flow. In some cases 
of flow the \e!ocity vector will ha\e components in only two coordi- 
nate directions, the component in the 
third direction being e\ erywhere equal 
to ?ero Under such circumstances 
the flow is said to be tuo-dimenstonal, 
since all the stream lines must then 
he in parallel planes In two dimen- 
sional flow therefore, all such parallel 
planes will display the same flow pat- 
tern The intersection of a stream 
tube with one such plane will be sim- 
ply two stream lines as indicated in Hg 5 and the product of the 
\ elocity and the normal distance dn between these lines w ill correspond 
to a \olume rate of flow per unit width of section, 

dq = vdn (3) 



I’Uatf II Stream lines at a two-dimensional boundary contraction made vi« I le 1 > 
the injection of dye into water flowing iietween cloi-ely spaced glass plates 

dq necessarih ha\ing the dimension (volume/timc/lcngth] or simp!> 
(length 5 /time) The differential equation of continuity for two- 
dimensional motion thus becomes 

1 1 dn | -» r- rfnj *■ r 3 dn$ 



(4) 
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Assuming that a pattern of stream lines, such as that for the two- 
dimensional boundary contraction shown in Fig. 6, has been deter- 
mined experimentally, means are now at hand of evaluating the veloc- 
ity at every point in terms of that in some reference zone. For instance, 
if the variation in the velocity t'o across the parallel section at the left 
of Fig. 6 is known, the variation in the velocity across any other sec- 
tion may be calculated from the stream-line spacing by means of the 



Fig. 6. Determination of the velocity distribution from the stream-line spacing. 

following approximate form of Eq. (4), in which A«o a nd An represent 
distances between the same two stream lines at successive sections: 


v 



( 5 ) 


Typical velocity-distribution curves so obtained are shown in the 
figure; in each instance the relative spacing of the stream lines was 
determined from the diagram by direct measurement, and the cor- 
responding velocity was assumed to occur midway between each pair 
of stream lines. Noteworthy is the fact that divergence of the stream 
lines increases the velocity variation across a normal section, whereas 
convergence of the stream lines tends to equalize the velocity distri- 
bution. 

Evaluation of the total rate of flow. Once the velocity distribution 
across a normal section is known, the total flow passing the section per 
unit time may be evaluated through integration of Eq. (1): 

Q= JvdA 


( 6 ) 
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The counterpart of this equation for two dimentional flow is evidently 
q-fvdn (7) 

If the velocity distribution can be expressed in algebraic form the 
corresponding integral may be evaluated analy tically Otherwise the 
integration must be performed graphically (for instance by adding 
together the increments v Aw across any section of Fig 6) — unless (as 
is nearly true at the right of Fig 6) the velocity is constant across the 
section under which circumstance the rate of flow is simply the prod 
uct of the velocity at any point and the area of the normal section 
If the total rate of flow is divided by the area of the normal cross 
section the result will be the mean telocily for the section that is 



whence for two dimensional flow 

v - q m 

n 

Evidently the mean velocity is inversely proportional to the size of 
the flow section Equations (2) and (4) may now be integrated by 
inspection to yield the following useful forms of the continuity pnn 
ciple 

ViAi - Vs A 2 = V 3 A Z (10) 

and for two-dimensional flow 

l i«i - V 2 n 2 = F 3 w 3 (11) 

In applying Eqs (10) and (It) the fact cannot be too strongly borne 
in mind that these relationships are generally valid only if the areas 
of successive crocs sections arc bounded by the same stream lines 


Ezample2 If the velocity of oil (loving between convergent plates vanes 



across any normal section according to the para 
bofic equation 

4» , » 

v “ r nu — - (n 0 — n) 
no 1 

and if r mM = 0.5 foot per second where 
n« = I in cl determine (a) the total rate o' 
flow assuming the bo indanes to have the con 
slant breadth b 0 inches ( b ) the mean ve 
focity for this section and (c) the mean velocity 


for the section at which no « 0 25 inch 
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(a) According to Eq. (7), the rate of flow per unit breadth of boundary must 
be found from the integral of dq = v dn over a section normal to the stream 
lines; that is, 

q - f v dn = 4 — “ f °h(m 0 - n)dn = f v max n 0 
Jo Wo“ Jo 

Introducing the given magnitudes of n 0 and r mal , reduced to consistent units, 
q = l X 0.5 X xV = 0.027S cfs/ft 

Finally, since the required rate of flow is equal to the flow per unit breadth times 
the breadth of section. 


Q = qb = 0.027S X fW = 0.0209 cfs 
(6) From Eq. (9) the mean velocity for the normal section will be 


V = 


9. 

«o 


0.0278 


0.334 fps 


(c) Since the rate of flow past all cross sections must be the same, the mean 
velocity for the second section will necessarily be increased in proportion to the 
reduction in boundary spacing: that is, from Eq. (11), 

(F« 0 )i = (F«o): and F» = 0.334 X = 1.33 fps 


It follows that t’ m ax must also vary inversely with no- 


Example 3. In making velocity measurements at the crest of a spillway, it 
was necessary to traverse a vertical section rather than a section at right angles 



to the stream lines, the direction, magnitude, and location of the measured 
velocity vectors being as shown in the diagram. What rate of flow per unit 
length of crest is indicated by these measurements? 
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The rate of flow may be evaluated as a first approximation by multiplying 
each velocity magnitude by the normal distance An ~ Ay cos £ and adding the 
resulting values of A q Thus 

q = 2A q « Z(p An) = 15 X 2 cos 18° + 16 8 X 2 cos 15° 

+ 195 X 2 cos 12° + 22 4 X 2 cos 8° + 26 3 X 2 cos 4° = 196 cfs/ft 
But r(Ay cos fl) = (p cos fl) Ay = r. Ay, hence, the foregoing process amounts in 
reality to approximating the integral q = J'v x dy Therefore, if the horizontal 
components of the vectors are plotted as shown, the area enclosed by the curve 
will represent a more exact value of q As determined by plammeter, this 
value is 195 cfs/ft. 

PROBLEMS 

6 Natural gas is pumped through a pipe at the rate of 200 cubic feet per minute 
If the pipe diameter at successive sections is 12 inches 9inches and 
6 inches what are the corresponding mean velocities of flow? 

7 Water flows down the 60* face of a spillway having a hori 
zontal crest length of 40 feet If the vertical depth of flow is 
found to be 1 5 feet at a section for which the mean velocity is 
25 feet per second estimate the total rate of flow over the spill 
way 

8 The mean velocity of flow in a w ide river is 5 feet per second 
at a section of 8 foot depth What is the rate of flow per unit 
width? What mean v elocity should prevail at a section where dredging had increased 

the depth to 12 feet? 

9 Liquid flows through an orifice in the bottom of a cylmdri 
cal tank at a velocity of 1 2 feet per second U the jet diameter 
is ! inch what is the rate of flow? If the tank is 10 inches in 
diameter at what rate is the liquid surface falling? 

10 Water enters the lock of a canal through 250 rectangular 
ports each hav mg an outlet area of 3 square feet, the lock itself 
being 800 feet long and 80 feet wide If 6 feet per minute is the 
maximum rate at which the water level rises in the lock during 
filling determine the corresponding mean velocity of efflux from 
the ports 

1 1 Determine and plot to scale the velocity distribution over section a-b ol Fig 6 

12 Measurements of velocity in a wide nver yielded the vertical distribution 

-urve shown in the accompanying sketch Evaluate by Stfps 

graphical or numerical integration the rate of flow per "T - 
unit width lift 

13 What rate of flow per unit width through the bound 4— 

>r> transition of Fig 6 would be indicated b> the velocity 15ft 
distribution curve at the left if no = 5 feet and (ti») m*z ** -|— 

3 feet per second? ISfJ 

14 The velocity of heavy oil flowing through a tube of — 
ra bus r» is known to vary with distance r from the center i$ff 
l ne according to the expression r ~ 2 1 (r#* — »*)/r# 1 De- ♦ 

1 ermine the maximum (i e centerline) velocity for the con 
dition that Q — 0 02 cubic foot per second and r# — 1 inch Prob 12 




25fps 



Prob 7 
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IS. Air is exhausted through a 1-inch tube into a diffusor consisting of two parallel 
disks 6 inches in diameter and 34 inch apart. Assuming radial stream lines within the 
diffusor, determine the mean velocity within the tube which will produce a mean exit 
velocity of 2 feet per second. 



Prob. 15. Prob. 16. 


16. A sheet of water emerging horizontally from a long slot has a thickness of 0.1 
foot and a mean velocity of 25 feet per second. If the horizontal component of the 
velocity remains constant as the jet is deflected by gravity, determine the velocity v 
and thickness n of the sheet at a section having a slope of 45°. 

17. As a first approximation, liquid may be assumed to approach an opening in the 
wall of a reservoir at the same rate from 
all directions. If such an opening corre- 
sponds to the intake of a pump drawing 
3 cubic feet per second, estimate the ve- 
locity at radial distances of 1 foot and 3 
feet from the midpoint of the intake. 

18. Assuming that the water ap- 
proaches the slot of Problem 16 radially 
in vertical planes, estimate the velocity 
at distances of 1 foot and 3 feet from the 
slot. 

19. The accompanying sketch repre- 
sents a vertical section through a draft Prob. 19. 

tube discharging water from a turbine, 

the boundaries being surfaces of revolution about a vertical axis. Determine the 
mean velocities at sections A and B when the rate of flow is 150 cubic feet per second. 



6. SIGNIFICANCE OF THE FLOW NET 

Elementary flow nets. With means now at hand of obtaining the 
velocity distribution from a given stream-line pattern, the next step 
is to seek a method of determining the form of the stream lines for any 
boundary^ geometry. The only absolute method of determination, to 
be sure, entails observation of the flow itself, by means of smoke, dye, 
or other visible agents. In many instances, however, effective use may 
be made of a simple graphical process based upon mathematical prin- 
ciples of classical hydrodynamics. Since these principles embody, as 
a matter of fact, the only general means of even approximating a flow 
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pattern without recourse to actual field or laboratorj measurement 
their graphical representation warrants careful attention at this point 
Tor two-dimensional motion such graphical representation of the 



mathematical analysis is known as a firm, net This conststs in brief 
of a sjstem of stream lines so spaced that the incremental rate of flow 
A q is the same between each successiae pair and a s>stem of normal 
lints so spaced that at an> point the distance As between normal lines 




houndir « boundar es 


equals the distance An betw ccn stream lines The a clocit> under such 
circumstances would then be inacrsclx proportional to the distance 
between tit her thi stnam lines or thi normal lines throughout tht 
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flow, and Eq^(5) would assume the more general form, applicable 
between any two points in the entire field of motion, 


2_ _ ^0 _ A£o 

Vq An As (^2) 

For example, the net for flow between parallel boundaries would con- 
sist, as shown m Fig. /, of a series of square meshes of constant size 
indicating the same velocity at every point. Were the same boundaries 
to converge, as in Fig. 8, the meshes would no longer be exactly square, 
but the median lines of any mesh would still have essentially the same 
length; the velocity would evidently be constant along any normal line 
ut would vary as the stream lines converged. If, on the other hand, 
the boundaries were coaxial cylinders, the stream lines and normal 
lines of Fig. 8 would simply be interchanged, as indicated in Fig. 9; 
the velocity would then be constant along the circular stream lines 
but would vary inversely with the radius in the normal direction. 

Irrotational motion. The primary characteristic of flow patterns 
represented by such nets is that they correspond, hydrodynamically 



Fig. 10. Rotational flow between parallel boundaries. 


speaking, to -irrotational motion — that is, to flow in which every fluid 
dement has a zero angular velocity about its own mass center. It is 
not necessary to go into the mathematical nature of rotation to see 
that it does not occur in any of the three elementary cases cited. The 
parallel flow of Fig. 7 is obviously irrotational, since the median lines 
°f element A do not change their orientation as the element moves 
through space. Element B in Fig. 8 is evidently deformed during 
motion, but the median lines do not vary in orientation. Although 
element C in Fig. 9 may at first glance seem to rotate, careful inspec- 
tion will show that it also deforms in such a way that the average 
orientation of the median lines still remains unchanged. 
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If on the contrary one considers an example of parallel flow in 
which the aelocity is lower near the boundaries than in the central 
region (Fig 10) not only will an 
element display a d stinct rotation 
of one median Ime but if the 
stream lines are properly spaced 
(i c so that Aq = constant) it w ill 
be found impossible to construct 
a square meshed net Likewise 
if flow between coaxial bounda 
rics (Tig 11) is more rapid at the 
outer than at the inner boundary 
the same general situation w ill be 
found to preaail Such cases 
therefore represent motion which is definitely not irrotational 
Flow net construction and interpretation Although these elemen 
tary examples of irrotational flow arc easily described mathematically 
the primary usefulness of the flow net is m connection with boundary 
forms not readily subject to mathematical analy sis The basis for such 
use howe\er lies in the following mathematical fact If the limiting 
stream lines coincide w ith fixed boundaries of gi\ en form one and only 
one pattern of irrotational flow can exist The flow net which defines 
tins pattern may therefore be obtained by constructing a system of 



Fig II Rotat onal flow between co- 
axial bouniSar es 
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angles at every intersection but also must be equally spaced in every 
zone. The spacing could be exactly equal, of course, only if the meshes 
were infinitesimal in size, and only then would these meshes form per- 
fect squares. However, such a degree of mesh perfection is beyond all 
practical interest, since in zones where the meshes depart considerably 
from squareness one need only sketch in the diagonals (which must 
also form a rectilinear network) to check the accuracy of construction. 
The beginner may have to make considerable use of the eraser before 



Fig. 13. Flow net for a two-dimensional conduit bend. 

producing a satisfactory net, but the number of successive approxi- 
mations will be reduced to a minimum as the eye becomes experienced. 

A typical net is shown in Fig. 12, for the same boundaries as in 
Fig. 6, from which the influence of the boundary' form upon the local 
spacing of the stream lines will at once be evident. For instance, in- 
spection will indicate that both the maximum spacing and the mini- 
mum spacing of the normal lines (and hence of the stream lines) are 
found at the boundaries in the zones of maximum curvature. Such 
conditions are, in fact, quite general. Moreover, high velocities, or 
small meshes of the net, are invariably associated with boundaries 
which curve away from the flow, and low velocities, or large meshes, 
with boundaries which curve toward the flow. This is clearly seen by 
comparison of the meshes along the inner and outer boundaries of the 
flow net for the 90° bend shown in Fig. 13. The more rapid the curva- 
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ture of course the more pronounced will be the velocity change If 
for instance the radius of boundary curvature in Fig 13 were reduced 
to zero as in Fig 14 the spacing of the lines at the outer corner would 
become relatively speaking infinitely great while at the inner comer 
the spacing would be infinitesimal The infinite velocity correspond 
ing to the infinitesimal spacing at the inner corner is obviously of no 
physical significance On the other hand the zero velocity indicated 
by the infinite spacing at the outer corner is by no means physically 
impossible indeed a boundary angle of this nature invariably tends 
to produce what is known as a zone of stagnation 



Separation m divergent flow Since the flow net was stated to apply 
only to irrotational flow a question naturally arises as to its usefulness 
when a given state of motion actually is not irrotational So long as 
the boundarv form is such that the stream lines rapidly converge the 
velocity distribution will become more and more nearly like that of 
irrotational flow the net will then be found to yield a very close ap- 
proximation to the actual flow pattern as may be seen by comparing 
1 igs 6 and 12 If on the other hand the flow net indicates appre 
cable divergence of the stream lines (as in flow from right to left 
between the boundaries of Fig 12) in the case of rotational motion 
the velocity near the boundarv is generally so low that further velocity 
reduction in this region is physically impossible — despite the indica 
tions of the net In other words although a primary assumption 
in flow nit construction is that the outermost stream lines coincide 
with the fixed boundaries a primary characteristic of anv diver 
gent boundary is that it does not effectively guide a moving fluid 
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A 



G 

Fig. 15. Flow net for a two-dimensional rounded inlet. 


Thus, as a result of the very- rotation which the flow net ignores and 


which invariably exists at a fixed 
boundary, the flow tends to leave 
the boundary wherever the net 
shows marked divergence of the 
stream lines in the boundary re- 
gion. This phenomenon is known 
as separation. 

Consider, for example, the 
juncture between a conduit and 
a large reservoir, for which the 
two-dimensional flow net is 
shown in Fig. 15. So long as the 
flow is from left to right, i.e., 



Fig. 16. Separation at an abrupt inlet as 
indicated by flow net. 


from the reservoir into the conduit, the actual pattern will be very 


nearly the same as that indicated by the converging stream lines of 
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the net Were the flow from right to left, on the contrary the flow 
net itself would remain unchanged but the fluid would actually 



Plate III S«parat on at a rap d enlargement of cross section produce 1 1>> refers 
ing the d rection of flow through the boundar es of I late II note zone of backflow 
colored by dye 


piss into the resen oir as an essentially parallel jet filling completed 
to follow the divergent boundaries If moreover the juncture were 
not properl> rounded as indicated in Fig 16 the streim lines near 
the corner would diverge in both directions with the result that flow 
y///// ////////,/ ///// even from left to right would separate from 


£ f — ' „ the boundary as shown by the heavy broken 

/ line nthcr than diverge so rapidly As for the 

✓ ibrupt 90° bend of Fig 14 the stream lines 

'/ fty / are sccn to diverge as they approach the 

7 f / / /// outer comer ind after they pass the inmr 

✓ ^ comer the flow net thus show mg conclusively 

'/ that the two zones of separation indicated in 

^ " Fig 17 will exist 

1 ic 17 Reg on» of sep- Summary of flow-net principles As \\ ill be 
fl 1,<:u5SC< f at later point in this book the 
phenomenon of separation generally involves i 
decrease in flow efficiency for not only is the actual flow section smaller 
than that represented bv the boundaries themselves but also the zone 
of reverse flow beyond the surface of separation mav produce inter 
mittent disturbances in the form of rotating masses of fluid which 
work their wav into the central zone as thev are carried downstream 


W ere it possible to define the avenge form of this surface of separation 
the flow net might still be u«cd to approximate the resulting velocity 
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distribution; indeed, this method is employed in connection with jets 
in the following chapter and with immersed bodies later in the text. 
For the present, however, only the following basic characteristics of 
the flow net need be kept in mind : 

1. The flow net will yield a close approximation to the actual flow 
pattern as long as the stream lines do not diverge appreciably in 
the boundary zone. 

2. The more uniform the distribution of velocity in zones of par- 
allel flow, and the more rapidly the boundaries thereafter cause the 
stream lines to converge, the more accurately will the flow net indi- 
cate the actual velocity distribution in all zones. 

3. The flow net cannot be used to determine the velocity distri- 
bution near divergent boundaries if the form of the surface of sepa- 
ration is not known. 

4. Since separation represents a reduction in flow efficiency, the 
most desirable boundary design is that for which the flow net most 
closely approximates the actual pattern of motion. 

Example 4. Determine and plot to scale the ratio of the boundary velocity 
v to the velocity of approach vq for the flow net shown in Fig. 12. 

According to Eq. (12) the ratio v/v 0 varies inversely with either the ratio 
A?;/ A«o or the ratio As/ As 0 . Owing to the finite size of the flow-net meshes, the 



spacing of the stream lines and normal lines will correspond to the velocity 
approximately midway between any two such lines. Therefore, the distance 
As between norma! lines at either boundary should indicate the boundary veloc- 
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itj midwaj between the lines By measuring successive distances with dividers 
the following values of As/Aso and of its reciprocal v/vo are obtained 

As/ Asa t>/m Aj/Aj 0 v/va 

A- 1-2 1 00 1 00 A -8-9 0 463 2 16 

2- 3 1 01 0 99 9-10 0 416 2 40 

3- 4 1 03 0 97 10-11 0 448 2 23 

4- 5 1 08 0 93 11-12 0 484 2 06 

5- 6 1 34 0 75 12-13 0 495 2 02 

6- 7 1 03 0 97 13-14 0 500 2 00 

7- 8 0 588 1 70 14-15 0 500 2 00 

A plot of the variation in v/vo along the developed boundary is shown in the 
foregoing diagram It is to be noted that this dimensionless plot like the flow 
net from which it was determined applies to any rate of flow and to any size 
of flow section so long as the boundary proportions arc not changed 


PROBLEMS 

Notc In these and subsequent flow net problems a sufficiently precise evalu 
at on of the 1 ne spacing may be obta ned by setting spring dividers between 
the points in question and then laying off this intercept on an engineers scale 
or sheet of graph paper When the spacing is very small gross interpolation in 
scale reading may be avoided by stepping oil each intercept as many times as 
required for ease in reading unless all distances are thus multiplied by the same 
factor of course each result must be reduced in proportion to the number of 
steps made with the dividers 

20 Determine and plot to scale the ratio of the centerline velocity t> to the velocity 
of approach t\> from section I to 15 of the flow net shown in Fig 12 

21 Determine and plot to scale the ratio of the boundary velocity e to the conduit 
velocity tti from section 1 to 12 of the two-dimensional inlet shown in Fig 15 

22 Determine and plot to scale the ratio of the velocity t> to the velocity of ap- 
proach tt) along the inner and outer boundaries of the two-dimensional bend of Fig 1 1 

23 Determine and plot to scale the variation in the ratio r/it> across the midseetton 
of the bend of Fig 13 Indicate on this plot 
the 1 nnting values of r/n corresponding to 
the flow net lor the miter bend of Tig 14 

24 Flow in the two-dimensional draft tube 

shown in the accompan>mg sketch may be 
described by the equations c, = r«j c/a and 
r, " — r.y/a in which x and y are the coordi 
naies o'i an> point in the flow and is the 
magnitude of the velocitj vector at the dis- 
tance a from the origin Construct the cor 
respond ng flow net and check b> the given 
equations the velocitj distribution obta ned Pson 24 

from the net 

25 Show that the rate of flow per unit width between the boundaries of Problem 
21 maj beobiainedbj integrating either r<f» across section O 1 or v t dy across section 
8 4 Determine the magnitu le of q for the conditions that r« ” 10 feet per second 
an 1 a - 5 feet 
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7. ACCELERATION IN STEADY, NON-UNIFORM FLOW 

Velocity variation with time and distance. Any general pattern of 
fluid motion, such, again, as that made visible by clouds of smoke in 
the atmosphere, not only will have a different configuration at all 
points at any instant of obsen-ation but also will change continuously 
in form with time. In other words, on an instantaneous photograph 
of the cloud no two regions would look alike, nor would any given 
region have the same form on two successive photographs. 

Such variation of the flow pattern with location is termed non- 
uniformity of motion, whereas the variation with time is called un- 
steadiness. To be exact, unsteady flow is that in which the velocity 
at any fixed point changes from instant to instant; likewise, non- 
uniform flow is that in which the velocity at any instant changes from 
point to point along a stream line. Velocity may change, of course, 
in either magnitude or direction (or both magnitude and direction 
together), directional changes affecting the shape of the stream lines, 
and changes in magnitude the stream-line spacing. If a given flow is 
stead}', therefore, the stream-line pattern and the rate of flow will not 
change with time, regardless of the gcomctribal shape of the stream 
lines; if the flow is uniform, on the other hand, all stream lines will be 
parallel at any instant of observation, regardless of any change which 
may be occurring in the rate of flow. 

Unsteady flow is at best a difficult problem to analyze, except under 
certain special conditions treated at the end of this chapter. For the 
present, therefore, it will be assumed that the state of motion under 
discussion remains constant with time, however involved the stream- 
line configuration may be; such flow is therefore steady but generally 
non-uniform. It now remains to investigate the variation in velocity 
from point to point along typical stream lines for the specific condi- 
tion that both the rate of flow and the form of the flow pattern remain 
the same from instant to instant. 

Velocity and acceleration. Velocity is defined in mechanics as the 
rate of displacement with respect to time. Since the velocity of the 
fluid in non-uniform flow is generally not the same at different points 
along a stream line, the exact mathematical expression of its magni- 
tude must be written in terms of the increment of length ds of the 
stream line traversed by a fluid clement during the infinitesimal time 
dt\ thus, 

ds 


( 13 ) 
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The velocity vector is necessarily tangent to ds so that t* and t* are 
identical in magnitude the subscript s is introduced merely for the 
sake of clarity in the following development The component of i in 
any other direction accordingly may be expressed simply through 
substitution of the projection of ds upon the corresponding axis for 
instance with reference to Fig 18 


* t. cos/? 


ds cos g 


dx 

dt 


Acceleration is defined in mechanics as the rate of change of \elocity 
with respect to time thus again in terms of infinitesimal increments 



Fig 18 Geometr cal relat on*h p 
of veloe ty md d sptacement 



On 


Fig 19 Tangent al and normal 
components of accelerat on 


the acceleration of a fluid clement in 
stream line will be 


a , 


dig 

It 


direction tangential to the 


(W) 


I ike xelocity acceleration is a \cctor quantity Unlike the velocity 
\cctor however the acceleration vector has no specific orientation 
w tth respect to the stream line In other w ords the v ector of accclera 
tion generally has components both tangential and normal to the 
stream line (sec Tig 19) the tangential component a t embodying the 
change in the magniti de of the aelocity and the normal component a„ 
reflecting the change in direction 


I \ idcntly only if the stream line spacing is constant w ill the tangential 
component of acceleration be equal to zero likewise the normal 
component of acceleration will be equal to zero only if the stream 
lines are straight 
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Evaluation of tangential and normal components. Consider as a 
general case, therefore, the stream lines shown in Fig. 20, which are 
neither straight nor equidistant. During the time dt a fluid element 
will move the distance ds along the central stream line, its velocity 
thereby changing slightly in both magnitude and direction. The differ- 
ential change in magnitude dv s depends solely upon the change in 
stream-line spacing from point to point in the 5 direction and will 
evidently be equal to the rate of 
change with distance dv s /ds t 
times the distance traversed: v\ 

dv, \\ 

*•"** \y m 


Since, from Eq. (13), ds = v, dt, 
it follows that 


Stream 

//r?e-\ 


dv, = ~V,dt 
ds 


and hence 


dv, _ dv, 
dt ' s ds 


„ A* 


which, according to Eq. (14), Fig. 20. Components of velocity varia- 
expresses the tangential com- don along a stream line, 

ponent of acceleration. 

The velocity vector, obviously, can have no component toward the 
center of curvature at any time. At the end of the distance ds, never- 
theless, the slight change in direction yields the small component dv n 
in the initial direction n, as shown in Fig. 20. Denoting by dv n /ds 
the rate of change of this component with respect to distance traveled 
in the j direction, it will be seen that the increment dv n may be ex- 
pressed by the product of this rate of change and the displacement ds: 

, dv n 
— ds 
ds 

Again introducing the relationship ds = v s dt and rearranging terms, 


dv n dv n 
dt V ‘ ds 
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However, from the similarity of triangles indicated approximately m 
Fig 20, 

dv n _ v, 
ds r 

Upon substitution of this value, the normal component of acceleration 
becomes simplj the ratio of v, 2 to the local radius of curvature r of the 
stream line 

dv n _ 

dt r 


With the foregoing derivation accomplished the subscript of the 
term v g may now be disregarded since at any point v t and v are identi 
cal Introducing in addition the elementary relationship of differ 
ential calculus vdv — d(v*/2) the expression for tangential accelera 
tion then becomes 


■ <*(»») 
‘ 2 ds 


(16) 


and that for normal acceleration 

t 2 

a„ = — 


(17) 


Velocity variation of this nature is known as comectne acceleration 
since it is inherentl> related to the convection or translation of the 
fluid through space 


Example 5 The velocity distribution around the front part of a sphere held 
in the wind closely follows the expression for irrotational flow 

p - $ r# sin 

in which c# is the velocity of the approaching wind and 0 the angle between the 
wind direction and the radius to the point in question Determine the velocity 
and the acceleration of the air at the 60° point on a sphere 3 feet in diameter for 
a wind velocity of 50 feet per second 

From direct substitution it is evident that 


r “ 3 X 50 X 0 866 = 64 9 fps 


the velocity being tangent to the circumference of the longitudinal section show n 
in the illustration According to the convergence of the stream lines in this 
zone acceleration in the same direction must be expected to occur Thus from 
Eq 06) the tangential acceleration ma> be written 


1 dfr 1 ) 1 / 3 V 

m 2 ds ” 2 V 2 *V ds 
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or, since ds = rd0, 

o, = 5 — 2 sin /3 cos 0 
o r 

Introducing the given values of r 0 and r, 

9 50 2 

a. = ;XrrX2X 0.S66 X 0.5 = 1625 fps 2 

o l.D 

In the normal direction, from Eq. (15) it follows at once that 



The acceleration vector will therefore have the magnitude 

a = V«7 + o"n : = Vl625 : + iflO 2 = 3250 fps 2 

or about 100 times the acceleration of gravity. The angle between the vector 

and the 60° radius will be 

. , 1625 . „ 

6 = tan 1 — = tan -t O.o / / = 30 
2 olu 

and the vector is hence inclined at an angle of 60° — 30° = 30° to the wind 
direction, as indicated in the figure. 

Example 6. What will be the maximum values of the tangential and the 
normal acceleration along the boundary of Fig. 12 if r 0 = 10 feet per second 
and no = 12 feet? 

Since a, = ld(i--)/ds, the maximum value of a, will occur at the point of 
steepest slope of the curve of (tyt'o) 2 plotted against s/Ajo- From the squares 
of the velocity data of Example 4 the accompanying curve was prepared, from 
which it is found that, at point /1-8 (or 08), 

/ d(v/voY \ Asp / rf(tr)\ = 3 75 

\d(s/As B )/ max TV \ ds /max 
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Therefore 

(o.\ 


m. 


3 75 to* 
2 Aj 0 


, HF 
‘ 2 


= 93 6 fps 1 



The greatest \alue of a. will evidently occur where the rauor*/r isa maximum 
The greatest magnitude of <r r#) 1 — 5 75 — is seen to occur between points A 9 
and A-IQ (or G-9 and G-IO) which lie on the boundary cuz-ve having the 
minimum radius of curvature r *= 0 35 p* 0 hence 




( 0 . 


5 75rt* ^ 5 75 X 10* 
O3on 0 " 0 3a X 12 


137 fps* 


PROBLEMS 

26 A tiorrle is »o shaped that the velocity of flow along the centerline changes 
linear!) from 5 to 50 feet per second in a distance of 15 inches Determine the mag 
mtudeof the convective acceleration at the begin 
rung and end of this distance 

27 A centrifuge rotates a container of liquid at 
the constant rate of 1S00 revolutions per minute 
Compare with the acceleration of gravity the liquid 
acceleration at a radial distance of 4 inches Irom 
the axis of rotation 

2* At what rate «* the selocit) of theair charg 
i"Z JU't as it reaches the outlet of the d tTu*or of 
Ih of cm is! 

29 The cre‘t of a »f ilw) has a radius of 
curvature of 5 feet at its ht fc he«* po*nt What local 
velocity * » 1! prod ire at this point a romal a c 
ctleratxxt Kjiia! to the acceleration of gravity * 
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30. If r = Is feet per second at the topmost point of the spillway section of Prob- 
lem 29, and if the water at this point is changing speed at the rate of foot per 
second per inch of travel, determine and show 
in a sketch the magnitude and direction of the 
vector of convective acceleration. 

31. The bucket of a spillway has a radius 
of curvature of 20 feet. When the spillway is 
discharging 40 cubic feet of water per second 
per foot length of crest, the average thickness 
of the sheet of water over the bucket is 15 
inches. Compare the resulting centripetal ac- 
celeration with the acceleration of gravity. 

32. Water in a reservoir approaches the 

intake of a pump approximately in accord- 
ance with the equation r = C/Rr, in which Prod. 31. 

R is the radial distance from the intake along 

any stream line. If r = 1.5 feet per second when R = 4 feet, determine the accelera- 
tion of the water at distances of 4 feet and 2 feet from the intake. 

33. Determine the magnitude of the acceleration at a radial distance of 2 feet up- 
stream from the slot of Problem 16. 

34. What will be the maximum difference in normal acceleration between the inside 
and the outside boundaries of Fig. 13 if tts = 10 feet per second and no = 4 feet? 



8. ACCELERATION IN UNSTEADY FLOW 

Local, convective, and total acceleration. The boundary profile 
shown in Fig. 21 might be considered to represent, schematically, 
either the nozzle at the end of a garden hose or the hydraulic giant 
used in placer mining, in either of which the rate of discharge and the 
direction of the jet may be changed at will. Since the stream lines 

converge through the nozzle, it is 
evident that the fluid must accelerate 
tangentially, in accordance with Eq. 
(16); and, since all stream lines ex- 
cept that at the axis are curved, it 
is evident that the fluid must also 
accelerate normally, in accordance 
with Eq. (17). Such acceleration 
is purely convective, for it is due en- 
tirely to the movement of the fluid 
from one point to another in a non- 
uniform zone. In the uniform zones 
to the left and right of the nozzle, on the other hand, convective ac- 
celeration does not occur. 

Assume, now, that the rate of flow through the nozzle is rapidly 
increased. It is obvious that even in the zones of uniform flow the 



Fig. 21. Tlow in which magnitude 
and direction of velocity varv with 
time and space. 
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velocity must increase accordingly indicating that a type of tangential 
acceleration not included in the term \d(p > )fd$ must be taking place 
Assume further that the nozzle is rapidly changed in inclination It 
is then obvious that even in the zones of uniform flow the velocity 
must also change m direction which indicates a type of normal accel 
eratton not embodied in the term i^/r As a matter of fact such ac 
celeration is purely local as distinct from convective for it involves 
variation in the magnitude and direction of the velocity with time 
at a given locality Local acceleration is thus the result of unsteadi 
ness of motion j ust as con\ ective acceleration is the result of non uni 
formity 

Tor the case of unsteady non uniform flow it therefore appears 
that Eqs (16) and (17) are incomplete unless terms describing the 
local acceleration are introduced So far as the magnitude of the 
velocity is concerned its local rate of change may be written in terms 
oi the tangential component simply as dv,Jdl the partial derivative 
indicating that only time and not displacement is taken into account 
With respect to direction likewise the local rate of change may be 
expressed in terms of the normal component as di n /dt Since the total 
acceleration c = di/dt must be the sum of the local and convective 
terms (each of which now has to be written as a partial derivative) it 
follows that in the tangential and the normal directions 


di, dv, 1 dffl 2 ) 
~dt “ dt + 2 ds 


(18) 


Q n 


din _fan V 2 
dl ~ dt + r 


( 19 ) 


If such a state of motion is truly general of course not only will defor 
mation and rotation of the fluid take place as it moves through space 
but also the pattern of stream lines will change continuously in form 
with time The obvious complexity of the general case leaves its 
detailed study well beyond the scope of this book Certain particular 
phases of the general case however warrant further discussion at this 
point 

Unsteady flow past fixed boundaries If unsteady flow between 
fixed boundaries is also irrotational it may be fully described by means 
of the flow net or its three-dimensional counterpart As in steady 
flow the velocity at any instant will vary inversely with the stream 
line spacing On the other hand although the continuity principle is 
thus generallv applicable the rate of flow can no longer be regarded as 
constant with time Consider for example the problem of varying 
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discharge through the boundary contraction shown in Fig. 12. The 
same flow net will indicate the same relative velocity distribution at 
successi-ve instants, since it is governed in form by the boundary' 
geometry' alone; but a continuous increase of velocity at all points 
requires a continuous increase in the quantity A q = v 0 A n 0 = v An. 
In other words, if the magnitude of either q or v 0 and the rate of change 
dq/dt = «o dv Q /dt are known at any instant, the velocity and the ac- 
celeration at any point may at once be determined by the methods 
already discussed. 



Fig. 22. Pattern of steady flow around a stationary streamlined strut. 


A parallel instance is irrotational flow around stationary' bodies, 
such as the streamlined strut shown in Fig. 22. If the flow is steady, 
the quantity Aq = p 0 Azzg characterizing the flow net will again 
remain constant. If the velocity of the approaching fluid increases, 
however, this quantity will change with time ; but, if its value and its 
rate of change are known at any instant, the corresponding velocity 
and acceleration may then also be determined at any point in the flow. 

Relative motion of boundary and fluid. Somewhat different from 
these examples of flow past stationary' boundaries is the unsteady 
motion produced by the passage of a body through a fluid. If the fluid 
is initially at rest, its displacement by the moving body will yield a 
flow pattern which at any fixed point changes continuously with time. 
For instance, the movement of the streamlined strut will produce at 
any instant a series of stream lines which diverge from the nose of the 
body and close in at the rear, as shown in Fig. 23, the velocity as usual 
varying inversely with the stream-line spacing. As the body advances 
through the fluid, however, this system of stream lines must neces- 
sarily advance at the same speed, which is greater, evidently, than the 
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velocity of the fluid everywhere except at the \cr> nose of the bod> 
Any fluid particle therefore can follow one such stream line for onlj 
a brief instant and its complete path (refer to the illustration) will 



FlC 23 Pattern of unsteady flow around 3 mo\mg stream) ned strut 


consist of a series of increments of successive stream lines In this 
particular type of unsteady motion and m the general case as v ell 
the stream lines and the actual paths of the particles are therefore not 
identical evidentlj moreo\er the outline of the bod> is not a stream 
line Indeed the boundar> will coincide with a stream line and the 
stream lines w ill represent path lines only if the boundary remains 
fixed with respect to the observer 



Fic. 24 Interrelationship of the flow patterns of T igs 22 and 23 


The t>peof unstcad) flow produced bj a bod) moving at constant 
speed is of particular importance in that the pattern mi) lx? tr ins- 
formed into one of stead) flow b> means of i verv useful procedure 
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If, instead of watching such a body go past the point of observation, 
the observer were to move with the body, not only the body itself but 
also the resulting pattern of stream lines would appear to him to 



Plate IV. Patterns of steady and unsteady flow made visible by reflection of light 
from flakes of aluminum scattered on water surface. Above, both camera and strut 
are mounted on towing carriage; below, camera is held stationary while strut is 

towed. 


remain stationary-. In other words, a man may stand by the roadside 
and watch cars pass, each of which produces unsteady motion of the 
dust-laden air; but to the occupants of any car the car appears to be 
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at rest and the air and the ground as well to be mo\mg steadily in 
the opposite direction The phenomenon is purely one of relatne 
motion and Fig 23 may therefore be transformed as shown in Fig 24 
by adding to the velocity vectors of the unsteady flow a series of 
velocity \ ectors opposite in direction to the motion of the body but 
equal in magnitude to its speed 

Since stream lines represent both the direction and the magnitude 
of the a clocity at all points such vector addition may be accomplished 
simply by combining graphically the stream lines for the two velocity 
distributions Thus the heavier curves in Fig 24 correspond to the 
unsteady flow and the parallel lines indicate the constant \elocity 
added at every point by translation of the point of observation The 
lighter curves drawn through the intersections of these two systems 
will be seen to yield the pattern of steady flow for this type of body 
The significance of this method of transformation from an unsteady 
to a steady pattern of motion is of more than passing interest since it 
completely eliminates from Eqs (18) and (19) the troublesome terms 
for local acceleration 


Example 7 The rate of flow through the boundary contraction of Fig 12 
\anes linearly from 0 to 50 cubic feet per second per foot width in 4 seconds 
Determine the local accclerat ons at points A land A 9 ( \ssume»o «=> 3 feet ) 

From the gi\cn data q may be expressed in terms of time as 



whence for each neighboring pair of stream lines 


Aq 


Q 

6 


- 5 ®-, 

6X4 


2 08/ 


Therefore the velocity and local acceleration at any point may be written in 
terms of time and stream line spacing 

Aq 2 08/ 

C * “ t? ■=* — "=> -T— 

An An 

whence 

dv. 2 OS 
dl An 

At At An — Ana ** 0 5 ft and ~ ■= «= 4 16 fps* 

Ot 0 5 

\t A 9 An - 0 44 Ana - 0 22 ft and ~~ - - 9 45 fps* 

o/ 0 22 

** nee tl e stream lines do not changein form or orientation with time Hi *• 0 

at all points. 



Sec. 81 QUESTIONS FOR CLASS DISCUSSION 

PROBLEMS 

35. The rate of flow through a tapered pipe varies linearly 
from 0 to 5 cubic feet per second in 15 seconds. Determine the 
local accelerations at normal sections 12, 9, and 6 inches in di- 
ameter. 

36. The rate at which a tank may be emptied through a bot- 
tom outlet is very nearly proportional to the square root of the 
surface elevation above the outlet (i.e., Q = C\/h). If, for the 
tank and outlet dimensions shown, Q = 4.5 cubic feet per min- 
ute at the instant that h = 3 feet, determine the local accelera- 
tions at points A and B. (Note that —dh/dt — va-) 

37. The velocity of fluid directly in the path of a moving body 
may be represented by the equation v = vib/lx, in which b is a 
characteristic dimension of the body and vi is its speed. If the 
body starts from rest with an acceleration of 3 feet per second per 
second, what is the fluid acceleration at the point x = b = 5 feet: (a) when ( = 0, 

and (6) when t = 2 seconds? 

38. Assuming that the body of Problem 37 has just 
attained a speed of 1 0 feet per second, plot to scale the 
instantaneous velocity variation alongthelineof motion 
(a) relative to the fluid and ( b ) relative to the body. 

39. Let the relative velocity between fluid and pro- 
file in Figs. 22-24 be 25 feet per second. Determine 

the maximum and minimum fluid velocities at the 
boundary for both the steady and the unsteady patterns of flow. 



Prob. 37. 

the corresponding values of 
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QUESTIONS FOR CLASS DISCUSSION 

1. Why are Eqs. (10) and (11) valid only if the areas of successive sections are 
bounded by identical stream lines? 

2. What type of velocity distribution invariably characterizes uniform, irrota- 
tional flow? 

3. Show that a fluid element passing the boundary’ curve in Fig. 15 displays irro- 
tational characteristics. 

4. The flame of a candle may be extinguished far more easily by exhaling than 
by inhaling; why? In which instance is the motion more nearly irrotational? 

5. Why is the nose of the strut shown in Fig. 22 a point of stagnation? 

6. How can the flow net be used to design an efficient boundary transition? 

7. When is flow in a pipe (a) unsteady, and (6) non-uniform? 

8. A common lawn sprinkler consists of a jet at either end of an arm which rotates 
about a vertical axis. Is the flow from such a sprinkler (a) uniform or non-uniform, 
and ( b ) steady' or unsteady? 

9. Does the surf on a beach represent (a) steady or unsteady' flow, and (5) uniform 
or non-uniform flow? Give reasons for answers. 

10. Define and cite examples of tangential and normal acceleration. 

11. A wave travels through a long channel of otherwise still water. Is the free 
surface a stream line? Why' cannot Eq. (11) be used conveniently' to determine the 
mean velocity' of the water under the wave crest? 
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12 How may the wa\e motion of the foregoing question be transformed to stead} 
flow? Could Eq (11) then be more convenient!} used? Can the same transforms 
tion be performed in the case of the surf of Question 9? 

13 Cite further examples of unsteady flow (a) which can, and (fc) which cannot, 
be transformed to steady flow b> the principle of relative motion 

14 Distinguish between local and convective acceleration Show that the motion 
of the air around a propeller illustrates both types Suggest means by which such 
flow might be transformed to eliminate \ aria t ion with time 
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CHAPTER III 


PRESSURE VARIATION IN ACCELERATED FLOW 

9. PRINCIPLE OF MASS ACCELERATION 

Newton’s laws of motion. In the foregoing chapter on fluid kine- 
matics. attention was paid to the variation of the velocity of flow with 
time and distance, but no mention was made of the forces necessary 
to produce such acceleration. The latter phase of the problem is one 
of dynamics , rather than kinematics, and involves the principle of 
mass acceleration formulated in the seventeenth century by Sir Isaac 
Newton. Newton's three laws of motion may be restated briefly as 
follows: 

1. A body will remain at rest or in a given state of motion until 
acted upon by an external force. 

2. The acceleration of a body takes place in the direction of the 
force which produces it; it is directly proportional to the magnitude 
of the force and inversely proportional to the mass of the body. 

3. Even." action is accompanied by an equal and opposite reaction. 

The first law describes a characteristic of matter known as inertia; the 
second law, in the light of the third, states that the accelerative action 
of a force is countered by an inertial reaction of the matter acted upon. 

If, as has become universally customary, the proportionality con- 
stant of the second law is considered to be absorbed both numerically 
and dimensionally by one or another of the quantities involved, this 
law may be expressed mathematically by the familiar equation 

F = Ma (20) 

In American engineering units, force is measured in pounds, and mass 
in slugs. Equation (20) thus states that a force of 1 pound will cause 
a mass of 1 slug to accelerate 1 foot per second per second. Mass is, 
of course, a scalar , since it is purely a quantitative measure of matter 
and does not possess direction. Force, however, like acceleration, is a 
true vector, for it possesses magnitude and direction as well. Accord- 
ing; to Newton’s second law, both the force and the acceleration of 
Eq. (20) must invariably have the same direction. 

43 
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Introduction of fluid density In the case of a solid body, the motion 
to which Eq (20) refers is that of its mass center, since the relative 
positions of all particles of matter within the body are considered to 
remain unchanged Fluid particles, on the other hand, are generally 
engaged in a continuous \ ariation of relam e position and form so that 
the motion of the particle at the mass center of any fluid body seldom 
represents the mean motion of the fluid as a whole It therefore be 
comes necessary to investigate the forces producing motion at each 
and every point of a given flow For this reason, one is not interested 
in the total mass of a moving fluid so much as in the mass per unit 
volume at any point of observation The mass per unit volume is 
known as the mass density of the fluid and is given the symbol p (the 
Greek letter rho) Although the density of any fluid varies to some 
extent with conditions of flow such variation is frequently quite map 
prcciable even in gases For the present therefore, only flows with 
essentially constant densit) will be considered 

If now the mass density is used instead of the mass itself m Eq (20) 
the force term must also be referred to the unit fluid volume Desig 
nating by / the vector magnitude of the corresponding force per unit 
volume the Newtonian relationship for fluid acce'eration thus becomes 
/ - oa ( 21 ) 

Example 8 In Example 5 it was lound that the air passing around a 3 foot 
sphere held in a 50 foot per second wind would attain an acceleration of 32aO 
feet per second per second at a point 60° around the circumference If the 
densit) of the air were 0 0025 slug per cubic foot what force per unit volume 
would be acting at this point? 

From Eq (21) 

f = pa *= 0 002a X 32a0 — 8 13 lb/ft* 
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10. ACCELERATION DUE TO PRESSURE GRADIENT 


Intensity of fluid pressure. Fluid pressure is defined as the normal 
force exerted by fluid matter upon any surface — normal, that is, in 
the sense that the vector for the pressure upon a differentially small 
portion of even a curved surface must be at right angles to the surface 
in that locality. The ratio of such a differential force to the differential 
area over which it acts is known as the intensity of pressure p in the 
given locality; evidently, since the area is of differential magnitude, p 
represents, in effect, the intensity of pressure at a point on the surface. 
Such a surface may, of course, be either a solid boundary or an imag- 
inary plane passed through a fluid for purposes of analysis. Under 
the latter circumstances, p will represent the intensity of pressure at a 
point within the fluid. For the condition that no tangential stress 
(shear) exists in the same region, the pressure intensity at any point 
will necessarily be independent of the orientation of the surface under 
consideration. 

Strictly speaking, the magnitude of the pressure intensity within a 
fluid should be expressed in terms of pounds per square foot (or per 
square inch) above absolute zero. It is generally more convenient, 
however, to use the prevailing intensity of atmospheric pressure as a 
reference, the relative intensity p then representing the difference 
between the absolute intensity p a bs and the atmospheric intensity p &t : 

P ~ Pahs Pat 


pAA 


p 


(p + ¥x A x ) AA 


Under normal conditions, p a t = 14.7 pounds per square inch abso- 
lute (psia). 

Since the quantity p represents simply a local intensity of stress, it 
must be regarded as a scalar rather than a vector. Lacking, as it does, 
all directional characteristics, the pressure intensity within a fluid — 
regardless of how great its magnitude may be — is therefore no measure 
of the accelerative forces which may 
exist. In other words, just as a solid 
body will change its velocity only if 
a greater stress is exerted on one side 
than on the other, fluid pressure can 
produce acceleration only if the in- 
tensity p decreases in some direction 
through the fluid. 

Force produced by pressure variation from point to point. To deter- 
mine the magnitude of such an accelerative force in any direction x. 
consider a small element of fluid (like that in Fig. 25) having the form 


'AA 


Fig. 25. 


Pressures on opposite faces 
of a fluid element. 
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of i right circular cylinder w ith faces normal to the x axis If the rate 
of change or gradient of pressure intensity in the x direction is repre 
sented by the quantity dp/dx and if the force upon the left face of the 
cylinder is p dA then the force on the other end acting in the negative 
a: direction will be [/> + (dp/ dx) dx] dA The difference between these 
quantities is the x component of force due to pressure variation with 
distance 

dF, - pdA -\p + — dx:) dA - - — dx dA 
\ dx / dx 


Dmding by the infinitesimal \olume of the cylinder dxdA and letting 
dF x /(dx dA) — f t it will be seen that 


/* “ — 


dp 

Ox 


( 22 ) 


Fudently at any point within a fluid the accelerative force per unit 
xoliime in a gi\en direction is equal to the rate of decrease of pressure 
intensity (i c the negative pressure gradient) in that direction 

Equations of acceleration From the Newtonian laws of motion it 
follows that the product of the mass per unit volume and the com 
ponent of acceleration at any point within a moung fluid must be 
equal to the corresponding component of force per unit volume acting 
at that point thus in any direction x 


s * 


d_p 

dx 


pa z 


Expressions for the tangential and normal components of acceleration 
are already at hand in Lqs (18) and (19) while the components of 
force per unit aolume in these directions may be expressed simply 
through substitution of s ami « for r in the foregoing equation By 
combining these expressions one obtains the following significant rela 
tionships between the xanation of pressure intensity with distance 
the mass density, and the \ariation of the xclocity with distance and 


time 


dp = O', fi djir) 

Os = P dt + 2 ds 


(ZS) 


_ dp ^ d~* p - 5 

~ On “ P dt * r 


(24) 


Two important facts should now be quite apparent On the one 
hand it will be «etn that the pressure mttnsity may \ary from instant 
to instant without producing acceleration since the accilerame force 
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per unit volume does not depend upon the derivative of p with respect 
to time. On the other hand, variation of p from point to point must 
be accompanied by either local or convective acceleration of the fluid ; 
obviously, therefore, in either unsteady or non-uniform flow a pressure 
gradient must exist. 

Integration of the acceleration equation along a stream line. As has 
already been emphasized, the general problem of unsteady flow is of 
too complex a nature for more than brief recognition in an elementary 
course. Nevertheless, in many cases of unsteady motion the flow 
pattern can be transformed into one of steady motion by translating 
the point of observation. As in truly steady flow, elimination of the 
troublesome terms dv s /dt and dv n /dt will then reduce the foregoing 
equations of acceleration to relatively simple forms. Equation (23), 
for instance, becomes for steady flow 


dp = p d(zr) 
ds 2 ds 


(25) 


which indicates that the pressure intensity will vary along a stream line 
in proportion to the negative, variation of the square of the velocity. 
Integration of this relationship between successive points on the same 
stream line then yields the equality 


pi ~ P 2 — j fe 2 — i'i 2 ) (26) 

Evidently, it makes no difference how great the absolute magnitude 
of the pressure intensity may be within the fluid, for it is simply the 
difference in p at the two points which must correspond to the product 
of p/2 and the negative difference in it. It is for this reason that the 
pressure intensity may change with time without producing accelera- 
tion, for it is necessary only that it change at the same rate at both 
points. Equation (26) therefore permits the evaluation of the varia- 
tion in pressure intensity along any stream line in steady flow once the 
densitv and the variation in velocity along that stream line are known. 

Example 9. A nozzle is go shaped that the velocity- of flow along the center- 
line varies linearly from 5 to 50 feet per second in a distance of 15 inches, (a) As- 
suming the fluid discharged to have a density of 1.94 slugs per cubic foot, deter- 
mine the change in pressure intensity corresponding to the velocity change of 45 
feet per second. (6) What are the magnitudes of the pressure gradients at the 
beginning and end of the 15-inch distance? 

(a) From Eq. (26), 

Pl -p, = ? (sr - tr) = -p (50- - 5 2 ) = 2400 psf 
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(b) Writing the vclocitv as a function of distance along the centerline, 

'“ s + rs , - 5 - M6 ' 

whence from Tq (25) 


dp 

ds 


p d(r) 
2 ds 


— 1 94(5 + 36r)36 


Where i*Oft 

~ ~ - 1 94(5 + 0)36 - -349 psf/ft 
Where s =* 1 25 ft, 

^ =■ - 1 94(5 + 36 X 1 25)36 =■ -3490 psf,ft 


Evidently, the pressure intensity not only decreases (as indicated b\ the ncga 
ti\e sign) tn the direction of flow, but decreases more and more rapidlj from 
point to point 


PROBLEMS 

44 The rate at which water flows through a horizontal 10 inch pipe is increased 
linear 1) from l to 5 cubic feet per second in 3 seconds What pressure gradient mu«t 
exist to produce this acceleration? What difference tn pressure intensit> will prevail 
at sections 25 feet apart? (Express p in pounds per square foot ) 

45 If a tank car 30 feet in length is completel) filled with oil fp •» 1 6 slugs per 
cubic foot) what average difference in pressure intensit) in pound* per square inch 
must exist between the two ends as the car is given a horizontal acceleration of 2 feet 
per recond per second? 

46 A slender tube which is IS inches long and closed at one end is half full of 
mercurj (p *• 26 4 slugs per cubic foot) If the tube is rotated about the open end in a 
horizontal plane at the constant rate of 180 revolutions per minute, what pressure 
mten«it> in pounds per square inch will prevail at the closed end? (Note that the 
axis of the tube is not a stream line ) 

47 Mercur> complete!) fills a closed tube 2 feet long If the tube is rotated at a 
constant speed ol 90 revolutions per minute about a Vertical axis 6 inches in from 
end A and if the pressure intensit) of the mercury at end A is then 5 pounds per 
square inch determine the intensit) at end B (Note that the two ends do not 1 e 
on the same stream line) 

48 Ju«t upstream from the test section of a wind tunnel the centerline velocit) i* 
changed from 50 to 250 miles per hour b> convergence of 
the tunnel walls. Assuming an air densit) of 0 0025 slug 
per cubic foot, w hat wall be the accompanying change in 
pressure inlen*it) ? 
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50. During the motion of a body through still water at a constant speed of 20 feet 
per second, the water velocity at a point 3 feet ahead of the nose of the body has a 
magnitude of 12 feet per second. Determine the difference in pressure intensity in 
pounds per square foot between the nose and the point 3 feet ahead. 


II. PRESSURE DISTRIBUTION IN STEADY, IRROTATI ONAL FLOW 


Significance of the pressure equation. Although Eq. (26) is per- 
fectly valid for all points on the same stream line, in the general case 
it is not possible to compare points on different stream lines by means 
of this relationship. In other words, adding and subtracting the term 
h p d(r , 2 )'dn, and recalling from Fig. 20 that v/r = dv„/ds, it will be 
seen that for steady flow Eq. (24) may be written in the form 


dp _ P d(v~) ^ ,fdVn_ ArA 
dn 2 dn ^ dn) 


(27) 


which obviously cannot be integrated to yield a simple expression like 
Eq. (26). It so happens, however, that the last quantity within 
parentheses represents the speed of rotation at a point within the 
fluid. As long as steady flow is rotational, therefore, Eq. (26) will 
apply only to points on the same stream line, and a difference in veloc- 
ity between neighboring stream lines (as, for example, in Fig. 10) 
will not necessarily indicate a difference in pressure intensity. For 
conditions of irrotational motion, however, the local angular velocity 
dv n /ds — dv,/dn will everywhere be equal to zero, and Eq. (27) may 
then be integrated to yield an expression which is valid between points 
on the same normal line and hence on different stream lines: 


Pi ~ Ps = ^ (r 2 2 - i’i 2 ) (28) 

Since this expression for points along a normal line is identical with 
Eq. (26) for points along a stream line, it obviously applies to all 
points, regardless of location, in a region of steady, irrotational flow. 

Under such conditions of motion it has already been shown that the 
velocity" distribution for any boundary conditions may be determined 
by means of the flow net. It now follows that application of Eq. (28) 
will permit, in addition, the evaluation of the pressure distribution 
throughout the field of motion. Assume, for example, that the mass 
density of the fluid and the velocity and intensity of pressure at some 
point in the flow are known ; the velocity at any other point may at 
once be determined from the stream-line configuration and the 
ciple of continuity, and application of Eq. (28) will then 
corresponding intensity of pressure. 




an 1 rebt >e I str I ut nn of *ekjc t> and pressure in tens t> i 
the front of a j er or stn t 


tilt \i!ocit> at in> point to that in some reference /one will be wde- 
|H ndint of the nti of flow IJj means of the follow ing mothf cation * f 
I (| ( 28 ) it will be found that the variation in procure intensitj as 
will ma> Ik studied convemt ntl> m the same dimensionless manner 
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Thus, letting p Q represent the pressure intensity in a zone of uniform 
motion where the velocity is vq, and p the intensity corresponding to 
the velocity v at any other point, 

P ~ Po = ^ (i’o 2 - V') 

If one then indicates by A p the difference p — p 0 and divides both 
sides by pv 0 ~/2, the following dimensionless expression will be obtained : 



The variation of the ratio v/t’o is at once at hand from the configuration 
of the flow pattern (see, for instance, the plotted values in Example 4). 
Evidently, the corresponding variation of Ap/(pv 0 2 /2) may be found 
simply by subtracting (fl/i’o) 2 from unity at every point. The result- 
ing general solution is illustrated in Fig. 26 for the nose of a stream- 
lined strut or pier, the plotted curves showing at a glance the relative 
variation in pressure intensity ahead of and around the boundary of 
the body. Owing to the dimensionless nature of all terms in Eq. (29), 
the plotted values will be seen to be independent of the size of the 
body and the absolute magnitudes of p 0 , v 0 , and p. 

Measurement of pressure intensity and velocity. As is indicated 
by Fig. 26, the pressure intensity in the flow around such a body 
differs considerably from that of the originally uniform motion, tend- 
ing to rise above this reference value in the immediate vicinity of the 
leading edge, where the velocity is reduced, and to drop below it where 
the velocity' is increased. The maximum pressure intensity is reached 
at the very' nose of the body, where the velocity is zero. This is aptly 
called a point of stagflation and is invariably characterized by the con- 
dition Ap/(pv 0 2 /2) = 1; the accompanying rise in pressure intensity 
is evidently equal to pro, 0 2 /2, the stagnation pressure therefore having 
the magnitude 

p.t = po + ^f 

If a small hole, known as a piezometer orifice, is drilled through the 
flow boundary at an angle of 90°, and if the edges of the hole are care- 
fully finished, a pressure gage connected with this opening will register 
the actual pressure intensity p = po + A p of the flow at the location 
of the opening. The magnitude of A p will evidently equal the differ- 
ence between gage readings for the point in question and a point in the 
region of uniform flow. If the opening is located at a point of stag- 
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nation, moreover, the differential measurement will be equal to pt 0 2 /2 
from which the velocity of the approaching flow may be determined 
Indeed, this principle is utilized in the Pitot tube (see Fig 27), a small 
c>lindrical instrument which produces a point of stagnation wherever 
it is introduced The tube must be so proportioned as to disturb the 
general flow to a negligible degree, in order that the pressure intensity 
along the tube a short distance from the tip will be essentially that of 
the undisturbed flow The difference between the stagnation reading 



P.tat the tip piezometer and the local intensity p at the side piezometer 
will then depend upon only the fluid density and the local velocity of 
the flow 

p.t~P = y 

This velocity may therefore be computed from the relationship 

i - V2(p„ - p)/p (30) 

Example 10 A two-dimensional constriction having the profile shown in 
Fir 12 is placed in a rectangutar conduit for the purpose of determining the rate 
of llow Pressure gages arc connected to piezometer orifices located at point* 
A 6 and A 9 Assuming stead> irrotational motion evaluate the magnitude 
of the numerical factor C in the discharge equation 

q “ Cn 0 V 2 (/>, - pt)/p 

from Hq (2S) 


or, dividing b\ pro* 2 


pt - h - \ (»>* ~ n*) 

p* - h _ A»Y _ AsY 
fr, 1 2 \r„/ Vxi/ 
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From the plot of (rA-o) 2 accompunv ing Example 6, 


so that 


(s)' = 55 “ d fe)’- 0i 


Pi — h 

pro 2 '2 


= 5 5 — 05 = 50 


But 


from Eq. (7), q = J r dn — to«o, whence 


1 


7z ”o ^ -(pt, ~ pa)/p 


and 


Vo 


C = 


n 0 V2(p 6 - pc,) p vo 


= 0 447 


Example 11. A pier in the submerged entrance of a conduit 8 feet high has 
the form show n in Fig. 26, the dimension b ha\ ing the magnitude of 3 feet 
What longitudinal force will be exerted upon the upstream face of the pier as a 
result of the accompanying changes in water velocitv , if the -velocity of approach 
is 12 feet per second 3 



The longitudinal force (see the accompany ing figure) is evidently the integral 
F x = 8 J (A p ds) COS P 

taken around the entire boundary curve. But 

(A p ds) cos /S = A p ( ds cos /3) = A p dy 

Hence the force F x may be found from the area under the curve of Ap/{pv a -/2) 
plotted horizontally from either the boundary itself or its vertical projection, 
thus, for one half the symmetrical profile 

' •* - 8 *^p !x roX - »«> 


Ft 

2 


w hence 


= 550 lb 
F- = 2 X 550 = 11001b 
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PROBLEMS 

51 If the duct of Example 10 has a cross section 6 feet wide and 6 feet deep just 
before the onstriction what rate of air flow would be indicated by a difference in gage 
readings of 0 5 pound per square inch? 

52 What percentage error in the computed rate of flow would result if it were 
assumed for purposes of rough approximation that the pressure gages m Example 10 
were located in zones of uniform flow? 

53 The velocity of irrotational flow past a sta 
tionary cylinder follows the equation i/«d = 2 sin 8 
around the forward portion of the boundary What 
pressure intensities in pounds per square foot should 
prevail at angles of 0® 30®, and 60® around the front 
of a smokestack 6 feet in diameter during a wind of 
60 miles per hour? 

54 What increase in force on the pier of Example 11 could be expected if the 
aelocity of flow were increased 50 per cent? 

55 The wind aelocity near the center of a cyclone may be assumed to vary m 
aersely with distance from the center If the velocity is 10 miles per hour 30 miles 

from the center what pressure gradient should 
obtain at this point? What reduction in baro- 
metric pressure should occur over a radial dis- 
tance of 25 miles from this point toward the 
storm center? 

56 If a 90® bend m a 4 by4 foot ventilation 
duct has the profile shown in Fig 13 what rate 
of flow would be indicated by a pressure differ 
ence of 3 pounds per square foot between the 
outside and the inside of the fiend? Assume 
Prob 56 the a,r to have a d cns,, y °* 0 0025 slug per 

cubic foot 

57 A Pilot tube is mounted on an airplane to indicate the relative speed of the 
plane What differential pressure intensity in pounds per square inch will the 
instrument register when the plane is trav 

cling at a sjiccil of 165 rules j»er hour into 

a 40 mile per hour head wind? To pressure gages 

58 A cylindrical tuhcu«ed as a aelocity 
meter contains three piezometer openings 
placed at 30® intervals around the circum 
ference of a given cross section The tube 
is he! 1 at right angles to the flow and ro- 
tated until pressure gages eon netted to the 
two outer piezometer openings indicate the 
same intensity the center opening shoul I 
then I* located at the point of stagnation 
and the outer openings at points for which 
A/> ■* 0 (refer to Problem 53) Wh.it ve- 
locity of (a) air, and (6) water won! lyiel ! 
a differential pressure intensity of0 5p>nm I 
per square inch between the stagnation 





Prob 53 
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opening and the two side openings? (Use as densities of air and water, respectively, 
0.0025 and 1.94 slugs per cubic foot.) 

59. For purposes of measuring the velocity distribution within a pump, a slender 
tube having the cross section shown in Fig. 22 is arranged to move axially across the 
desired section; as indicated in the accompanying sketch, pressure gages are con- 
nected to piezometer leads from points of maximum and minimum intensity at a 
given section of the tube. If the fluid being pumped is gasoline having a density of 1 A 
slugs per cubic foot, u hat velocity will be indicated by a difference in pressure inten- 
sity of 1 pound per square inch? 


12. APPLICATION OF THE PRESSURE EQUATION TO PROBLEMS OF 

EFFLUX 

Boundary characteristics of jets. If a fluid is discharged from a 
conduit into the atmosphere through an orifice of any form, the pres- 
sure intensity along the free surface 
of the jet (see Fig. 2S) must be 
equal to that of the atmosphere; 
hence both the pressure intensity 
and the velocity must be constant 
at all such points. Within the con- 
duit, of course, not only is the ve- 
locity' lower than that of the jet at 
ever}' point, as is evident from the 
equation of continuity, but the pres- 
sure intensity is higher than that of the jet at every point, in accordance 
with the equations of acceleration. In other words, the pressure dis- 
tribution within the approaching flow, along the orifice plate, and 
within the jet must be such as to produce the required change in the 
velocity of the fluid as it emerges into the atmosphere. 

Consider, for instance, the two-dimensional boundary profile shown 
in Fig. 29. The problem is similar to that of flow around or between 
fixed boundaries, in that the assumption of steady, irrotational motion 
leads to the unique solution represented by the flow net for any given 
boundary form. In the present case, although the outermost stream 
lines of the jet are not guided by boundary walls, they are completely 
governed in form and position by the fact that the velocity — and hence 
the spacing of the normal lines of the flow net — must be the same al all 
points along the free surface, for only then can a constant intensity of 
pressure prevail at all points in contact with the atmosphere. The 
flow net and the equations of continuity and acceleration therefore 
provide a means of simultaneous solution for the jet profile and the 
distribution of velocity and pressure throughout the flow. Character- 
istic curves of such distribution along the centerline and (lie boundary 



Flo. 28. Efflux from an orifice at the 
end of a pipe. 
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are shown in dimensionless form m the illustration, for the given 
boundary proportions 



Fic 29 Flow net and relative distribution of velocity and pressure intensity at a 
t^o-dimens onal orifice 


Coefficients of jet contraction Of particular concern in problems of 
cfilux is the degree of jet txmtraction — the ratio C c of the final cross 
sectional area of the jet to that of the boundary opening — a parameter 





Fig. 30 D fmtion sketch for two- 
dimensional analysis of efflux. 


which is known as the coefficient of 
contraction If only normal stresses 
act, the magnitude of this cocffi 
cienf wiff cfepencf entirety upon (he 
boundary geometry , C e may thus 
be evaluated as a first approxima 
tion by means of the flow net, for 
only the correct jet profile w ill > icld 
a net in which the normal lines are 
equally spaced along the free sur- 
face This is, however, a very 
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tedious process, and not overly precise, owing to the graphical inaccu- 
racies involved. On the other hand, the mathematical principles of 
which the flow net is a graphic representation permit an exact deter- 
mination of C c for many two-dimensional boundary forms. Indeed, 
it was shown by Kirchhoff nearly a century ago that the contraction 
coefficient for irrotational efflux from a plane orifice in an extremely 
large container would have the magnitude t/{tv + 2) = 0.611; the 
values for C c given in the accompanying table were determined more 
recently by von Mises for the boundary characteristics indicated 
schematically in Fig. 30. 

TABLE I 


Coefficients of Jet Contraction for the Two-Dimensional 
Boundary Characteristics of Fig. 30 


b 

B 

0 = 45° 

C c 

0 = 90° 

C c 

0 = 135° 

0 = 180° 

Cc 

0.0 

0.746 

0.611 

0.537 

0.500 

0.1 

0.747 

0.612 

0.546 

0.513 

0.2 

0.747 

0.616 

0.555 

0.528 

0.3 

0.748 

0.622 

0.566 

0.544 

0.4 

0.749 

0.631 

0.580 

0.564 

0.5 

0.752 

0.644 

0.599 

0.586 

0.6 

0.758 

0.662 

0.620 

0.613 

0.7 

0.768 

0.687 

0.652 

0.646 

0.8 

0.789 

0.722 

0.698 

0.691 

0.9 

0.829 

0.781 

0.761 

0.760 

1.0 

1.000 

1.000 

1.000 

1.000 


Equations of orifice discharge. Once the magnitude of the contrac- 
tion ratio is known for given boundary conditions, it is a simple matter 
to compute the rate of discharge through the orifice, for any given 
density and intensity of pressure, through use of the equations of 
pressure and continuity. Writing these equations between sections 1 
and 2 of Fig. 30, p ^ 

Pi - Pi = &P = 2 (»2 2 - ifi 2 ) 


ViB = v 2 C c b 


Simultaneous solution of these expressions will yield the efflux velocity 
in terms of the density, the pressure change, and the geometrical char- 
acteristics of the boundaries: 


l < 2 = 


Vl - C c \b/B)- 


V inp/p 


(31) 




58 PUFSSURr \ \RIATION IN ACCELERATED FLOW (Chap III 

Since q — t 2 Ceb the rate of efflux raij at once be written in the form 


V\ - c t *(i/fl ) 2 


>r, more simplj , 


(32) 


(33) 


in which C , f is a coefficient of discharge depending like C e , only upon 
the form of the boundaries that is 


Vl - C, 2 (b/B )’ 


(34) 



til. 31 \ a rut on of orifcc coeffcictiis with bouruLir) proportions 


I \idcntl> the discharge coefficient is independent of the absolute 
magnitudes of q and b Its variation with the boundary proper 
ttons is indicated in Pig 31 b) the curve of Cj as a function of b/B for 
/} - 90° 

Similar considerations appl> to the three-dsmenstonal counterpart 
of such two-dimensional flow — the efflux of fluid from a circular orifice 
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at the end of a cylindrical conduit, as shown in Fig. 28. Although it 
has not yet been possible to evaluate analytically the coefficient of 
contraction for the three-dimensional case, experiments indicate that 
the values of C c listed in Table I apply with good approximation to 
the three-dimensional case as well if b/B is replaced by d/D, the ratio 
of the orifice diameter to the diameter of the conduit. Since the coeffi- 
cient of contraction was defined as the ratio of the jet and orifice areas, 
however, it will be evident that the development leading to Eqs. 
(31)-(34) must be modified as follows for the three-dimensional case: 


Pi - p2 = Ap = | (t»2 2 - V) 

irD 2 7 -d~ 

Vl — = v 2 C c — 


The jet velocity then becomes 


v 2 = 


Vl - C c 2 {d/Df 


V 2 A pjp 


and the rate of efflux 

Q = 

In the simpler form 


ird 2 


Vl - C 2 (d/Df 4 


VlAp/p 


Q= C d ~- V 2 Ap/ p 


(35) 


(36) 


(37) 


the coefficient of discharge C d again depends, 
boundary geometry: 

Q _ 

d Vl - C c 2 (d/D) 4 


like C c , only upon the 


(38) 


Though the same values of C c may be used for equal ratios of b/B and 
d/D, the fact cannot be too strongly emphasized that the inherent 
differences in cross-sectional area between a slot and a circular open- 
ing yield quite different values of C d for the same linear boundary 
proportions. This will be evident from comparison of Eqs. (34) and 
(38), and from the curves of C d against b/B and d/D plotted in Fig. 31 
for the condition that /3 = 90°. 

Although the phenomenon of efflux is most frequently illustrated 
by the discharge of a liquid into the atmosphere, the foregoing 
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baste considerations appl> quite as well to the efflux of liquids into 
liquids and gases into gases In all such instances the difference Sp 
must represent the change m pressure intensity experienced b> the 
fluid as it emerges from the conduit a factor which for a gi\en rate 
of flow is e\ idently independent of the absolute intensity of pressure 


Example 12 Natural gas hating a density of 0 0014 slug per cubic foot is 
discharged at the rate of 10 cubic feet per second through a 3 inch circular 
onfice at the end of a 6-inch pipe Determine the diameter of the contracted 
jet and the intensity of pressure of the uniform flow within the conduit relative 
to that of the jet 


r Fig 31 C, * 
Co - 


0 644 when fi = 90° and d/D = 05 Since 


it follow s at once that 


d, «= 3V , 0 6*4 - 2 41 i 


From Fig 31 or Eq (38) Cd * 0 6a3 for the given boundar> form therefore 
from Eq (37) 


. . \TP 

2 C/(rd* 4)* ” 


1(3 X 00014 


680 psf 


PROBLEMS 

60 Figure 29 may be assumed to represent the flow pattern for the efflux of a r 
< p » 0 0025 slug per cub c foot) into the atmosphere through a long narrow slot 
If the jet velocity is 120 feet per second determ ne the velocity and mtens ty of pres- 
sure (a) at e ther juncture of the horizontal and vert cal boundaries (6) at either edge 
of the slot and (r) at the centerl ne in the plane of the slot 

61 Water d scharges from a 4 inch plate or ficeat the end of an 8 inch p peat the 
rate of U cubic feet per secon 1 What i» the pressure mtens t> of the approach ng 
flow with n the p pe? 

62 What is the h ghe*t mtens ty of pressure which can exist at any po nt on the 
upstream face of an orifice plate at the end of a p pe d scharging o 1 O 17 slugs 
per cubic foot) if the mean velocit) of approach is 10 
feet per second and the or fire diameter is 5 j that of 

63 If a 5 inch or fice at the end of a 9 inch p pe pro- 
duces a jet 4 inches in diameter what will be the corre- 
spon 1 ng coeff cients of contract ion and d ^charge? 

<4 A nozzle at the end of a pipe w con cal in shape 
the apes angle of the walls being 90* If the p pe is 
10 inches and the nozzle outlet 4 inches in diameter 
what pressure in the p pe would be requ red to produce a d sc barge of 5 
of a r per second? 



Pit OH 6t 
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pressure around an> given form of boundar> In other words a par 
ticuhr value of the dimensionless ratio A£/(p- o 2 /2) then characterizes 
the flow at each point in the flow pattern regardless of the absolute 
magnitudes of Po to P and the boundary scale Since such a quantit) 
mi> in cfTect be considered to represent the ratio of a typical unit 
accelerative force (J *= A P/L) to a typical unit inertial reaction 
(pa ** pV* /2L) its constancy is seen to result from the fact that no 
force other than fluid pressure is assumed to act 
I eonhard FuJcr a Swiss mathematician of the eighteenth ccnturj 
was the first to realize the true role played by pressure in fluid motion 
Eqs (18) and (19) being special forms of the original Eulcrnn cqui 
tions of acceleration For this reason a par ameter of the form 
A/>/(pI V 2) or more convenient^ \ /y/ 2 Ap/p is known herein as 
the Euler number 

E - —~^= (39) 

V2A p/p 

So long as no other fluid propertj influences the flow the character 
istic Fuler number for an> boundarj form must necessarily remain 
constant like for instance the discharge coefficient of a given orifice 
indeed comparison with Eq (37) will show that this parameter is 
identical with the orifice coefficient (or for that matter with the coeffi 
cient of an> flow meter such as that of fxample 10) the term 1 
representing the ratio of the rate of flow to the nominal flow area 
If other fluid properties cause the flow pattern to change appreciablj 
however the I uler number should at once reflect this change Thus 
as fluid weight or gravity deflects the jet emerging from an orifice 
one should expect E (i c the discharge coefficient) to v ar> I ikew iso 
as viscous shear gives rise to fluid rotation as the surface tension of a 
liquid jet causes it to cling to the orifice plate or as the comprcssibilit} 
of a gaseous jet becomes too great to be ignored the ruler number 
should provide a quantitative measure of each such influence upon the 
basic flow pattern 

Qws&tvaws tw w.v'Ji'LV.o.y. 

Define an I contrast the following term* inertia mass acceleration dens t> 

I re'sure force react on 

2 If flo* in a un form con iu t is rotational the vel«ot> an ill var> across an> 
normal section \Vh> shout ! the pressure mten« t> nevertleless l* constant across 
the sect s n? 

3 Assume I- „ ^ to >hn» in d men* onles* form the d tr 1 ution of pressure w 
•tea l> flo* aroun I the front of the rtrut tf h g 22 In *hat respect *cull the 
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distribution curves differ for the corresponding pattern of unsteady flow shown in 
Fig. 23? 

4. In evaluating pressure distribution from a pattern of stream lines, why is it 
necessary to distinguish between steady and unsteady flow? 

5. If the rate of flow through a uniform pipe increases at a constant rate, in which 
direction must the pressure intensity increase in order to accomplish the accelera- 
tion? 

6. Why do the insects which strike the windshield of an automobile give a false 
picture of the motion of the air? 

7. The velocity distribution in a cyclone is similar as a first approximation to 
that of the irrotational vortex (i.e., v = C/r). Show whether the pressure intensity 
must increase or decrease toward the storm center. 

S. Under what conditions of flow will a pressure gage connected to the stagnation 
opening of a Pitot tube yield the same reading for all points of a moving fluid? 

9. A long cylindrical tube with two piezometer openings 30° apart may be used 
as a velocity meter in two-dimensional flow if held at right angles to the plane of 
motion so that one opening coincides with the local point of stagnation. How might 
such an instrument be used to determine the direction as well as the magnitude of the 
velocity vector? 

10. When a car passes a truck or bus at high speed, a pronounced side thrust is 
experienced by the occupants of the car. Explain this phenomenon. 

11. Compare the jet dimensions for efflux from a slot and a circular orifice having 
identical coefficients of contraction. 

12. If the flow through the boundary' profile shown in Fig. 29 were not irrotational, 
where would separation probably occur? What effect would this have upon the 
stagnation pressure and the contraction coefficient? 

13. Explain why the curves for Q in Fig. 31 appear to approach infinity as a limit. 

14. If the flow pattern for efflux from a given orifice is known, how may it be used 
to analyze the efflux from an orifice which has the same proportions but is ten times 
as great in size? 

15. Flow through geometrically similar boundary profiles is said to be dynamically 
similar if the Euler number is the same for each. Under what circumstances may it 
be expected to vary? 
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CHAPTER IV 


EFFECTS OF GRAVITY ON FLUID MOTION 
14 MASS AND WEIGHT 

Gravitational attraction, specific weight That property of matter 
known as mass is evidenced mechanically in two distinct ways Ac 
cording to the Newtonian laws of motion as discussed in the foregoing 
chapter the mass property gi\es rise to an inertial reaction of matter 
to any accelerative force Another but quite different mass char 
actcnstic of a substance is the attractne force w hich it exerts upon other 
substances in its vicinity the magnitude of the mass attraction between 
two bodies of matter varying directly with the product of their masses 
and inversely with the square of the distance between their mass 
centers Evidently mass attraction is only one of several kinds of 
force whereas inertia is a mass tendency to resist any force causing 
acceleration Mass attraction therefore may produce other effects 
than mass acceleration and mass acceleration may be due to other 
causes than mass attraction In a word these tw o characteristics of 
matter are related to one another only to the extent that each is pro- 
portional to the mass magnitude 

Gramtational attraction is a specific case of mass attraction the 
Height of any body of matter being a measure of the attractive force 
exerted upon that body by the earth As the mass of the earth may be 
considered constant the weight of a given body should be directly 
proportional to its mass and inversely proportional to the square of 
its distance from the center of the earth This proportion is generally 
written in the form II *= g\f the coefficient of proportionality g being 
a function (refer to the Appendix) of elevation and geographical loca 
tion Since g ** 11/1/ g will be seen to represent the force per unit 
mass exerted by the earth upon any substance and hence the magni 
tude of the gravitational acceleration in the case of a freely falling 
body 

Just as the mass densttv or mass per unit volume was shown to Ik 
a significant mass characteristic in the study of fluid motion an equally 
significant weight chanctinstic is found in the weight density, or 
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weight per unit volume, a quantity generally called specific weight 
and having the symbol y (gamma). The ratio of the weight per unit 
volume and the mass per unit volume of any substance is obviously 
equal to the acceleration of gravity, 


from which it is apparent that the specific weight of a given substance 
7 = PS will vary not only with conditions of pressure and temperature, 
as does mass density", but also with elevation and geographical loca- 
tion, as does the gravitational acceleration. However, the variation 
of g is relatively small, and it is sufficient for most engineering calcu- 
lations to use the approximate value of g = 32.2 feet per second per 
second for the ratio of specific weight to density. It is to be noted, in 
passing, that the so-called specific gravity of a substance is merely a 
relative term representing the ratio of its density or specific weight to 
that of water. 


15. ACCELERATION DtJE TO PRESSURE GRADIENT AND FLUID WEIGHT 

Forces normal to surfaces of constant p and z. Since __weighf,„a 

vector quantity, is the attractive force exerted by the earth upon a 
substance, its direction of action is evident]}’ toward the center, and 
therefore normal to the surface, of the earth. It follows that the force 
per unit volume due to fluid weight will invariably act vertically 
downward, regardless of the direction of flow. , On the other hand, the 
force per unit volume due to pressure gradient, 'which is not necessarily 
dependent upon gravitational attraction, must generally be considered 
to act in another direction. Nevertheless, since either vector may be 
resolved in any three coordinate directions, it should not be difficult 
to obtain an expression for the combined effect of pressure gradient 
and weight in any direction desired. 

From the foregoing chapter it will be recalled that the force per unit 
volume due to pressure variation will have a component in any arbi- 
trary direction equal to the negative gradient of p in that direction. 
Along a surface of constant pressure intensity (for instance, the free 
surface of a liquid), the tangential force component will evidently be 
zero, since p cannot vary in this direction. At right angles to such a 
surface, accordinglv, p will have its maximum rate of change, from 
which it follows that the resultant force per unit volume/,, due to pres- 
sure gradient (see Fig* 32) must be normal to the surface p ~ constant 
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passing through the point in question In the arbitrary directio n s 
shown in the figure, the component of the \ector will be simply 


Up). 


3 ? 

ds 


With regard to the force per unit \ohimc due to fluid weight, 
fv — y, it will be seen that this vector must invariably bc~nornv<l to 



Fig 32 Orientation o( unit force Fig 33 Orientation of unit force due to 

due to pressure gradient fluid weight 


a plane of constant elevation z abo\c an arbitrary geodetic datum 
(Fig 33) The component of this force in the arbitrary direction s 
maj at once be written as 

(/«•). = y cos 0 

With reference to Fig 34, however, it will be apparent that the angle 
0 between the j and z axes determines the change in elevation — Ar 
. . corresponding ton displacement Ar, the cosine 

J of 0 hcncc represents the rate of change of cle* 

s. I/-. vation in the s direction 


L i ' 

I* IG 3t Variation « 
elevation along an ai 


Addition then \ it Ids the desired expression 
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htnce the accelention sector) must be at right angles to the surface 
k - constant passing through the point in question, as indicated in 



Fig 35 Orientation of unit force 
due to pressure grad ent and flu d 
»t ght 


Fig 35 If as is customary, the pres 
sure intensity of a liquid is measured 
\\ ith respect to that of the atmosphere, 
then the free surface of a liquid is a sur 
face of zero pressure intensity There 
fore as show n m the follow ing examples 
the magnitude of h along an) surface 
h = constant is equal to the elevation 
z of the intersection of this surface with 
the free surface p = 0 of the liquid 

Example 13 Determine the slope of the 
free surface of oil in a tank, car during a 
constant horizontal acceleration of 5 feet 
|>cr second per second 


Since h represents the ele\ation of the free surface abo\e an arbitral - ) hon 
zontal datum plane the term dh/ds = Oh dx is the tangent of the angle 8 be- 
tween the free surface and the horizontal Therefore 



Example 14 A oluutncal tank partl> Filled with liquid is rotated at the 
constant angular xilocit) u about its xertical axis. What form will the free 
surface assume* flow will the f ensure intensify varj along the bottom of the 
tank? 

Since the acceleration is entirel) normal dh ds — 0 — dh d in other words 
the surfaces of constant A are coaxial cxhndcrs as show n Then since the sur 
faces of constant : are invanabl) horizontal surfaces of constant p will atl lie 
similar to the free surface and the same sector diagram will appt) to all points 
of the same radius r 




Sec. 15] 


PROBLEMS 


69 


From Eq. (17), a n = tr/r, and since v — ur 


dh _ a n _ urr 
dr. g g 

As n is measured toward the center of curvature 
and r is measured from the center of curvature, 
df:/dn = — dh/ dr; hence 





The integral of the left side is simply the differ- 
ence between the value of h at the radius r and 
its value ha at the axis of rotation; thus 




which indicates that the free surface (and hence every surface of constant p) 
is a paraboloid of revolution. Finally, since k = p/y -r r, the pressure intensity 
along the bottom, where c = 0, will be 



PROBLEMS 

71. A construction hoist carries a tank of fresh mortar to the top of a scaffold, 
changing velocity at the rate of 10 feet per second per second at the beginning and end 
of its trip. If the mortar weighs 170 pounds per cubic foot, determine the pressure 
gradient within the mortar (a) as the hoist starts and (6) as it stops. If the mortar 
depth is 40 inches, determine by integration the pressure intensity at the bottom of 
the tank (c) as the hoist starts and (d) as it stops. 

72. An open tank of water slides down an inclined plane. Show that the free 
surface will be (fi) horizontal if the velocity is constant, and ( b ) parallel to the plane if 
the acceleration is equal to the component of g in the direction of 
motion — i.e., if the tank slides without frictional resistance. 

73. Oil stands within 2 feet of the top of an open tank car 30 
feet long, S feet wide, and 7 feet deep. What is the greatest 
horizontal acceleration which the car may be given without 
spilling the oil? 

74. Determine the slope of the water surface in a small con- 
tainer which is mounted on a turntable 6 feet from the axis of 
rotation, when the angular velocity of the turntable is aO retolu- 
tions per minute. 

75. A U -tube having vertical legs 2 feet on center is partly 
filled with carbon tetrachloride (specific gravin' = 1.6) and ro- Pp.ob. 75. 
tated about a vertical axis 6 inches in from one leg. What will be 

the difference in elevation of the two free surfaces when the angular velocity is 
100 revolutions per minute? 
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76 If the angular velocity < f one s arm is sufficiently great, a glass of water may l* 
swung through a vertical circle without spilling Assuming an arm length of r « 2 5 
feet determine its safe minimum angular velocity as the glass passes its highest point 

77 N\ ater stands at a depth of 2 feet in an open cy hndncal tank 3 feet in diameter 
and 4 feet high If the tank is rotated at the constant rate of 90 rev olutions per min 
ute about its vertical axis determine the maximum and minimum intensities of 
pressure at the bottom (Note that the volume of a paraboloid of revolution is one 
half the i oSums of the circumscribing cy Under ) 

78 Mercury half fills a slender tube which is inch in diameter 15 inches long 
and closed at one end If the tube is rotated m a vertical plane about its open end at 
the constant speed of 90 revolutions per minute what is the maximum force which 
will be everted by the mercury upon the closed end? 

79 If the tube of Problem 47 were rotated in a vertical plane what would be the 
pressure difference between the ends as the tube attained (a) its uppermost and (fc) 
its lowermost position? 


16 PRINCIPLES OF HYDROSTATICS 

Pressure variation in steady, uniform flow Under conditions of 
zero acceleration in the arbitrary direction s, Eq (42) will reduce to 
the form 

^ (P + ts) - 0 

If the acceleration is zero m every other direction moreover it follows 
that in no direction can the sum p + yz vary In other words in the 
case of steady, uniform flow, 

p + yz~C (45) 

in which the factor C is a constant of integration, indicating that the 
sum p + yz will be the same at all points within a fluid which under- 
goes no acceleration 

Two related facts are at once apparent from this equation First 
since p can vary only if yz also varus, it follows that under conditions 
of zero acceleration the pressure intensity will have the same migm 
tude at all point* of equal elevation in the same fluid Second, p Will 
increase from point to point \>y an amount equal to the corresponding 
elecrease* in yz, and \ ice versa 

Pressure measurement by liquid piezometers. Such interdepend 
ence of p and yz is particularly significant in the measurement of pres 
sure intensity by means of liquid piezometers rather than mechanical 
pressure gages Consider, for example, the case of a conduit earning 
fluid, in which it is necessary to know the pressure intensity at some 
iKnmdiry point <i, which mav or may not lx in a zone of acceleration 
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A piezometer orifice (see Fig. 36) is drilled through the boundary at 
this point and connected to a transparent tube having a vertical leg 
open to the atmosphere. If the fluid in the conduit is a liquid, a por- 
tion of this liquid will fill the piezometer tube to a height depending 


only upon the specific weight of 
the liquid and the pressure inten- 
sity at point a relative to that of 
the atmosphere. In other words, 
since p = 0 at the free surface in 
the tube, since there is no accel- 
eration of the liquid, column, and 
since points a and b lie at the same 
elevation in the same fluid, 



pb — 0 -f- yA h = p a 


Fig. 36. Piezometers for liquids and 
gases. 


If the conduit transmits a gas, it is only necessary to fill the lower part 
of the tube with a suitable gage liquid of specific weight y', whereupon 



To Pitot Tube 


(ignoring the weight of the gas column a-b) 
p c = y'Ah - p b « p a 

Evidently, Ah will be positive or negative in each 
case depending upon whether the absolute pres- 
sure intensity at point a is greater or less than 
atmospheric. 

In many devices, such as the Pitot tube, it is 
necessary to know only a pressure difference, a 
differential manometer of the type shown in Fig. 37 
then being especially useful. Assuming that a 
Pitot tube is to be used in water, the piezometer 
leads (see Fig. 37) may be connected to an in 
verted U-tube partially filled with a gage liquid 
of specific weight y' which is somewhat lower 
than that of water. The height of the gage above 
(or below) the Pitot tube is evidently immaterial, 
since the pressure changes from the point of 


Fig. 37. Differential 
manometer. 


measurement to points a and b are identical. 
Points c and d must be under the same pressure, 
as both points are at the same level in the same 


continuous body of fluid. But p c — Pa ~ y^h and pa — Pb — y' Ah, 


whence, since p c = pd, 


pi Pb ~ — y') 
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Evidently the smaller the difference betw een y and y ' the more sensi 
tive the manometer will be — i e the greater the reading Ah for a given 
differential pressure 

Hydrostatic distribution of pressure, piezometnc head In the de- 
velopment of Eq (42) only gravitational attraction and the normal 
stresses exerted upon a fluid element were taken into account tan 
gentia! stresses (le mscous resistance to deformation) thereby being 
ignored Since tangential stresses are 
truly zero only in the event that the 
fluid undergoes no deformation vana 
tion in pressure intensity according to 
the relationship p + yz = C requires 
not only that the acceleration be equal 
to zero but also that the \clocity be 
everywhere the same Such conditions 
are generally realized only if the ve- 
locity and acceleration are both equal 
to zero and hence the expression 
p + yz = C is strictly speaking an 
Fig 38 Defin t on sketch for C q Ua tion of hydrostatics the study of 
prour* m „ ds lt rcst N „ crtholcss under 

many conditions of motion both the 
acceleration and the tangential stresses are small in comparison with 
other factors under such circumstances the assumption of hydro 
static pressure distribution permits a relatively simple approximate 
analysis of the actual state of motion and of the accompanying forces 
exerted by the fluid upon the boundaries 

Under conditions of liquid flow with hydrostatic pressure distnbu 
tion it is convenient to divide the several terms of Eq (45) by y so 
that each will have the dimension of length 



y y 


Since the symbol h was introduced in the foregoing section to repre 
rent the sum p/y + - and since this sum is constant under conditions 
of hydrostatic pressure distribution (sec Tig 38) 

h •= — + s =» constant (46) 

y 

\t the free surface of a liquid p ~~ and hence p/y — has the magnitude 
of zero so that the constant h in this equation must represent thc«ur 
face elevation It fotlows at once that in flow with hydrostatic pres- 
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sure distribution the pressure head at any point is equal to its depth 
below the free surface. If the flow itself does not possess a free sur- 
face (for instance, liquid moving in a dosed conduit), h nevertheless 
represents the height to which the liquid would rise in an open tube 
connected to a piezometer orifice at any point in the boundary. For 
this reason, the sum h of pressure head and elevation is known as the 
piezometric head. 

In the case of a gas, it must be noted, the piezometric head has no 
such direct significance, since a stable free surface cannot then exist. 
The pressure intensity of a gas, moreover, changes only imperceptibly 
with appredable changes in elevation because of the very small mag- 
nitude of y. However, it is common practice to express the pressure 
“head” of a gas in terms of that of a liquid at the same pressure inten- 
sity, the pressure intensity of the gas then being equal to the product 
of the specific weight of the liquid and the corresponding liquid head. 


Example IS. A vertical conduit carrying crude oil (sp. gr. = 0.85) contains, 
for purposes of flow measurement, a reduction in cross-sectional area. Piezom- 
eter orifices are located at points A and 

B, in zones of essentially parallel flow, to | 

which is connected a differential mercury [ > 

gage as shown. Determine the difference A 

in (a) pressure intensity and (6) piezo- '■ A 

metric head when AJi ng = 3 inches of 

mercury. 


(a) Since points C and C lie at the 
same deration in the same continuous 
body of liquid (i.e., mercury), pc = pc'- 
But pc = pn + yb + 7'A/; H g and pc' = 
Pa + y{a + 6 + A/;, Ie ) ; therefore 

Pb 4- yb + y'&h Hs = Pa + 7(° + b + A/i) 


o = l8in\ 


Pa- Pb = (7' - 7)Af»H g - 7« | l J 

Evidently, the distance b to the U-tube 

is of no importance as long as both columns are filled with the same fluid 
Introducing the given values, 

Pa -Pb = (13.6 - 0.85) X 62.4 X fW - 0.S5 X 62.4 X Ff = 119.4 psf 


( 1 b ) From Eq. (46) 

j, i, _ ~ P B 4 . = — liM p — = 2.25 -P 1.5 = 3.75 ft 

h i - )lB y + ~ A ~ B 0.S5 X 62.4 12 
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Hydrostatic pressure on boundary surfaces The determination of 
resultant forces due to fluid pressure in general is based upon two 
fundamental relationships of mechanics 

I Any component of the resultant normal force exerted upon a 
surface of area A is equal to the integral (sec Example 11) of the 
corresponding component of the differential normal force p dA 

F,-f ( pdA ), (47) 

II The product of this force component and the normal distance 
yo of its line of action from a parallel reference plane is equal to the 
integral of the first moment of the differential normal force with 
respect to the reference plane 

F x y 0 = J yip dA) x (48) 

Evidently both the resultant force and the location of its line of action 
may be found from the foregoing equations written for each of the 
coordinate directions 

These general relationships must always be followed in the compu 
tation of boundary or free body forces regardless of whether the pres 
sure distribution has to be determined by means of the flow net for 
accelerated motion as in the following section of this chapter or by 
the elementary relationship for hydrostatic variation in motion which 
is steady and uniform The latter case however permits the use of 
special forms of these relationships as embodied in the following prin 
ciplcs of hydrostatics 

1 The total force due to liquid pressure upon a plane surface is 
equal to the product of the specific weight of the liquid the area of 
the surface and the depth of its centroid below the free surface or 
piczometric plane 

2 The distance between the center of pressure of a plane surface 
and the intersection of this plane w ith the free surface or piezometnc 
plane is equal to the ratio c f the se-cond and first moments of the 
surface area about this line of intersection 

3 The horizontal component of liquid pressure upon any siir 
face has the same magnitude and line of action as the horizontal 
force computed for the projection of this surface upon a vertical plane 

4 The vertical component of liquid pressure upon any surface is 
equal in magnitude to the weight of a column of the liquid extending 
vertically from the surface in question to the frex? surface cr piezo- 
metric plane its line of action passing through the center of gravity 
of this liquid column 
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Verification of computation principles. The first of these principles 
may be verified by means of Eq. (47) written for the vector itself; 
that is, with reference to Fig. 39 (in which the pressure head or depth 
below the free surface is indicated by the symbol /;„), the total force 



upon the given surface is the integral of the product of specific weight, 
pressure head, and the increment of area: 

F — J~ p dA = J" ( yhp ) dA = 7 sin /3 J y dA 

But the quantity J y dA is known from mechanics to be the moment 
d / 0 of the area about the line O-O', or the product of the area and the 
distance y from the line to its centroid; therefore, 

F = 7 sin (3 yA = yhp/i (49) 

the product of 7 and the pressure head Ti p at the centroid evidently 
corresponding to the mean pressure intensity p upon the surface. 

The second principle may be verified from the same figure by means 
of Eq. (48) written in terms of the force vector; thus, designating the 
point of intersection of the action line and the surface ns the center of 
pressure, which lies the distance y 0 from the reference line O-O', 

Fy 0 = J yp dA = J y{yh p ) dA = 7 sin 0 J y- dA 
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Solving for and replacing F b> its equivalent integral 
y sin jS Jy dA J y I 2 dA 

y sm i 8 JydA j y dA 

But J y 2 dA is known from mechanics to represent the second 
moment Ig of the area about the line 0-0 This in turn is equal to 


s' Free surface or p ezomefr c ptone > 

51 — [C 


Fie 40 INaluaton of pressure com pa 
nents upon any surface 



Fg 41 Defn t on sketch for 
dud buo>anc> 



I + $ n A = ( k 2 + y*)A in which k is the radius of g> ration of the 

area about a ctntroidal axis parallel to 0-0 Therefore 


3o 


io _ . J_ 

Wo ” y + yA 




(50) 


Principle 3 ma> be checked b> considering the horizontal forces 
acting upon the free bod> of liquid ABE m Fig 40 from which it will 
be seen at once that the horizontal component of force exerted upon 
the curxcd surface AB must be in equilibrium with the normal force 
upon the \ ertical projection AE Similarlj considering the free both 
ABCD it is apparent that the \ ertical component of force exerted 
upon the surface AB must be in equilibrium with the weight of the 
superposed liquid as stated in principle 4 It should be noted at this 
point that principle 4 explains the phenomenon of buoyancy in which 
as discos cred b% Archimedes two thousand jears ago the \ ertical 
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hydrostatic force exerted upon an immersed body by the surrounding 
fluid is equal to the weight of the fluid which the body displaces. 
Thus, with reference to Fig. 41, according to principle 4 the downward 
force upon the top of body ABCDEF is equal to the weight of the 
liquid column ABCHG, and the upward force of the liquid upon the 
bottom is equal to the weight of a liquid column having the dimensions 
DEFGII. The net buoyant force is obviously the difference of these 
two and hence equal to the weight of liquid displaced by the body. 
If this is equal to the weight of the body itself, a state of static equi- 
librium must obviously prevail. 


Example 16. An open conduit having the cross section shown in the accom- 
panying figure carries water at a uniform depth of 6 feet. Determine the 
magnitude, direction, and line of action of 
the force per unit length of conduit exerted 
upon sections AB, BC, and CD of the 
boundary. 

As in Example 11, the required forces may 
be found by plotting the pressure distribu- 
tion around the boundary and determining 
the areas under the curves (see sketch a). 

However, since the pressure varies linearly 
with the depth, the forces may be computed more conveniently as follows: 

The total force per unit length on the horizontal bottom is evidently equal to 
the weight of the water directly above it: 



HER = 6 X 3 X 62.4 = 1124 lb/ft 
1 / 

and its line of action passes vertically through the centerline of the conduit as 
shown in sketch b. 

Since the mean pressure head on the section AB is 1.5 feet, from Eq. (49) 


From Eq. (50) 


I** = 62.4 X 1.5 X 3 = 281 Ib/ft 
L 


L X 3 3 

LS + 1.5 X 3 X L “ 2 ft 


The line of action therefore lies 2 feet below the water surface. 

Since the mean pressure head on the vertical projection of BC is 4.5 feet, 

(FbcG = 62A x 4 .5 x 3 = 843 lb/ft 
L 
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and since the weight of water above BC must equal the \ertical component 
of force 


(■ Fbc)„ 
L 


624^3 X 3 


= 1003 Ib/ft 



The line of action of the horizontal component may be found in the same 
manner as that for AB and the vertical component must pass through the 
centroid of area ABCC' But since their resultant is the integral of a normal 
force around the circular arc CD it must evidently pass through the center 0 
(see sketch b) Its slope w ill be 


tan «= 

and its magnitude 


{Far), 
(Fbc), ' 


>119 (i e /3 = 50°) 


Fbc - V843 1 + 1003 1 = 1310 Ib/ft 


PROBLEMS 

80 An upright U tube partly titled with mercury (specific gravity ■* 13 6) »* con 
nected to piezometers on pipes t and B to measure the pressure difference at various 
me# of Ac* XVAnr.tww iXe- iWTerww/jJ pressi.w /><■ — Jw {*) .</ i«nf.b pv* 3 carr> a 
gis having a specific weight of 0 01 pound per cubic foot and (i) if both pipe* cart) 

81 \ closet! tank is parti) filted with oil under pressure piezometer tubes being 
arranged as shown lo indicate oil level and pressure If the specific gravit) of th* °** 
is 0 75 what is the pressure mtensit) of the air atiove the oil? 

82 The differential head for a flow meter in a pipe carry mg water is measure'! 
b) meins of the inverted U tul* shown tn the accompan>mg sketch What •* ,,ie 
difference in pierometm head tietw-een joints A and B (a) if the space alxive the water 
columns is fillet! with air and (5) if the space is filted with a liquid hiving a specific 
gravit) i f 0 S? 
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Prob. 80. 


Prob. 81. 


Prob. 82. 




83. The tank shown in the accompanying sketch will discharge liquid at a constant 
te so long as the liquid surface within the tank lies above the bottom of the air 

vtt ,h<! > a ievc ,' ” pi “ m a ™ ,b 

u ss " f th '"' » * h « •*** ™*k* .oi,. , Iq ..d 



Prob. 83. Prob. 84. 


84. Fresh water stands at a depth of 8 feet on one side of vertical sheet piling A B, 
and salt water at a depth of 12 feet on the other side. Assuming the salt water tc 
nave a specific gravity of 1.03, determine the moment about B of the resultant pres- 
sure per foot of piling. 

85. The upstream face of a dam is inclined at an 
angle of 60° to the horizontal. If the free surface of 
the water in the reservoir lies 25 feet above the base 
of the dam, determine the horizontal and vertical 
components and the line of action of the resultant 
force of the water per unit length of dam. 

86. A circular butterfly gate 10 feet in diameter is 
pivoted about a horizontal axis passing through its 
center. What force F applied at the bottom is re- 
quired to hold the gate in position if water stands 
2 feet above the gate on one side and the other side is 
completely exposed to the air? 



Prob. 86. 
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variation in velocity and hence in velocity head across the flow will 
yield a different total head for each stream line as shown by the 
several stagnation tubes This may be seen for the general case (com 
pare with the corresponding operation in Section 11) by adding the 
quantity —d(v t /2g)/dn to both sides of Eq (52) for the case of steady 
flow 

3 { g 8 p _\ _ p Zap, 3 vA 

dn \2g y ) g \ 3j dltj 

Evidently only if di n /ds « dv,/dn will the flow be irrotational and 
only then may this equation be integrated in the « direction to yield 
the counterpart of Eq (54) along lines normal to the stream lines 
Thus only in the case of steady irrotational flow will the total head 
have the same instantaneous magnitude throughout the moving fluid 
the Bernoulli equation then applying between any two arbitrary points 

£ + „ ( 55 ) 

2 £7 2 g y 

Variation of piezometnc head In enclosed flow If such conditions 
of motion arc essentially fulfilled the flow net and the equation of con 
tinuity may be used as before to evaluate the velocity distribution 
and Eq (55) will then permit determination of the pressure distnbu 
tion in any desired region It is noteworthy in this connection that 
in liquid flow which is fully confined by solid boundaries the variation 
in piezometnc head will be directly proportional to the variation in 
the quantity bp studied in the preceding chapter That is upon in 
troducing the relationship A/i = h — h 0 in the Bernoulli equation 
rearranging terms and dividing b) r i 3 /2g the following dimensionless 
expression will result 



Comparison with Tq (29) of the last chapter will indicate that for 
any closed boundary profile the plot of Sh/(io’/2g) for conditions in 
which fluid weight mus* be tahen into account will be identical with 
that of £p/(pio 3 /2) obtained for flow «ith negligible weight effects 
The significance of this similarity is as follows In confined flow, the 
stream line jxattirn (and hence the velocity distribution) for steady 
irrotational motion is governed entirely by the geometry of thtboun 
dines If the fluid is a gas or if the motion is in the horizontal plane 
the variation in &p(fir 0 3 /2) will in turn be gmerned solely by the 
boundary geometry If the fluiel is a liquid however, and if the mo- 



Sec. 1 7] 


THE BERNOULLI THEOREM 


83 


tion involves vertical displacement, the pressure intensity will also 
vary owing to differences in elevation. But, since the boundary 
geometry completely determines the form of the stream lines, gravi- 
tational effects can have no influence upon the velocity distribution in 
flow which is wholly enclosed by fixed or moving boundaries. The 
sole effect of fluid weight in confined flow is therefore embodied in the 



Fig. 43. Variation of velocity head and piezometric head for the flow net of Fig. 12. 

pressure relationship p = y(h — =), for h is a function only of the ve- 
locity distribution. 

Such conditions are clearly illustrated by liquid flowing through the 
two-dimensional profile of Fig. 12, the axis being inclined at some arbi- 
trary angle as shown in Fig. 43. Assuming steady, irrotational motion, 
the total head will be the same at all points, and hence may be repre- 
sented by a horizontal line showing the elevation to which liquid will 
rise in a piezometer column connected to a stagnation tube held at any 
point in the flow. Columns connected to boundary orifices, on the 
other hand, will yield a line of piezometric head of variable elevation, 
as plotted in the figure for the upper boundary'; since the velocity dis- 
tribution (and hence the variation in velocity head) is the same along 
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cither boundary the piezomctnc heads will necessarily be the same at 



Plate \ Cav tat ion at a 
two-d mtns onal l>oun lary 


corresponding boundary points Along the 
centerline however the difference m v eloc 
it> distribution will cause the line of pc 
zometne head to differ from that for either 
boundary as indicated in the illustration 

Variation of pressure intensity, cavita 
tion Once the piezometric head is known 
for any point it is obviously a simple mat 
ter to subtract therefrom the elevation of 
the point to obtain the pressure head 
Indeed since the gradient of piezomctnc 
head can change only with the rate of flow 
it will be seen that an arbitrary change in 
pressure head throughout the system will 
raise or lower a line of piezometric head 
the same distance at all points its form 
thereb> remaining constant A change m 
the rate of flow on the other hand will 
change only the absolute magnitudes of 
Ah the relative proportions of the curve 
being unaffected In brief the ratio of Ah 
to the vclocit) head t 0 2 /2g at nn> point 
will be independent of both the overall 
pressure load and the rate of flow m ac 
cordancc with Eq (56) the dimensionless 
scale for A/;/(i 0 2 /2g) at cither side of the 
figure is therefore gcnerallj characteristic 
of this particular boundar> profile and l> 
nccessaril> identical to the scale for 
Ap/(pt 0 */2 ) as evaluated m Chapter III 
for gaseous flow or for liquid flow in the 
horizontal plane 

Although the Bernoulli equation indi 
cates the existence of neither a maximum 


constriction successive \c!ocit> nor a minimum pressure wtcn«it> 


fra met from a mot on pc for either liquid or gaseous motion it must 
.ho. formation an 1 ))( , „ ol „| , hl , 1nJ [ iq „, d bcffltl to l»ll 

fm'™. ^ ° n "' ■> n! p c 'i ,nl 10 "i*; <rr. 

tecon I) sure is reached at some point in the nel t 

motion An> tendcnc> to reduce the pro* 
sure intensitv lielow this limiting value will result in a discontinuit> of 


Sec. 17] 


THE BERNOULLI THEOREM 


85 


the flow due to the rapid formation and collapse of vapor cavities in the 
liquid, a phenomenon aptly known as cavitation. From the Bernoulli 
equation it will be evident that the reduction of pressure intensity at 
any point may be caused by a reduction in the pressure load upon the 
system as a whole, or by an increase in either the elevation or the 
velocity of flow. Cavitation generally results from a combination of 
these several influences, and it should be avoided by proper design of 
boundary form and regulation of operating conditions. 


Example 17. Let Fig. 12 represent the profile of a two-dimensional constric- 
tion in a 4 by 4-foot rectangular conduit. If the axis of the conduit is vertical 
and the direction of modon is downward, what 
difference in intensity will be indicated by 
pressure gages at points .4-6 and A-9 as 200 
cubic feet of water per second pass through the 
conduit? 


Since Q = voA 0 


200 . . 

r ° = hT = 12 ' 3 fps 


From the plot of (fl/tfo) 5 accompanying Ex- 
ample 6, 


(;)’■“ “ d 


5.5 


Therefore 


T 


-4ft 


4ft 


EH 



tv — tv = t’ 0 2 (5.5 — 0.5) 

= 12l 2 X 5.0 = 781 (fps) 2 

From Eq. (55) 

p* - h = v 2'~jt _|_ - 9 _ 

7 2 g 

Since, by scaling, a, — ze = — 0.29«o = —0.29 X 4 = — L16 ft, 

Pe - P* = 62.4 (~- 4 - Lid) = 684 psf = 4.75 psi 


It is to be noted that (tv - tv)/2g corresponds to the difference in piezometnc 
head between boundary points 6 and 9. Since this difference is read directly 
on a differendal manometer using air as the gage fluid (see figure), 


* -*•“*» -SI -* 1 ^ 
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92 By means of open glass columns connected to a wall piezometer and a stagna 
tion tube in a pipe carrying oil the following 
data were obtained when y = 1 inch h — 2 
inches, when y = 2 inches h •= 3 inches If 
the specific gravity of the oil is 0 85 what ve- 
locities are indicated? 

93 If the orifice of Problem 83 has a diameter 
of ^ inch and is so rounded that the coefficient 
of contraction is unity, what will be the rate of 
efflux under the head indicated? 

94 Cavitation is found to occur at an orifice 
meter in a 4 inch pipe at a rate of flow of 0 5 
cubic foot of water per second when the pressure 
in the approaching flow is 6 pounds per square 
inch Assuming the vapor pressure of the water to be 0 5 pound per square inch 

absolute estimate the maximum velocity at 
the orifice 

9 S The irrotational vortex or ‘whirlpool 
which tends to form above an open drain in a 
relatively shallow tank is characterized b> a 
tangential velocity which varies inversely 
with radial distance from a vertical a*» 
through the drain If the tangential velocity 
of a given vortex is 3 inches per second 15 
inches from the axis whit will be the de- 
crease in surface elevation (a) at this dis- 
tance and (b) at a distance of 1 inch from 
the axis? 

96 Assuming the conduit transition of Example 1 7 to be horizontal with point* 
/t-6and A -9 along the upper boundary compute the piczomet 
ric head 3t point A -6 which will indicate the onset of cavitation 
at point 4-9 for the given rate of flow and a vapor pressure of 0 5 
pound per square inch 

97 The outlet in the bottom of a tank is so formed that the 
velocity at point A is 1 5 times the mean velocity within the 
outlet pipe If the depth of water within the tank is 3 feet, 
what is the greatest length L of pipe which may be u*cd without 
producing cavrtationl f Assume a vapor pressure rf OS pound 
per square inch absolute ) 

95 Let the profile of Fig 26 represent a vertical section 
through a horizontal guide vane at the entrance to a power 
plant Assuming the velocity of the approaching water to lie 
20 feet per second and the vertical thickness of the vane to I’SOB Vi 
lie 3 feet, determine the difference in (a) piezometric head, and 

|h) pressure intensity between the point of stagnation and the point of mininum 
or ensure intensity 



Froc 95 
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99. The intake to a hydroelectric installation has the form of the upper half of 
Fig. IS. Assuming the intake to be of sufficient width for the flow to be essentially 
two-dimensional, estimate the minimum intensity of pressure which will prevail 
along the curved boundary under the conditions illustrated. 



18. CURVILINEAR FLOW WITH A FREE SURFACE 

Constancy of pressure intensity over a free surface. If in any zone 
a moving-fluid comes into contact with a fluid of different density, the 
pattern of motion as a whole will no longer be governed in form solely 
by the geometry of fixed boundaries, for gravitational attraction may 
now have an appreciable effect upon the acceleration of the fluid. 
The form of the surface of contact is still uniquely determined, how- 
ever, by the fact that the pressure intensity at every point along any 
such surface must be the same in both fluids. In the case of a liquid 
in contact with the atmosphere, the pressure intensity along the outer- 
most stream lines — the free surface — will then be constant, the con- 
figuration of the entire flow pattern being such as to satisfy this 
boundary condition in addition to the general equations of motion. 

Perhaps the most familiar illustration of curvilinear flow with a 
free surface is found in the "whirlpool” which tends to form as liquid 
is discharged through an outlet in the bottom of a shallow tank. The 
velocity distribution of such flow closely approximates that of the 
irrotational vortex, in which the tangential velocity varies inversely 
with radial distance from the axis (i.e., v = C/r). Since the pressure 
head will be equal to zero at all points on the free surface, the surface 
elevation must decrease with increasing velocity head; in other words, 
the surface will fall away more and more rapidly as the vortex axis 
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is approached with the result that a funnel shaped filament of air will 
seem to descend into the bod) of the liquid It is to be noted how 
ever that the accompanjmg liquid acceleration is entirely in the hon 
zonta! direction (that is toward the center of curvature of the circular 
stream lines) so that the pressure distribution is still hjdrostatic in 
the vertical direction One must therefore seek bejond the irrota 
tional vortc\ for flow in which gravity is even partly responsible for 
the fluid acceleration 



Plate VI Character si c surface prof le of the irrolat onal \ortex produced by 
circular on of water above an outlet 

Dow of this nature is illustrated b> Fig 44 in which will be seen 
the pattern of two-dimensional stead) irrotational flow of a liquid 
through a sharp-edged slot in a \crtical plate at the end of a channel 
In the zone of essential!) uniform flow "to the left of the fgurc the lack 
of appreciable acceleration in an) direction indicates that the line of 
piezomctnc head ho must coincide w ith the free surface The horizon 
fal line of constant total head must therefore he the distance to J2g 
above the free surface in this zone the quantit) r 0 being the aclocit) 
of the approaching uniform flow At the two points of stagnation the 
\clocit> is reduced to zero and hence the piezomctnc head must in 
crease b) the amount fo’/2f corresponding to an increase in pressure 
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head at the lower corner and an increase in elevation at the free sur- 
face. As the liquid passes through the slot, the velocity along the 
outermost stream lines must increase to such an extent that, when the 
pressure intensity becomes equal to that of the atmosphere, the veloc- 
ity head will equal the distance between the total-head line and either 
-free surface (i.e., when p/y = 0, H = v 2 /2g + z). But, since the two 
free surfaces lie at different elevations, it is evident that the velocity 
(and thus the stream-line spacing) must differ accordingly at the 



Fig. 44. Flow net for efflux from a slot under the influence of gravity. 

_two edges of the slot, and hence the deformation of the meshes of the 
flow net due to gravitational effects must already be noticeable before 
the slot is reached (compare Fig. 44 with Fig. 29). As the fluid emerges 
from the slot, the jet as a whole will be subject to full gravitational 
acceleration. The pressure intensity within the jet, however, will be 
reduced to that of the atmosphere only as the convergence of the 
stream lines approaches a minimum well beyond the slot. Within the 
latter zone of freely falling liquid the velocity head will be equal to 
the vertical distance below the line of constant total head at all points. 

Discharge equation for a horizontal slot. So long as the average 
head Ji (i.e., the piezometric head of the approaching flow referred to 
"the slot axis) is relatively great, the mean v elocit y of the contracted 
jet will almost exactly equal the quantity 2 gfi. The rate of efflux 
may then be computed according to the methods of Section 12. the 
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quantity A p being equal to the product of h (which is simply the a\cr 
age Ah) and the specific weight y of the liquid and the coefficient of 
contraction of the flow (for a symmetrically located slot) being taken 
from Table I Thus for large values of 2h/b (i e B b) 


Vl - C e 2 (b/2h)l 


bVl^h - C d bV^fi 


Cd varying according to Eq (34) As h approaches the dimension 
b}2 of the slot however it will be seen that such methods should - 



be com e less and less exact owing to the increasing difference between 
V 2 gh and the average velocity across the jet in other words (see 
Fig 45) the mean velocity can no longer be evaluated from the mean 
velocity head since the square root of the mean of several values and 
the mean of their square roots arc not numerical!) the same Under 
the latter circumstances the rate of efilux may be more closely ap- 
proximated by integration From the Bernoulli equation the velocity 
at any point in the contracted jet will have the magnitude 



Indicating the increment of cross section per unit length of jet by the 
product of a local contraction factor c e and the height increment d 
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across a section of zero pressure intensity the differential rate of efflux 
per unit length of slot will be 



— , i, h > J3 

B 2h h+iv h 


Fig. 46. Variation of discharge coefficients with boundary form. 


Xhe integraLof this expression will involve both c c and s as variables. 
However, if c c is replaced by a mean value C c , and if s is assumed to 
vary from — b/2 to + b/2, integration will yield 



Despite the deflection of the jet, the values of C c in Table I still pro- 
vide a close approximation to the coefficient of this equation. How- 
ever, owing to the troublesome factor Vq 2 /2g, which in itself depends 
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upon q e\aluatton of the rate of efflux from Eq (58) must proceed 
according to the method of successi\c approximation That is is 
first assumed equal to zero and the corresponding q is evaluated the 
value To = q/2h is then used to obtain a more exact magnitude of q 
and so forth 

On the other hand Eq (58) may be written in the simpler form 
corresponding to Eq (33) of Chapter III 


1 = CibVTtf, 


O- ?c,V|[(^ + / ‘ + j) -(jjj + j-j)] 


(59) 


m 


Thus although the relationship as a w hole is still as tedious to evaluate 
the fact that Q is dimensionless and depends only upon the boundary 
proportions permits its determination once and for all in tabular or 
graphical form figure 46 contains such a graph of Cj versus b/2h 
for the symmetrically located slot The extent of the gravitational 
effect may be judged through comparison with the neighboring curve 
from Fig 31 

Needless to say the contraction coefficients of Table I are apph 
cable w ithout modif cation only if the slot is symmetrically located w ith 
respect to the uniformly approaching flow The foregoing discuss on 
would therefore he merely of academic interest were it not for the fact 
that it serves as an introduction to two practically important types of 
free surface transition — flow over a utir and flow under a slutce gate 
Flow over a sharp crested weir If h in Tig 44 becomes equal to 
b/2 the upper edge of the slot will nolongcr be effective and the lower 
portion of the boundary will become what is known as a sharp-cresttd 
tcvtr — that is a thin wall over which liquid flows (Fig 47) Noting 
that the dimension b of Eq (58) is now equal to the head h (i t the 
elevation of the free surface of the uniform flow with nspect to tie 
weir crest) 

•-t^Ks+.y-GfT] <6,) 

in which C t may again Ik taken from Tal le I by placing b/fl ™ 
h/(h + *0 Again introducing a discharge cot ff cunt 

1 - lC<\ r 2 t h' (62) 

in which 

«-*[£♦■)■ -<sn 
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Cd will as before be found to depend only upon the boundary propor- 
tions, as plotted in Fig. 46 for a vertical weir. The latter curve, it 
may be noted, is closely approximated by the empirical formula 

C d = 0.611 + 0.075- 
w 

Since the foregoing relationships were based upon the assumption 
of atmospheric pressure on both sides of the nappe or sheet of falling 
liquid, it is evident that they will be applicable only if this assumption 
is strictly fulfilled. In other words, if the liquid impinges upon the 
vf 



channel floor beyond the weir, any air originally enclosed by the nappe 
trill gradually be removed by the flow; as the pressure intensity 'is 
thereby reduced to an appreciable degree, the same discharge will 
occur under a considerably lower head. If such a weir is to be used 
as a flow meter, means should therefore be provided for complete 
ventilation of the zone below the nappe. 

Flow under a sluice gate. The sluice gate (Fig. 48) differs some- 
what from the other limiting condition for flow from a slot in that the 
jet is generally not free, but guided by a horizontal floor; as a result, 
the final jet pressure is not atmospheric but hydrostatically distrib- 
uted. Writing the continuity and Bernoulli equations between sec- 
tions 0 and 1 of Fig. 48, 

2 2 

Voh = Vi C c b — \- h = — H C c b 
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Fig. 4S. Flow net for gravity discharge under a sluice gate. 


Since a = i\C c b, 


9 = 


C c 


Vl + C c b/h 


&V 2gh 


( 64 ) 


Again introducing a discharge coefficient, 

q - C d b^/Jgli 

& 


in which 


Cd = 


Vl + C c b/h 


( 65 ) 

( 66 ) 


Thus Cd, like C c , again depends only upon the boundary proportions. 
Owing to the different pressure conditions within the contracted jet, 



Plate VIII. Profile of flow under a vertical sluice gate. 
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however, the contraction coefficients of Table I arc not applicable 
here That is the degree of jet contraction remains nearly constant 
over a considerable range of variation of b/h as shown in Fig 46 
yielding the curve of Cj b/h for a vertical sluice gate which is in 
clucfcd in this diagram As will be seen from Fig 48 the head h will 
deviate more and more from the velocity head of the jet (where the 
pressure variation is h>drostatic) as b/h increases thus causing the 
dow nw ard trend of Cj m Fig 46 

Example 18. Water discharges at a 4 foot head o\ er a \ ertical sharp-crestcd 
weir 4 feet high and 10 feet long Determmc (a) the rate of flow and (6) the 
total force exerted by the water upon the weir 

(a) From Fig 46 Cj ** 0 691 for h/ (h + w) =05 Therefore according 
to Eq (62) 

q = 3 X 0 691 X V2 X 32 2 X 4’ 1 = 29 6 cfs/ft 

whence 


Q -= 10? = 296 cfs 



(6) After plotting the pressure-distribution curve of Fig 47 to scale as 
shown the total normal force may be determined by multiplying the area under 
the curv e by the specif c w eight and the length of w cir 

F = 23 8 X 62 4 X 10 - 14 S00 !b 

According to the diagram this value may be approximated by assuming h) dro- 
static conditions 

F « X 4 X 62 4 X 10 = 15 000 lb 

Fvadently how ev er the true center of pressure wall be low cr than that indicated 
b> this assumption 

Example 19 A 1 foot aitl with upstream face inclined at an angle of 45* is 
installed at the end of an open channel of rectangular cross section If the 
channel is 8 fret wide and 5 feet deep and if a minimum freeboard of 6 inches 
is speaf ed estimate the greatest rate of flow which the channel may carry 
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Owing to lack of a plot of C d for a sloping weir, q must be found from Eq. (61) 
by successive approximation. Thus, since 


h 

h + vi 


33 

4.5 


0.778 


the corresponding value of C c may be obtained from Table I by interpolation ; 
that is, when b/B = 0.778 and /3 = 45°, C c = 0.784. Then first assuming that 
to = 0, 


I Cc V2g h-* = f X 0.784 X Vl X 32.2 X 3A 55 = 27.5 cfs/ft 



For this approximate value of q, 


q 2/.o r r , r 0 - 6.11- 

to ~ 7 - 7 — = — = 6.11 fps and — ~ —— = 0.58 ft 

h + v> 4.0 2g 64.4 

wherewith a closer approximation of q may now be obtained : 

g ~ f X 0.784 X 8.02 X [(0.58 + 3.5)** - (0.58)**] = 32.7 cfs/ft 

A third approximation will then yield the value 


2 ~ 34.6 cfs/ft 

from which 

Q ~ S X 34.6 = 277 cfs 


PROBLEMS 

100. Water discharges under a head of 8 feet from a sharp- 
edged horizontal slot 15 inches high in the side of a reservoir. 
If the guide vanes shown in broken lines were installed just 
upstream from the slot, what would be the percentage change 
in (a) velocity of efflux, and (5) rate of efflux? 

101. A slot such as that shown in Fig. 44 is 6 inches in 
height, the depth of the approaching flow being 18 inches 
and the mean head 9 inches. Determine (a) the rate of flow 
per unit length of slot, (6) the maximum elevation attained 
by the liquid surface, and (c) the intensity of pressure at the 
lower stagnation point. 



Prob. 100. 
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102 A vertical sharp-crcsted weir 3 feet high must discharge 50 cubic feet of 
water per second without exceeding a head of 9 inches What length of crest is 
required? 

103 How high above the crest w ill water rise in a piezometer column connected to 
a stagnation tube held in the nappe of flow over a 
1 foot vertical weir under a head of 2 feet? 

104 Water flows at the rate of 10 cubic feet per 
second per foot width in a rectangular channel 6 feet 
deep A vertical weir is to be installed at the end 
of the channel to bring the free surface 6 inches from 
the top of the channel wall Estimate the required 
weir height assuming full ventilation 

105 From the distribution of velocity head through 
the nappe directly above the weir crest shown in 

Fig 47, determine as in Example 3 the rate of flow q a Jv t dy over the weir under 
a 1 foot head compare this result with the value indicated by Eq (62) 

106 Estimate the unit rate of flow over a ventilated weir inclined downstream at 
an angle of 30® from the vertical under a head of 2 feet the weir crest having an 
elevation of 3 feet above the channel floor 

107 Estimate the force per unit length of crest exerted by the flowing water upon 
the weir of Problem 106 

108 What force will be exerted upon a vertical sluice gate 8 feet wide when du 
charging water under a head of 9 feet if the gate opening is 3 feet (refer to Fig 48)? 

109 Determine the rate of flow per unit width 
under the sluice gate of Problem 108 What is 
the maximum height to which water will rise on 
the upstream side of the gate? 

110 From the distribution of velocity head in 
the plane of the sluice gate shown in Fig 48 deter 
mine as in Example 3 the rate of flow q 
for the condition that h “ 6 feet compare this 
result with the value indicated by Eq (65) 

1 1 1 Assuming that submergence of a slu ce gate 

opening does not affect appreciably the form of 
the outflow pattern estimate the rate of flow per Frob 111 

unit width under the conditions shown 

112 Determine the change in head due to a 10 per cent increase in unit discharge 
(a) over a 1 foot vertical weir and (6) through a 1 toot sluice gate opening the depth 
of the approaching flow being 2 feet in each case 


19 GEOMETRY OF LIQUID JETS 

Interdependence of velocity head and elevation A particular ca^e 
of $tcid>, curvilinear flow of a liquid with a free surface is that in 
which the pressure tntensit} is zero (i c , atmospheric) at c\cr> point 
Under such circumstances the term for pressure head disappears from 
the Bernoulli equation, and, in the event that no external forces other 
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than gravitational attraction influence the flow, the sum of velocity 
head and elevation will at all points be the same. Flow of this nature 
was mentioned briefly in the foregoing section in connection with the 
effltix of liquid from a horizontal slot and the related case of flow over 
a weir. It now remains to investigate 
the pattern of motion satisfying these 

particular conditions. fToro I head ^ 

If the arbitrary reference plane 
from which elevation is measured is 
assumed to pass through the point 
at which the velocity of a free jet ^ 

has the magnitude i'o, it follows from 

the Bernoulli equation that at any /IT 

other point SXi 


1 


, _ V 

2 g Z 2g 


J_L 

/3j ' 




From the equation for tangential ac- 

celeration (or from the derivative of \ 

the above expression with respect Fig. 49 . Definition sketch for jet 

to 5), the rate of change in velocity geometry. 

head along any stream line within 

the jet will be seen to vary directly 

with the negative sine of the angle of inclination of the filament (see 
Fig. 49), 

ds ds 

and from the equation for normal acceleration (or from the derivative 
of Eq. (67) with respect to n) the ratio of the velocity head to the 
radius of curvature of the filament will be found to vary with the 
cosine of this angle : 

tr/2 g 1 ds 1 . . 

= - - — = - cos ^ (69) 

r 2 dn 2 

Evaluation of the velocity components at any point. Although the 
magnitude of the velocity vector itself governs the magnitude of the 
velocity head, it is convenient to resolve this vector into horizontal 
and vertical components; evidently, 

v x - v cos /S v : = v sin /S 


V = Vt/ + V;~ 
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The acceleration vector may also be so resolved, its components ob- 
viously having the magnitudes 

dv z . , dv, 

o, - — = 0 and a, - — = -j (71) 

Integration of these two equations with respect to time then yields 
expressions for the components of the velocity vector at any point in 
terms of time of travel of a particle from the reference point: 

r * - Ci - (to)* (72) 

- -£t + C 2 = (v 0 ) M - gt (73) 



Fic SO Interrelationship of \elocity head and jet elevation 


Since v t = dx/dl and v, = dz/dt, further integration will yield expres- 
sions for the distances x and z traxcled in the two directions, indi- 
cating that the trajectory of any fluid element is parabolic m form 

x = (t 0 ),/ (74) 

: “ (to)/* ~~ Ikf 2 (^ 5 ) 

Finally, by combining Cqs (73) and (75) it will be found that at any 
instant r, 2 - (r 0 ). J - 2gz (76) 

Although the xclocity xector is the \ector sum of its two compo- 
nents, it will be seen from Eq (70) that the \elocit> head, a scalar 
quantity, is simply the follow mg algebraic sum: 


2g 
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Although these last quantities are not heads, in the strict sense of the 
word, they will be seen to have a particular significance if Eqs. (67) 
and (76) are combined in the form 


1,2 _ 0 v o)x~ . faOz 2 

2g~ 2 g + 2 g 


(77) 


Evidently, any change in velocity head due to a change in elevation 
will be equal to the change in v z 2 /2g, the quantity vJ*/2 g necessarily 
remaining constant. It follows, therefore, that the maximum vertical 
elevation of the jet profile will be Zmax = (v 0 ) z 2 /2g, at which point the 
filament will be the distance (v a )J L /2g below the line of constant total 
head. These relationships are shown in diagrammatic form in Fig. 50. 


Example 20. Water is discharged from a 6-inch horizontal pipe flowing full 
at the outlet, the jet striking the ground at a horizontal distance of 10 feet and a 
vertical distance of 4 feet from the end of the pipe. Estimate the rate of flow. 



Since (i'o)z = 0, it follows from Eqs. (74) and (75) that 
x = (t'o)il and z = —\gt 2 
x 10 


Eliminating t, 

Vo - (ro) 

Hence 


V-2z/g V-2(-4)/32.2 
7T x m* 


20.1 fps 


Q — Avo = 


X 20.1 = 3.94 cfs 


PROBLEMS 

113. A jet of water has a velocity of 25 feet per second and is inclined at an angle of 
60° to the horizontal as it leaves a nozzle. Determine (a) the initial radius of curva- 
ture of the jet, ( b ) the maximum elevation which the water will attain, and (e) the 
radius of curvature of the jet at its highest point. 

1 14. If a liquid jet inclined at an angle of 30° to the horizontal is found to rise a 
vertical distance of 5 feet in a horizontal distance of 12 feet, what is the initial jet 
velocity? 
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US Water leaves Ibe bucket of a high spillway at an angle of 45® and a letamj of 


40 feet per second Determine the maximum 
height to which the sheet will rise and the 
location of the point at which it will again 
reach its initial elevation 
116 Liquid is discharged from a nozzle with 
an initial velocity of 30 feet per second At 
what two nozzle inclinations wall the liquid 



strike an object at a horizontal distance of 20 Prob 115 


feet from the nozzle? 


117 An orifice is to be placed in the side of a 
tank at such an elevation that the jet will attain a 
maximum horizontal distance from the tank at the 
level of its base If the depth of liquid in the tank 
is maintained at 5 feet what is the proper distance 
from the orifice to the free surface? 

118 Show that the jet9 from two orifices in the 
side of a tank will intersect a plane through the base 
at the same distance from the tank if the head on 
the upper orifice is equal to the height of the lower 
orifice above the base 

119 If a nozzle delivers a jet of water with an 
efflux \e1ocity of 50 feet per second what is the 
greatest horizontal distance at nozzle lea el which 
the jet will attain as the inclination of the nozzle is 
varied from 0® to 90°? 

120 Liquid emerges from an orifice in the bottom 
of a tank under a head of 3 feet How far below 
the orifice wall the jet diameter be reduced by 50 per 
cent? 

121 A fireman must reach a window 85 feet above 

the ground with a fire stream from a nozzte having 
a cylindrical tip ljj inches in diameter and dis- 
charging 250 gallons of water per minute Neglect 
mg air resistance and assuming a nozzle height of 
5 feet, determine the greatest distance from the Prob 121 

budding at which the fireman can stand and still 

play the stream upon the window (Note that optimum conditions do not necessarily 
correspond to .'mu — SO feet ) 




20 SIGNIFICANCE OF THE FROUDE NUMBER 

Relative influence of gravity upon the flow pattern At the end of 
Chapter III brief mention was made of the Euler number, a dimen 
stonlcss flow parameter involving the fluid density, a velocity, and a 
difference in pressure intensity Tor any given boundary proportions 
it v\as found that this number vv’ould have a constant magnitude 
regardless of the boundary scale, the rate of flow , the density , and the 
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absolute pressure intensity — as long as the various fluid properties 
other than density had no influence upon the form of the flow pattern. 
In the event of such influence, therefore, it was reasoned that the 
extent to which the Euler number would be found to deviate from this 
reference magnitude might well serve as a measure of the extent to 
which the flow was affected by each additional property. 

In respect to fluid weight, it has been shown that no change in the 
flow pattern will result if the motion is completely defined by solid 
boundaries, for then the sole effect of gravitational attraction is to 
change the pressure intensity from 
point to point in direct proportion 
to the change in elevation. If the 
fluid is unconfined in any zone, 
however, the form of the free sur- 
face, and hence of the entire pat- 
tern of motion, will be subject to 
gravitational influence. That the 
extent of such influence is a rela- 
tive matter, however, may readily 
be seen. 

Consider, for instance, the efflux of a fluid from the boundaries 
shown in Fig. 51. The inertia of the fluid tends to make it continue in 
the longitudinal direction after leaving the orifice, but the effect of 
gravity is to deflect it in the vertical direction ; evidently, the greater 
the density and the velocity, the smaller the deflection in a given dis- 
tance, whereas, the greater the difference in specific weight between 
the moving fluid and the surrounding medium, the greater the deflec- 
tion will tend to be. A jet of air emerging into the atmosphere (or a 
submerged jet of water) would thus remain symmetrical about the 
longitudinal axis, regardless of how small the velocity or the density 
might be, as indicated by profile A in Fig. 51; that is, the gravita- 
tional effect must be nil so long as there is no difference in specific 
weight. But a jet of fluid of greater specific weight than that of the 
surrounding medium would not remain symmetrical, the asymmetry 
becoming the more pronounced (profiles B and (') the lower the veloc- 
ity and density or the greater the relative specific weight of the mov- 
ing fluid. The Euler number, which may reasonably be expected to 
vary with the jet profile, should therefore be a function of the several 
quantities (velocity, density, difference in specific weight, and a refer- 
ence length) governing the relative weight influence. 

Formulation of the Froude number. The only possible dimension- 
less combination of a velocity F, a density p, a difference in specific 



Fig. 51. Gravitational deflection of 
liquid jets. 



104 EFFECTS OF GRAVITY ON FLUID MOTION (Chap IV 

weight Ay and a length L is the quantity pV n /L Ay or some power 
thereof Just as the denominator of the Euler number was found to 
typify a unit force due to a pressure difference and the numerator a 
unit inertial reaction to such a force the quantity pV*fL Ay may be 
considered to represent the ratio of a unit inertial reaction (p V 2 /L) to 
a typical unit force due to gravitj (Ay) Evidently the greater 
pi 2 /L is in comparison with Ay for a given t>pe of flow the smaller 
will be the relative effect of gravity and vice versa Large values of 
pV*/L Ay therefore indicate small gravitational influence and small 
values large gravitational influence 
The quantit} pV*/L Ay or more conveniently its square root is 
known as the Fronde number 



According to the foregoing discussion if gravitational effects modif> 
the flow pattern the Euler number must be a function of this weight 
parameter 

E = *(F) (79) 

In other words if a change in V L Ay or p causes F to change E 
must then change accordingly conversed only if F is constant will 
E be constant 

Variation of E with F Evidently the symmetrical jet of Tig 51 
corresponds to an extrcmcl} high value of F the intermediate profile 
to a moderate value of F and the form showing the greatest gravita 
tional deflection to a vciy low value of F As F changes of course 
E (l c Cj) must also change Indeed the troublesome terms of the 
jet and weir equations (sec Section 18) which can be evaluated only 
by successive approximation arc really forms of the Troudc number 
In other words the discharge coefficient of a circular onfee which 
was shown in the last chapter (Hg 31) to depend onl> upon the 
boundary geometry in the event of zero gravitational effect ic 

E- 

must now be considered to \ar> with the Froudc number as well as 
the boundary gcometiy that is 

E r) 

The determination of the function d/D X') is too complex to war 
rant further comment in this book but t>i iCal rest Its are plotted in 
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Fig. 52 for the conditions /9 = 90° and d/D = 0. Indeed, the com- 
plexity of many examples of flow under gravitational influence is such 
that experimental studies are generally necessary to_ determine the 
corresponding relationship between the Froude number and the Euler 
number, or between the Froude number and the geometry of the flow 
pattern. Such examples, needless to say, are by no means restricted 
to flow through orifices and over weirs but include all phenomena in 
which a fluid surface is not guided by fixed boundaries. 



Fig. 52. Variation of the Euler number with the Froude number for a circular orifice. 


Gravitational similitude. Quite apart from such study of the vari- 
ation of the Euler number and the flow pattern with the Froude 
number, certain engineering problems frequently require, prior to con- 
struction, accurate knowledge of large-scale conditions of free-surface 
flow at a predetermined value of F. Since such problems generally 
involve the motion of a liquid in contact with the atmosphere, Ay 
becomes almost exactly equal to the liquid y; since y/p = g, the 
Froude number then reduces to 



If the flow in question is duplicated in miniature by model tests at an 
identical value of F, the results may then readily be transferred to 
prototype scale according to the ratios of the several terms in the 
Froude and Euler numbers. Jn a word, if fluid weight and fluid density 
are the only properties influencing two states of flow with geometri- 
cally similar boundary proportions, such states are of necessity both 
kinematically and dynamically similar (i.e. , velocitie s and pressures 
will be similarly distributed) if the Froude numbers, and hence the 
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Euler numbers, are of the same magnitude. It is pertinent to note, in 
this connection, that the Froude number was named after an English 
engineer of the last century who first utilized this similarity principle 
in the study of the resistance of ships by means of model tests. 


Example 21. Tests are to be made in a laboratory towing tank on a 1 . 25 
scale model of a new ship, in order to determine the wave resistance w hich will 
be encountered by the prototype (a) If the maximum speed w hich the proto- 
type is expected to attain is 20 knots (nautical miles per hour), at what speed 
should the model be towed in the laboratory to obtain waves dynamically 
similar to those of the prototype* ( b ) If the wave resistance of the model is 
found to be M pound, to what resistance would this correspond at prototype 
scale* 


(a) If the Froude numbers of model and prototype arc to be the same, 
A- or 

Vg m L m y/gpLp Vgp L, 

Since g at the location of the tests will probably be very nearly equal to that 
where the ship will operate, 


»nd 




(6) Since the Euler numbers will then al«o be identical 

I'- - Vp Ap " V " ?= 

V2Apws/pm \'2Ap P /pp ° f Ap p V p * Pp 
If sea water is used in the tests, p m «= pp. Since the product of Ap and an 
area /.* w ill represent a force F, 

F m _ AP- LJ fVLm* [l U* 

Pp ” Ap, Lp “ I p * L, 1 " L,* 

Hence, 

F, - F. (f*)' - i X 53> - 7SI0 lb 


PROBLEMS 

J22 Rotation of a cylindrical tank of water S feet in diameter at the constant rate 
ot 60 revolutions per minute produces a difference «n surface elevation between watt 
and axis of 1JS feet Determine, through u*« of the Froude criterion for similarity, 
the angular velocity which would produce the same relative difference in surface level 
in a tank of mercury 6 inches in dumerer. 



Sec. 20] 


107 


QUESTIONS FOR CLASS DISCUSSION 

123. I t is desired to determine through tests on a 1 : 20 scale model the wave forma- 
tion produced by bridge piers when built in a river having a maximum velocity of 12 
feet per second. What velocity should prevail in the model in order to produce a 
geometrically similar surface configuration? 
model is then 7 cubic feet per second, what 
"ill be the corresponding prototype flow? 

124. A spillway is designed to carry a 
peak flow of 1200 cubic feet of water per 
second. What rate of flow should be estab- 
lished in a 1 : 30 scale model of the spillway 
in order to achieve similar discharge condi- 
tions? 

125. Tests arc to be made upon a model 
sea wall prototype size. If the period of 
the waves in the prototype is 8 seconds, 
what wave period should prerail in the 
model tests? 

126. If the maximum force exerted by a 
wave upon the model sea wall of Problem 
125 is 15 pounds, what is the magnitude of 
the corresponding prototype force? 

127. Fresh -water tests on a 5-foot model 
ship yielded the accompanying curve of 
wave resistance versus speed. If the cruis- 
ing speed of the 450-foot prototype is 15 knots, what wave resistance should it 
then encounter in ocean water? 

1 28. The curve of Problem 1 27 may be generalized by plotting F/(L 2 p F*/2) against 
V/\ /r gL. Prepare such a plot. 

QUESTIONS FOR CLASS DISCUSSION 

1. What is the difference between mass and weight? Which is measured by a 
beam balance and which by a spring balance? 

2. State whether the following characteristics of a given body of matter can vary, 
and, if so, under what conditions: mass, weight, density, specific weight, specific 
gravity. 

3. The vector /„- is invariably normal to a plane of constant elevation. To what 
is the vector f p normal? To what is the vector/ normal? 

4. Under what circumstances is the vector f p zero? The vector/? 

5. What is meant by hydrostatic-pressure variation? When can the intensity of 
pressure vary hydrostatically in one direction and not in another? Under what con- 
ditions is the pressure distribution hydrostatic in all directions? 

6. Distinguish between (a) steady and unsteady flow, (6) uniform and non- 
uniform flow, and (c) rotational and irrotational flow, with respect to their bearing 
upon the sum of velocity head, pressure head, and elevation. Which of these cases is 
represented by the flow net? 

7. Why does the concept of fluid head have no physical significance in the motion 
of a gas? 

8. Why can fluid weight have no influence upon the flow pattern if the fluid is 
fully confined by fixed boundaries? 


If the rate of flow between piers in the 
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9 Why is it necessary that the space below the nappe of a weir used for flow 
measurement be fully ventilated fie at atmospheric pressure)? If the pressure 
ntensity of the air below such a nappe were reduced what would be the effect upon 
the nappe profile and the head on the weir for a given rate of flow ? 

10 Spillway profiles are generally designed according to the lower surface of a we r 
nappe under comparable conditions of head and height m order to obtain atmospheric 
pressure at the crest and down the face of the 
sp !lwa> How would the pressure distnbu 
Hon at the crest vary if the designed head on 
the spillway were exceeded? 

11 If the liquid jet from a long slot is di 
rected vertically upward the flow net will jield 
the acrom fxim mg profile for the zone of maxi 
mum elevation Discuss the distribution of 
velocity and pressure intensity along the line 
of symmetry 

12 Show that the Froude number for an 
orifice discharging liquid into air is propor 
tionat to the square root of the ratio of the velocitj head of the jet to the orific 
diameter 

13 In studying flow under the scate model of a sluice gate is it sufficient to make 
the ratio b/k the same or must the Froude numbers also be made identical? Wh>? 

14 A spillway model is tested in the laboratory at the same Froude number at 

which the geometrically similar prototype structure is expected to perform during 
maximum discharge if the subscripts m and prefer to model and prototype and if 
the model prototype scale is 1 50 6how from the equalities F„ = F p and E m “ E p 

that the follow ing relationships must prevail 



hm m _ 1 _ 
h p " 50 

m 1 
Pp so 


■Ls-ALY* *-(!.)* 

\ p \soJ q, W 

*= _ (±y 2 = . (if 

F, \S0j Qp \50/ 
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CHAPTER V 


ONE-DIMENSIONAL METHOD OF FLOW ANALYSIS 

21. PRINCIPLES OF MOMENTUM AND ENERGY 

Average characteristics of the gross filament. Fluid motion of the 
most general type is a three-dimensional problem, in that both the 
velocity vector and the acceleration vector may have components in 
each of three coordinate directions. Under such circumstances the 
stream-line pattern will embody a very complex system of curves in 
space, the motion being subject to even an approximate analysis only 
if symmetrical about a longitudinal axis, as in flow around or between 
boundary surfaces of revolution. For this reason the illustrative ma- 
terial of the foregoing chapters has been restricted largely to the 
special case of flow in two dimensions, the comparative ease of graphi- 
cal representation and analysis allowing primary emphasis to be placed 
upon the underlying principles of curvilinear motion. 

Once such principles are fully understood, the student may safely 
proceed to what is known as the one-dimensional method of analysis, 
an arbitrary simplification of two- or three-dimensional conditions 
which permits a rapid approximate solution for even the more complex 
states of flow. Were fluid motion ever truly one-dimensional, it is 
obvious that the analysis would then be simplified considerably, for the 
convective acceleration would be zero at every point, and the velocity 
would be the same in magnitude and direction at every successive 
cross section. The one-dimensional method of approach, however, 
ignores accelerative effects in the normal direction only, variation in 
the longitudinal direction thus becoming the entire subject of study. 
In a word, the flow is presumed to have the characteristics of a single 
stream filament, and average values of velocity, pressure intensity, and 
elevation are considered typical of the flow as a whole at any cross 
section of this gross filament. 

Such simplification permits the adaptation of two important rela- 
tionships of hydrodynamics, the momentum principle and the energy 
principle, for convenient use with the continuity principle in the pre- 
liminary analysis of flow in both closed and open conduits. Over- 
simplification, of course, is a dangerous policy; it is therefore essential 
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tint these principles first be exactly derived from the basic equations 
of flow and that the resulting errors of simplification then be carefully 
evaluated I or instance the continuity equation for any flow passage 
however targe 

VjAr = V 2 A 2 

is at once applicable to the one dimensional method and in itself in 
volves no error It must be recalled however that the integral on 
which it is based 

Q-fiiA- VA 

not only admits the possibility of velocity variation across the section 
but necessarily involves a section which is normal to the direction of 
flow at every point These facts arc of primary importance in the 
derivation and adaptation of the two remaining principles 

Derivation of the momentum principle The impulse momentum 
equation of mechanics states that the product of a force and the incre- 
ment of time during w hich it acts (i e the impulse of the force) is equal 



Fig 53 Dcf n t on sketch for the momentum and energy principles. 

to the ri suiting change in the product of the mass of the body on which 
the force acts an 1 the velocity of the body (i c the change in the 
momentum of the body ) Both impulse and momentum are necessarily 
vector quantities In any direction x therefore 

F r dt « tf(Ur), 

which is evidently simply a different way of writing the Newtonian 
equation of acceleration F r ” W dr,/dt Letting db x represent the 
differential force acting upon an men mental length of a stream fih 
nunt (sex. Fig 53) 


dF,dl - dipdsdA v). 
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For steady flow at constant density, the right side of the equation 
may be transformed in the following manner: 


d(p ds dA v). = pdsdA dv x = pds dA — ds 

ds 

, , . d' L 'z . dv x 

= pds dA — vdt = p — ds dQ dt 
as ds 

Therefore, per unit time, the following impulse-momentum relation- 
ship must apply: 

dF z — p — ds dQ 
ds 

Since dQ is constant along the filament, integration of this expression 
between sections 1 and 2 at once yields 

AF X = p [(:■-) 2 - (r x )i] dQ 

in which the left side represents the impulse per unit time due to all 
forces acting in the x direction upon the filament, and the right side the 
resulting rate of change in the x component of its momentum. Inte- 
gration with respect to Q then yields a similar relationship for the 
entire zone of flow shown in Fig. 53. Since each of the terms requires 
further explanation, the integral is written for the present in the 
following general form: 

2F- = p J '[(p*) 2 - feW dQ 

Every fluid element composing the total body of fluid is under 
stress exerted by those elements with which it is in contact. Since 
even.- action involves an equal and opposite reaction, it will be seen 
that in the process of summation these internal stresses cancel one 
another, with the result that the summation ~LF X involves only the x 
component of the weight of the fluid and of the forces exerted externally 
upon its boundary surface. In order to evaluate 2F X directly, it is 
therefore necessarv to perform the process of summation either graphi- 
cally or analytically from known conditions of boundary form and 
pressure distribution. 

2 F x may be determined indirectly, however, through evaluation of 
the right side of the equation. In general, the velocity will vary across 
the two end sections of the zone in question, and this integration must 
then also proceed either graphically or analytically, from known con- 
ditions of velocity distribution. If, on the other hand, sections 1 and 2 
are chosen in uniform regions either side of the non-uniformity under 
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stud} the momentum equation may conveniently be written tn terms 
of the mean \clocity for each section together with a coefficient K m 
embodying the effect of velocity variation across the section that is 

ZF z = {K m Q P V z ) 2 - (KnQpVJt 

in which 

More will be said about the factor K n on a liter page but it mi> 
be noted it this point tint the quantity K m QpV represents a rate of 
flow or flux of momentum past i gi\ en cross section The momentum 
principle thus states that the total force acting in any direction upon 
a given zone of steady flow is equal to the difference in the flux of 
the corresponding component of fluid momentum past the two end 
sections 

Derivation of the energy principle The uork energy equation of 
mechanics likewise states that the product of a force component and 
the distance through which it acts in the corresponding direction (i c 
the uork done by that force component) must be equal to the change 
in one half the product of the mass and the square of the correspond 
mg component of velocity (i e the change in the ktneltc energy of the 
mass) Thus in any coordinate direction x 

which issimpl} another waj of writing the Newtonian equation F? = 
If di x /dt The work energy relationship is not a \ector relationship 
howcaer despite the fact that the foregoing equation in\ohcs \ector 
components in other words the total work done upon a mass is the 
scalar sum of the work done in the seaeral coordinate directions 

F. <ls ■ F, dx + F, dy - d (-'y-) + d - d Qy) 

Again with rifcrencc to I ig 53 the work done b> pressure gradient 
and weight upon the clement ds dA of a stream filament during a dis- 
placement ds w ill be 

[ - 5 + ■»' ) ds dA \ ds - d (— ) - ds dA h ( t ) * 
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Introducing the identities ds = v dt and v dA = dQ, and dividing by 
dl, this becomes, for steady flow, 

-j s (fi + y=)dsdQ = ^(^)dsdQ 

which represents the rate at which work is done upon the element, or 
the power of the acting forces, and the corresponding rate of change in 
its kinetic energy. Since dQ is the same at all successive cross sections, 
the integral of this expression along the filament from section 1 to 
section 2 will be 

(i Pi + 7-i ~ P 2 ~ 7 = 2 ) dQ = dQ 

and its integral over the entire zone shown in Fig. 53 then becomes 
f (Pi + 7 -i ~ P2 ~ 722) dQ = ~ ~) dQ 


As in the momentum relationship, evaluation of either side of this 
equation will in general invoh f e graphical or analytical integration 
based on known distributions of pressure intensity and velocity across 
the two end sections of the zone in question. If, however, sections 1 
and 2 lie in uniform regions of flow either side of the non-uniformity 
under study, the fact that the sum p + yz is a constant across each 
section at once yields the result ( p\ + 721 — P2 ~ l z< i)Q for the left 
side of the equation. The right side may then be evaluated in terms 
of the mean velocity at each section, together with a coefficient K e 
embodying the effect of velocity variation across the section; that is 


in which 


(Pi + 72l — P2 — 722) Q — (k-eQ 2 ) 2 2 )i 


(83) 

(84) 


Postponing, for the moment, further discussion of the factor K e , it 
may nevertheless be seen that the quantity K e QpV /2 represents a 
rate of flow, or flux, of kinetic energy past a given section. The energy 
principle thus states that the rate at which work is done upon a given 
zone of steady flow is equal to the difference in the flux of kinetic 
energy past the two end sections. 

If Eq. (83) is divided by Q, the result will be seen to involve a series 
of terms each having the dimension of energy per unit volume. A 
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term such as pV* /2 does in fact represent kinetic energy per unit 
i oltime and yz may similarly be regarded as potential energy per unit 
tolume One is therefore tempted to look upon the pressure intensity p 
as a third form of energy, and state that the total energy per unit 
volume (frequently called the specific energy ) is the same at sue 
ccssne sections 

(a, + t + «), - (a, + p + T =) s (85) 

It must be reali ed however that p represents neither energy nor in 
it c elf a capacity to do work for such work can be done only if a pres 
sure difference exists at neighboring points For example the pressure 
intensity within a closed tank of liquid can be raised to an extremely 
high magnitude with little work (and therefore little change of energy) 
through an almost negligible displacement of a small piston how 
ever work can be done as the result of such pressure intensity only if 
the liquid emerges from the tank into a zone of low er pressure mtenstty 
and then only if continued displacement of the piston (i e power in 
put) maintains the pressure difference 

Simplification of principles The foregoing principles of momentum 
and energy are in themselves quite rigorous When used in the one 
dimensional method of analysis on the other hand the assumption of 
zero normal acceleration (i e hydrostatic pressure distribution) at 
every section necessarily involves an error w htch vanes in proportion 
to the degree of non uniformity actually present at any section under 
study So far as the velocity correction coefficients A w and A, arc 
concerned their use again depends upon the accuracy required by the 
analysis 1 1 w ill be noted first of all that the energy factor A, will 
generally be greater than the momentum factor A„ owing to the fact 
that the ratio v/V occurs to the third power in the former and only 
to the second power in the latter If for instance the velocity dis 
tribution across a circular conduit follows the parabolic relationship 
A, will have the magnitude 2 0 and A* the magnitude 1 33 These 
art probably the greatest values encountered in general flow conch 
tions and as the velocity variation across the section becomes less 
pronounced both coefficients approach 1 0 as a limit If the velocity 
variation across a section is not very great therefore the assumption 
that cither coefficient is equal to unity will probably not introduci 
errors of serious magnitude in the preliminary analyses for which the 
eme*-dimtn«.ional method is commonly used 
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Since there is no fluid acceleration between sections 1 and 2 
ZF X = 0 and A{p + 7:) = 0 

hence 

0 - l.h„QpV)> - (f v.O>V), - Qp (§£ 1 . - 1 x 1 ,) 

and 

If on the other hand A» and K, are placed equal to unity at both sections, the 
foregoing equations mil obviousl} not balance 

0 * <2H 1 jr| - QpVi 

0 ^ PWW _ PR 

Example 23 A blower to be u*ed for the demonstration of wind forces upon 
model airplanes is designed as show n in the accompam ing sketch If the IS inch 



air stream is to ha\e a maximum xclocit> of 100 feet per second what must 
be the horsepower of the motor dming the fan assuming an o\ trail cfficicnc> 
of 75 per cent’ \\ hat will be the longitudinal thrust upon the frame supporting 
the conduit’ 

The kinetic cnergj per unit \oIumc produced b> the blower will be 

*nnce no os mil change in pressure intensit> occurs the required pow er input is 

F - nr 0 -f - oTs * m * I x (0 * 12 5 ‘ 2<b0 " lb *" 


20 «0 
5*0 


3 72 h> 
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The force necessary to produce the corresponding acceleration of the air, which 
must be equal and opposite to the thrust of the air upon the conduit (and of the 
conduit upon the frame), is then found from Eq. (88): 

2E = Qp AV = 100 X | X X 0.0025 X (100 - 0) = 30.7 lb. 

Hence the thrust is —30.7 pounds (i.e., to the left). 


Example 24. A nozzle at the end of a 3-inch hose produces a jet inches 
in diameter. Determine the longitudinal stress in the joint at the base of the 
nozzle when it is discharging 300 gallons of water per minute. Assume that 
K„ = 1.0 = K e . 

Since there are 7.4S gallons in 1 cubic foot, 


Q = 


300 

7.48 X 60 


= 0.668 cfs 


* = ^ * (0 = °- 0491 
^ 00123 ft - 


0.668 

0.0491 


13.6 fps 


0.66S 
~ 0.0123 


= 54.3 fps 



The average pressure intensity at section 1 will then be 

Pi = ?( Vr - TV) = ~~ (50= - 1X6=) = 2680 psf 

The total force producing the acceleration of the flow is 

XF = Qp AF= 0.668 X 1.94 X (54.3 - 13.6) = 52.8 lb 
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Since (see free body diagram) 2 F consists of the sum of the fluid pressure at 
section 1 and the longitudinal force exerted by the nozzle on the fluid 

2F = F, - F a = PiAi - Fs 

whence 

Fv *= pu ti — IF =• 2680 X 0 0491 - 52 8 - 78 7 lb 
From the New toman principle of action and reaction the force exerted bj the 
hose on the nozzle must be equal and opposite to the force exerted by the fluid 
on the nozzle The joint stress is therefore 78 7 pounds tension 

PROBLEMS 

(Assume that K, ■* 1 0 = A„ unless velocity distribution is known ) 

129 The transverse velocity distribution of oil floumg in a circular pipe is repre 
sented by the pirabol c equation o — r Q »,(l — r*/r e *) Determine the corresponding 
values of A„ and K, 

1 30 The \ elocity distribut ion max ery wide river 8 feet 
deep is found to vary from 2 feet pet second at the 
bottom to 6 feet per second at the surface approximately 
in accordance with the expression v — 2 + 4(y/yj)° * 
Evaluate the flux of (a) kinetic energy and (6) momen 
turn per unit width of channel 

131 Determine by graphical or approximate numerical 
integration the values of A, for the velocity profiles before 
and after the two dimensional transition of Fig 6 

132 If a 2 inch stream of water lew ing a nozzle with a 
velocity of 75 feet per «econd and an inclination 
of 30“ from the horizontal strikes a vertical wall 
at a horizontal distance of 25 feet from the 
nozzle w hat force w 11 it exert upon the wall? 

J33 A 3 inch jet of water having a velocity 
of 40 feet per second is deflected through an 
angle of 120’ by a stationary curved plate 
Determine the longitudinal and transverse com- 
ponents of force exerted upon the plate 

134 Determine the reduction in longitudinal 
force upon the plate of Problem I3J if the plate 
is moved in the direction of flow at a speed of 10 feet per second 

135 If the sheet of liquid d scharged at the rate from a long slot strikes a plan 
boundary at an angle of 45“ what will be the ratio 91/9- for the divided flow? 



'////// /// 


Fan 135 



Prod 133 
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136. A water sprinkler consists of J^-inch jets at either end of a rotating arm, as 
shown in the accompanying sketch. What torque must be applied to the arm to hold 
it stationary when the velocity of the jets is 20 
feet per second? If mechanical friction is ignored, 
what constant angular speed should the arm 
attain? 

137. A large disk weighing IS pounds is so 
mounted that it may move freely along a vertical 
axis, the plane of the disk thereby remaining 
horizontal. Directly below the disk is a nozzle delivering a vertical stream of water 
having an efflux velocity of 25 feet per second and an initial diameter of 2 inches. 
Assuming that the disk deflects the water horizontally, how high above the nozzle 
will the disk be held in equilibrium by the force of the jet? 

13S. An air duct changes in diameter from 5 feet to 3 feet. What rate of flow 
would be indicated by a head of inch of water in the U-tube connected as shown? 


Prob. 136. 





Prob. 140. 


139. If a %-horse power motor is required by a ventilating fan to produce a 24-inch 
stream of air having a velocity of 40 feet per second, what is the efficiency of the fan? 

Assume that the pressure intensities at A and B are the same. 

140. Water flows at the rate of 25 cubic feet per second 
through the pipe transition shown in the accompanying figure. 
If the pressure intensity at the centerline of the 3-foot section 
is 1.5 pounds per square inch, what will be the centerline 
pressure in the 2-foot section? What force will be required 
to produce the change in the momentum of the water as it 
passes through the transition? 

141. A 4-inch circular orifice at the end of a 6-inch pipe yields a jet of oil 3.4 inches 
in diameter. What force will be exerted upon the orifice 
plate when the pressure intensity of the approaching 
flow is 2 pounds per square inch? 

142. Through use of the continuity, energy, and 
momentum principles, show that the contraction co- 
efficient for the so-called Borda mouthpiece or reentrant 
tube is 0.5. 

143. Determine the resultant force upon a horizontal 
90° elbow in a 15-inch pipe carrying water under a 
mean pressure of 3 pounds per square inch if the mean 
velocity of flow is (a) negligible, and (b) 12 feet per 
second. 
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144 If a flow of 7 S cubic feet of air per second passes through a 60° reducing elbow 
at the end of a pipe as shown in the figure determine the magnitude and direction of 
the resultant force upon the elbow 



Prob 144 


22 STEADY FLOW OF LIQUIDS IN CLOSED CONDUITS 


Lines of total head and piezometnc head If all terms of Eq (87) 
are di\ided by y, the following form of the energy equation will result 

= ^ -f 2, = — + — + z 2 ( 89 ) 

2g y 2g y 


II -- 


This is of course the Bernoulli equation for the gross filament stating 
that the mean total head of the flow will be the same at all succcssi\c 
sections 

In dealing with liquid flow through a closed conduit a \cry sig 
nificant picture of rehti\e flow conditions maj be obtained b> plotting 



Fic 54 Lines of total head and p ezometnc head for a conduit of non 
cross section 


uniform 
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large reservoir through a pipe terminating in a nozzle. Since the hori- 
zontal line of total head must have the same elevation as the free 
surface in the reservoir (a section of the “filament” at which the 
velocity head is essentially zero), the velocity of efflux will be gov- 
erned entirely by the relative elevation of the nozzle. The rate of dis- 
charge, on the other hand, will depend not only upon the velocity of 
efflux but also upon the area of the jet. Knowledge of the variation 
in pipe diameter then permits de- 
termination of the velocity head for 
each cross section of the flow, sub- 
traction of which from the total 
head yields the piczometric head at 
the corresponding section. If z de- 
notes the centerline elevation of the 
conduit, the mean pressure head 
p/y is evidently equal to h — z, the 
height of the line of piezometric 
head above the conduit axis. 

Though the elevation of intermedi- 
ate points along the pipe axis would 
thus seem to affect only the pressure 
head, it will be recalled that reduc- Fl0 . 55 . Lines of tota i head and 
tion of the pressure intensity to a piezometric head for a siphon, 

value approaching absolute zero in- 
variably leads to cavitation and discontinuity of flow. Since zones in 
which the axis of the conduit rises above the line of piezometric head 
(as in the siphon of Fig. 55) are zones of subatmospheric pressure, it 
should be kept in mind that there is a physical limit to such pressure 
reduction. 

Change of head through hydraulic machinery. A gravity-flow sys- 
tem such as that shown in Fig. 54 is often used to convert the potential 
energy (i.e., energy of elevation) of water impounded in a reservoir 
into a useful form of mechanical energy by means of a water turbine 
driven by the free jet. Under such circumstances it becomes necessary 
to evaluate the available power of the flow. Since power has the 
dimension of energy per unit time, and since the velocity head of the 
jet represents energy per unit weight of fluid, it follows that the power 
available in a free jet is equal to the product of the volume rate 
of flow, the specific weight of the fluid, and the velocity head: 
P = Qy V 2 /lg. 

On the other hand, work may be done under pressure by a pump 
or upon a turbine located at some intermediate point in the conduit. 
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E\identl> the rate at which such work is done determines the corre- 
sponding pover input or output of the system and the effect of such 
power input or output is to increase or decrease respectnelj the 
total head of the flow Figure 56 for instance illustrates flow condi 
tions during the pumping of liquid from a reservoir the increase in 



total head at the pump depending upon the rate of flow the specific 
weight of the liquid and the power input that is 

ur = (90) 

7 <? 

Assuming the change in head to occur between sections 1 and 2 the 
Bernoulli equation then states that the total head at section 2 is equal 
to that at section 1 plus the intervening change 

V- + - + - T- + - + •' (91) 

2s r 2g 7 

The diagram of total head and pi rometnc head lines is then obtain 
able as before In the ca«e of a turbine of course the sign of A// 
mu<t f»o negative to indicate a reduction jn head or power output bv 
the flow 
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Example 25. During a flow of 15 cubic feet per second, the gage pressure is 
+ 10 pounds per square inch in the horizontal 12-inch supply line of a water 
turbine, and —6 pounds per square inch at an 18-inch section of the draft tube 
5 feet below. Estimate the horsepower output of the turbine under such con- 
ditions, assuming an efficiency of 85 per cent. 



Vi - 

From Eq. (91), 


15 


= 19.1 fps and Fj = 


15 


-xr- 


X 1.5* 
4 


= 8.49 fps 


Ps 


Yr Pi 


AH = ^++ — + 3: — ^ — — si 

2g y 2g y 

8A9 2 -6 X 144 1 9l- 10 X 144 

“ 2 X 32.2 + 62.4 + 64.4 62.4 


= 1.12 - 13.83 + 0 - 5.66 - 23.05 


= -46.4 ft. 


The power input is, according to Eq. (90), 

P — QyAH = 15 X 62.4 X (-46.4) = -43,500 ft-lb/sec 
The horsepower output of the turbine is then 


43,500 X 0.85 
550 


67.2 hp 


PROBLEMS 

145. If the centerline of a 4-inch siphon attains a maximum elevation of 8 feet above 
the surface of a reservoir, and if a negative centerline pressure head of 30 feet is not to 
be exceeded, what is the greatest permissible rate of flow? To what outlet elevation 
will this rate of flow correspond? 
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14(5 From the base of an open stanrfp pe a 4 inch pipe 50 feet m length leads to a 
nozzle discharging a jet I 5 inches tn diameter If the depth of water in the standpipe 
is 75 feet and the nozzle outlet is 100 feet below the free 
surface determine (a) the rate of flow (6) the velocity 
head in the pipe and in the jet and (c) the pressure head 
at each end of the pipe Submit a sketch show mg the lines 
of total head piezometric head and center! ne elevation 
147 The water level in an open standpipe is to be raised 
B 20 feet by pumping from a nearby reservoir Compare the 
* costs of pumping through pipes A and B 
- — > 148 A 6 inch pipe leading from a reserv oir branches into 

a 4 inch pipe terminating in a 2 inch nozzle and a 3 inch 
pipe discharging directly into the atmosphere If the 
nozzle (C e = 1) is 30 feet below the reservoir surface and 
the 3 inch outlet is 15 feet below the reservoir surface determine the rate of flow 
through each pipe Submit a sketch showing to scale the lines of total head piezo- 
metnc head and assumed centerline elevation 

149 \\ hen the rate of flow through the pump 
shown in the accompanying sketch is 3 cubic feet 
of water per second a differential gage connected 
to piezometer taps either side of the pump indi 
cates an 8 inch head of mercury \\ hat horse- 
power is delivered by the pump to the flow? 

150 A blower having an efficiency of 75 per 
cent is to supply 500 cubic feet of air per minute 
to a 6 inch pipe under a pressure equivalent to 2 
inches of water If the 12 inch intake pipe draws 
d rectly from the atmosphere what horsepower 
motor should be provided? What will be the 
pressure intensity in the intake pipe? 

15! Water is pumped at the rate of 5 cubic feet per second from a reservoir under 
the conditions indicated If the pump suppf es energy to the flow at the rate of 15 
horsepower determine the pressure intensities at points A and B 


10 tn ® - 

1 / //Sin^ S 
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A 


Prod 147 



Pbob 151 P«on 152 


152 A small water motor discharging into the atmo*phere operates under a pres- 
sure intensity of 10 pounds per square inch during a flow of 40 gallons f*r m nute 
If the motor efficiency is 65 per cent what is its power output under these corn! tions? 
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153. A horizontal 8-inch pipe leading from a reser- 
voir supplies water to a small turbine, and the water 
leaving the turbine is discharged directly into the at- 
mosphere through a similar 8-inch pipe. If the reser- 
voir surface lies 20 feet above the outlet pipe, and if 
the efflux velocity is 15 feet per second, what is the 
power delivered to the turbine by the flow? Sketch to 
scale the corresponding lines of total head, piezometric 
head, and centerline elevation. 

154. During a flow of 200 cubic feet per second 
through the turbine shown in the accompanying dia- 
gram, the pressure intensity indicated by gage A is 12 
pounds per square inch. What will be the reading of 
gage B if the turbine is delivering 800 horsepower at 75 
per cent efficiency? 
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Orifice discharge under falling head. The sole criterion of unsteadi- 
ness in the one-dimensional method of flow analysis is that the mean 
velocity at any section (and hence the rate of flow) will vary in magni- 
tude with time. If such variation takes place, one must, strictly speak- 
ing, take into account a term for local acceleration corresponding to 
the quantity dv,/dt in Eq. (51) for the elementary filament. Thus, 

although in steady flow the total head of 
the gross filament is the same at all sec- 
tions, in unsteady flow 


I I 


, 

i 

1 

— r- 

i 

-Ah 

% 




~i a 'c 




1 dV 
g dt 


dH 

ds 


(92) 


In other words, if the rate of flow varies 
with time, the mean total head will vary 
with distance along the gross filament. 

In some cases which are actually vari- 
able with time, to be sure, the quantity 
dV/dt will be so small that it can be 
neglected without appreciable error. An 
illustration of such a circumstance is 
found in the emptying of a tank of liquid 
by means of an orifice, the size of the 
orifice cross section relative to that of the 
tank obviously controlling the rate at 
which the velocity of efflux changes with time. If, as shown in 
Fig. 57, the ratio d/D is very small, dV/dt will also be very small, and 


l '~i2gh T 


Fig. 57. Discharge from a 
small orifice under falling head. 
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the total head at all points w ill be almost exactly equal to the eleva 
tion of the free surface in the tank The rate of efflux at any time may 
then be written simply as 

Q-c^Vlih 

and the free surface in accordance with the equation of continuity 
will fall at the almost imperceptible rate 


an „ a- r— 

'it ~ *D 2 / 4 " 


integration of which fields 


1 D" dk 
Cd d Vlgh 


‘ c, d’VTg Vi, + c 

Letting h «■ Ao when t *= 0 evaluation of the constant of integration 
results in the following relationship between 
time and surface cle\ ation 

«> 

As long as d is small in comparison with D 
h„ h the foregoing treatment will yield reasonably 

accurate information as to the interrelationship 
-m-dmQ-*. of time head and rate of efflux Consider 

however the limiting case in which d <=■ D as 
shown in big 58 Though Eq (93) happens 
J L to give the time required to empt) such a 

M bottomless tank (an example of free fall start- 

ing from rest) it is ob vious that the highest 

\ \cTocit> of flow V = VWo "dl occur just as 
* ^ ^ the last drop of liquid leaves the tank wher eas 

Ho 58 Lim t r> K cise of iccordmg to the orifice equation V = y/2gh the 
on ce d seharse un fer j drop would leave under a zero he ad and 
fail ng head * , . , , 

hence at a zero vclocitj In other words 
problems in which the variation in rate of flow with time is not nerghgi 
tile must lx analjrcel in strict accordance with Pq (92) for unsteadj 
motion Three representative examples of such motion will be dis- 
cussed in the following paragraphs 
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Pendulation of liquid in a U-tube. A very common type of varia- 
tion in conduit flow with time is represented by the pendulation of a 
liquid column in an open U-tube (Fig. 59). Ignoring, as in the fore- 
going pages, viscous (or tangential) stresses, the amplitude and period 
of such pendulation may be evaluated as 
follows: Eq. (92) is first written as an 
integral over the length L of the column, 


i r L " d s.-f l 

g Jo dt Jo 


a h 

ds 


■ ds 



Pendulation of liquid 
in a U-tube. 


Since the U-tube is considered to be of 
uniform cross section, the quantity 5 V/dt 
at the left will at any instant be the same 
at all sections of the tube and hence may 
be treated as a constant in this integra- 
tion; the integral at the right will be Fig. 59 . 
simply the difference in total head be- 
tween the two free surfaces, which may 

at once be expressed in terms of the instantaneous distance t (zeta) 
to either free surface from the line of static equilibrium; thus, 

By means of the following principles of the calculus, the variable / 
may be eliminated for purposes of a second integration, 

av _ _ iT v = i d(F 2 ) 


Hence 


or 


dt dt dt dt 

LdV _L d(V 2 ) 
g dt 2 g df 


d(F 2 ) 

dt 


2 dt 

= - 2 1 

L 


the integral of which with respect to t is evidently 

2 gt 2 


V = - 


+ C 


U-l© 
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Since when f = V *= 0 the constant of integration will be 
C «= 2gfm *i/L whereupon 


A third integration then > ie1ds the result 



in which no constant of integration need ippeir if t — 0 when f « 0 
Designating b> T the period or time required for t complete pendu 
lation this will be seen to depend on!> upon the acceleration of grav 
ity and the length of the liquid column 

r- 2,-J^ (95) 

Establishment of flow The second example to be considered in 
vohes the gradual establishment of flow through a long pipe leading 




from a reservoir after i \akc at the end of the pipe has suddvnl) been 
opened With reference to Fig 60 the integral of Tq (92) over the 
length L of the uniform pipe again leads to the expression 


Aal 
* Ot 


//« - If a 


Letting h represent the elevation of the reservoir surface above the 
pipo outl°t the difference in total head at an> time / after the valve 
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has opened will be simply h - V 2 /2 g. Moreover, since F varies with 
time alone, the quantity dV/dt may now be written as a total deriva- 
tive. The expression then becomes 

L dV _ V 2 

g dt 1 2g 


Evaluation, of the general integral 

fdt = 2L f-*?- 

J J 2 gh - V 2 

leads at once to the relationship 

L 


, , Vj gh +_F 

/ — / / “f” ^ 

V2gh V 2g/i - F 


in which, since 1 = 0 when F = 0, the constant of integration will also 
be zero. Presuming that the velocity will eventually attain the value 



iiSgh' 
Z L- 


Fig. 61. Dimensionless diagram for the establishment of flow in a pipe. 


Fmax = V / 2 ~gh, the foregoing result may be written in the general 
dimensionless form 


l 



log c 


1 + 17 Tw 

1 - F/F mal 


(96) 


which is plotted in Fig. 61. Evidently, the flow will become fully 
established only after an infinite time. However, the interval required 
for F to attain, say, 99 per cent of its ultimate magnitude may readily 
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be evaluated from the diagnm as ma> be seen from Eq (96) such 
time will be direct!) proportion'll to the length of pipe and invcrsel) 
proportional to the ultimate velocity of flow 
Pressure nse due to valve closure The third example to be con 
sidcred is quite the reverse of flow establishment— the rapid reduction 
in rate of flow due to the closure of a v live at the end of a pipe If to 
be sure the \al\e were dosed in such a manner that the velocity 
change followed the curve of Fig 61 from right to left the problem 
would be alreadj solved On the other hand appreciable departure 
from this form of velocity variation might lead to excessive intensities 
of pressure within the pipe and hence further investigation is war 
ranted Assume for example that the valve is so operated that the 
velocity decreases hncarl) with time varying from 1 ma , to zero in the 
interval i c required for complete closure th^t is 

whence 

dV _ r m „ 
dt * t e 

As before the integral of Eq (92) becomes 


Lav 
g at 


LdV 
g dl 


Jh - H 2 


Since the flow is being decelerated the total head must increase in the 
downstream direction as indicated m Fig 6fW Introducing the van 
able downstream head f shown in the figure 


LdV 
g dt 


h 


F 2 



which becomes upon substitution of the foregoing values for d\ /dt 
and l 


L l™. 


S L 

“* f 2* V 


or solving for f 


' + 1TV~Z) 


(97) 


Evident!) at the instant the valve closure is complete the pressure 
heid at the end of the pipe will exceed h bj the amount L\ m „/gt 
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If the pipe is short, the velocity is low, and the time of closure t c is 
long, the load on the pipe will not be excessive. The load increases 
as t c decreases, however, indicating that too rapid closure of a valve 
at the end of a long pipe may produce sufficient stress to burst the 
pipe. It is therefore common practice to install an open surge tank 
upstream from the control valve, which permits very rapid valve 
closure without overstressing the conduit walls. 

Although the foregoing examples of unsteady flow in closed conduits 
represent extreme simplifications of problems actually encountered, 
the basic method of analysis remains the same, however complex the 
boundary conditions may be. Pendulation of liquid in a simple 
U-tube, for instance, is basically characteristic of the oscillation of 
surface level in two interconnected reservoirs, or in a surge tank at 
some point in a long penstock. Such changes in conduit section, or 
similar section changes in problems of flow establishment or reduction, 
simply lead to additional terms in the foregoing analyses. In this 
regard, however, the fact must be mentioned that all fluid motion is 
opposed by internal stresses due to fluid viscosity; it is thus apparent 
that an oscillating column of liquid will eventually come to rest as the 
result of viscous action, and that viscous resistance will serve to shorten 
the time required for establishment of flow in a long pipe and reduce 
the stresses due to valve closure. The latter phenomena, moreover, 
are also influenced by the elastic properties of both fluid and conduit. 
Evaluation of the actual magnitude of such effects will be discussed in 
later chapters. 

Example 26. A 12-inch pipe mile in length ends in a 4-inch nozzle, the 
jet from which is used to drive a turbine. If the ultimate velocity head of the 



jet is 100 feet, estimate the time required for the turbine wheel to reach 95 
per cent of full speed after the control valve has been opened. 

Since V t Ai = ViAi, the ultimate velocity head in the 12-inch pipe will be 


Yl = YiiM. 

2 g 2g Ac 


VI D A 
2 g DA 


= 100 X 



1.23 ft 
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This then corresponds to the quantity h in Eq (96) since the acceleration o! 
the flow through the nozzle itself limits the range of \anation in head to thi« 
amount Thus front Ftg 61, when V/V mxI = 09j Is/lzjtfL *= 3 7, whence 


V2gh V2 X 32 2 X 1 23 


1100 seconds 


PROBLEMS 

155 Estimate the time required to empty a cylindrical tank 5 feet in diameter 
through a 2 inch sharp-edged circular orifice in the bottom if the tank i 9 originally 
filled with water to a depth of 4 feet 

156 Leakage in the bottom of a storage tank for oil is found to cause the surface 
level to decrease from 10 feet to 9 feet 8 inches in 24 hours What further drop in 
lev el would occur during an additional 6 days? 

157 After a heavy ram the water in a reservoir is observed to waste over a relief 
spillway under a 2 foot head the surface level thereafter falling 3 inches m 8 hours 
Assuming the continued decrease in head to follow the same functional relationship 
estimate the additional time required for the head to be reduced to a magnitude of 1 
foot (Note that Q ~ h*’ ~ — dh/dt ) 

158 As a substitute for a surveyor s level in field construction, a long hose is filled 
with water and the required elevations are measured from the free surfaces at the up- 
turned ends of the hose To avoid error an estimate must be made of the period of 
oscillation of the watef column What would be the period if the hose were 1000 
feet long? 

159 A turbine is supplied by a 10-inch pipe leading S00 feet from a reservoir ff 
the rate of flow during normal operation is 6 cubic feet of water per second estimate 
the minimum time required for the turbine to reach 95 per cent of capacity from com 
plete shut -of! 

160 Assuming that the turbine of Problem 159 is closed down in such a manner 
as to produce a linear rate of velocity change compute the increase in line pressure 
which would result from closure in (a) 10 seconds and (h) 100 seconds 

24 STEADY FLOW IN OPEN CHANNELS 

Adaptation of the Bernoulli equation As emphasized in the fore- 
going chapter, the most pertinent characteristic of frce-surfacc flow is 
the fact that the pressure intensity at all points of the free surface is 
equal to that of the surrounding fluid In the case of liquid flow in an 
open channel, the surrounding medium is evidently the atmosphere, 
relative to which the pressure intensity of any fluid is gencralh meas- 
ured Since the one-<limcnsionaI method of analysis assumes essen- 
tially uniform motion, it becomes apparent that the plane of ptezo- 
metric head in such analysis of open channel flow should coincide 
with the free surface Therefore, with reference to Ftg 62 the 
Bernoulli equation . ^ . . - * 
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may for present purposes be written in terms of the velocity head, the 

depth of flow, and the elevation of the 1 _ , 

, , n t Total head 

channel floor: 1 

(■k +5 ' +=o ). "(■k +3 ' += »). 

If, in addition, the velocity terms are trans- h y H„ 

formed through use of the relationship 
Q = VA, in which A is expressible in terms 

of y, the Bernoulli and continuity relation- 

ships may be combined in the following J TT// '////////////.'///, 
significant form: Datum 


+ }-i = 


+ 3-2 + Az 0 


Fig. 62. Definition sketch 
for open-channel flow. 


Equation (98) will be found sufficient for the analysis of any type 
of open-channel transition discussed in the remainder of this section. 
Indeed, the channel may have any form of cross section whatever, and 
the change in boundary elevation may likewise be accompanied by a 
change in cross-sectional form, provided only that the sections are 



Fig. 63. Change in surface elevation at a channel contraction. 


sensibly uniform before and after the transition. As a typical example, 
consider the reduction in flow section shown in plan and longitudinal 
profile in Fig. 63. If the depths and y 2 are known, Eq. (98) will 
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permit evaluation of the corresponding rate of flow or if the rate of 
flow and the initial depth are known the equation will permit evalua 
tion of the corresponding change in surface elevation Although cal 
culation of the rate of flow is quite straightforward it should be noted 
that the determination of either depth will involve the trial and-error 
solution of a cubic equation 

Significance of specific head At the same tune that Eq (98) yields 
the most ready numerical solution of a specific open channel problem 
in itself it yields very little descriptive information as to the general 
problem of depth variation Indeed not until the solution has been 
performed will it be known whether the depth in Fig 63 will increase 
or decrease as fluid passes the transition at the given rate or whether 
the given rate of flow at the given depth will even be phjsically pos 
sible Such conditions ma> however be foretold by investigating the 
interrelationship of the several terms in the general expression (sec 
Fig 62) 


Ho 


Q 2 

+ y 
2gA s y 


(99) 


Ow ing to the fact that the variation of A w ith y depends upon the 
form of channel cross section the following discussion will for the 
sake of simplicity be restricted to rectangular channels of constant 
w idth Eq (99) then evidently becomes 

+ y (100) 


\\ ith reference to Fig 62 the quantity IT 0 = II — Zq w ill be seen to 
represent the height of the total head line above the channel floor a 
quantity known as the specific head Unlike the total head II which 
is measured from a horizontal reference plane the specific head IIq 
will evidcntl) \ar> from section to section if the elevation So of the 
floor changes The depth y therefore must obviouslj var> w«th//<? 
even though q remains constant q however may also be regarded as 
a variable if conditions for different rates of flow through the same 
VtywsAvotv wtc Vc. tft OTWpara 1 S>«vra vVvitc. tsviiwAlv inde- 
pendent variables it becomes necessary to determine the effect upon 
y of each one in tum 

The specific-head diagram If q is arbitranlj held constant Eq 
(100) will permit the evaluation of > for anj magnitude of Ho or vice 
versa successive computations of this sort yielding a specific head 
diagram «uch as that show n in Tig 64 I or an> specific head above a 
certain minimum value two altermle depths arc seen to be possible 



Sec. 24] 


STEADY FLOW IN OPEN CHANNELS 


135 


that is, the given rate of flow may take place at a small depth and high 
velocity or at a large depth and low velocity, with identical values of 
the specific head. Below the minimum value of H 0 , on the other hand, 
the given rate of flow cannot occur. The magnitude of y c , the critical 



Fig. 64. Specific-head diagram, showing alternate and critical depths. 


depth at which the minimum value of H 0 occurs, may be determined 
by setting equal to zero the derivative of H 0 with respect to y, 


^ = 0 = _jr 

dy gy 3 


+ 1 


whence, in terms of the constant rate of flow q, or of the corresponding 
critical velocity V e = q/y c , 



( 101 ) 


Further inspection of the specific-head diagram will disclose the 
following pertinent fact: If the initial depth of flow is greater than the 
critical, a decrease in iT 0 will result in a decrease in depth; but, if the 
initial depth of flow is smaller than the critical, a decrease in Ho will 
result in an increase in depth. Thus, with reference to Fig. 6 5<x, two 
totally different surface profiles (depending upon whether y t > y c or 
yj < y c ) can be produced by a rise in channel boundary, even though 
the rate of flow and the specific head are the same for both. If the 
boundary rise (i.e., the decrease in Ho) is sufficiently great, moreover, 
it should be apparent that the depth at section 2 will approach the 
critical, as indicated in Fig. 65 b. Since this represents the minimum 
specific head at which the rate of flow is physically possible, it follows 
that further rise in the lower boundary would of necessity cause the 




depth y t (and hence the total head) to increase sufficiently for the 
given flow to be reestablished 

The discharge diagram. If, in turn the specific head is to be treated 
as a constant, Eq (100) should be solved for q 


A plot of the Interrelationship between q and y for any given value of 



Fig 66 Discharge diagram *ho» 
mg alternate and critical depths 


the specific head, in accordance with 
Fq (102), will then yield the dts 
charge diagram shown in Tig 66 As 
in the case of the specific head dia- 
gram for constant q, it will be seen 
that two alternate depths are again 
possible, but now only so long as q 
docs not exceed a certain maximum 
value beyond which flow is physi- 
cally' impossible at the given specific 
head If the critical depth is defined 
as that corresponding to maximum 
discharge for a particular specific 


head, y e may be evaluated by setting equal to zero the derivative of q 


with respect to y, thus 


dq 0 2 J g(2vHo - 3 y) 

iy " " - O 
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n y 2 

y'c = = 2 — - (103) 

Since the discharge diagram permits study of the relationship be- 
tween depth and rate of flow under conditions of constant specific 
head, it is directly applicable to the analysis of discharge through a 
channel leading from a reservoir of constant surface elevation. As- 
suming that such a channel terminates abruptly in a free fall, and that 



Fig. 67. Application of the discharge diagram to the control of flow by a sluice gate. 

a sluice gate is located some distance from either end, it will be seen 
that the gate is the only means of regulating the flow. If the gate is 
fully closed (see Fig. 67a), q will obviously have a magnitude of zero, 
and the depths y — H 0 upstream and y = 0 downstream from the 
gate will correspond to the limits of the discharge diagram. If the 
gate opening is greater than zero but less than y c , alternate depths will 
be established on the upstream and downstream sides of the gate 
(Fig. 67 b) corresponding to the intermediate rate of flow shown on 
Fig. 66. But since the maximum rate of flow for the given specific 
head will occur when y —y e , it is apparent that raising the gate beyond 
the height y c will have no further influence upon the discharge, which 
will then continue at the critical depth as shown in Fig. 67c. 
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The reader must be reminded at this point that application of the 
one-dimensional method of flow analysis will > teld accurate quantita 
tive results only in proportion to the extent to which the underlying 
assumptions are fulfilled The assumption of hydrostatic conditions 
will obviously preclude the possibility of obtaining therewith more 
than a rough approximation of actual conditions in zones of appreci 
able curvature In Fig 65 for instance the form of the free surface 
immediately above the sloping boundary is merely a qualitative mdi 
cation of the surface profile and in Fig 67 it is evident that the 
simplified equations give no clue to the degree of jet contraction as 
the flow emerges from under the sluice or to the surface curvature in 
any of the several zones of acceleration Indeed only the mathemati 
cal principles represented by the flow net permit a general anal} sis of 
two dimensional conditions involving appreciable curvature of the 
stream lines 

Critical depth and the Froude number Although the foregoing 
examples of free surface flow were characterized b> boundary and 
depth variations in the vertical plane alone comparable changes in 
depth would result were the boundary variation entirely horizontal 
i e a rapid narrowing or widening of an otherwise uniform channel 
There would again be two alternate depths of flow for any discharge 
or specific head the critical depth and critical velocity having the 
same significance as before Indeed the one dimensional method of 
anal} sis for any form of transition would differ from the foregoing 
onl} to the extent that the mean velocity would have to be expressed 
as the ratio of the total discharge to the total area of the cross section 
as in Eq (98) h must be noted however that horizontal variations 
in boundary form arc likely in flows at velocities above the critical 
to produce local disturbances leading to diagonal waves at the free 
surface Complexities of this nature are obviously beyond the scope 
of this booh On the other hand attention should be called to the 
fact that the Troude criterion of dynamic similarity for such gravita 
tional phenomena provides a ready means of transferring evpen 
mental results to homologous boundary forms of any size regardless 
of the complexity of the surface configuration in terms of the follow 
ing one-dimensional flow characteristics 

In constant discharge it will be recalled the critical depth was 
found to indicate flow with minimum specific head With constant 
specific head on the other hand the critical depth was found to yield 
the maximum rate of discharge bithcr cast however was char 
actenzed by the same ratio of velocity head and depth that is from 
Eqs. (lOt) and (103) (1 e s /2g)/v e = £ If a I roude number for 
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liquid motion of this nature is written in terms of the mean velocity, 
the depth of flow, and the acceleration of gravity, F = V/^/~gy, it will 
be seen that a numerical value of unity corresponds to critical condi- 
tions. regardless of whether the discharge is a maximum or the specific 



Plate IX. Changes in flow regime produced by a local increase in boundary 

elevation. 


head a minimum. Evidently, this particular form of F is directly 
dependent upon the ratio of velocity head and depth. It therefore 
follows that Froude numbers less than unity indicate flow at depths 
greater than the critical depth and at velocities less than the critical 
velocity; and Froude numbers greater than unity indicate flow at 
depths less than the critical depth and at velocities greater than the 
critical velocity. For any given form of boundary transition, the con- 
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figuration of the free surface should then be a unique function of the 
Fronde number of the approaching flow , a fact of great importance in 
checking the design of hydraulic structures b> scale models 

Example 27 Water flows at a velocity of 8 feet per second and a depth of 6 
feet in an open channel of rectangular cross section If the channel width is 
reduced from 10 feet to 7 feet and the bottom elevation is increased 1 foot at a 
given section to what extent will the surface elevation be affected by the boun 
dary contraction 7 

The Froude number of the approaching flow is 


F, 


Vi 

VgJI 


8 

V32 2 X6 


= 0 575 


Since F| is less than unit}, the boundary contraction should produce a drop in 
surface elc\ ation i f this does not require a lower specific head at the contracted 
section than is ph> steal!} possible 
Since Q — VA and q ** Q/b m the contracted section 


ivii 

bt 


= 68 6 cfs/ft 


Hence for this rate of flow 


3 [q* 3 jti 6 s 

V* = \32~2 
(//.)», n = b< 


5 26 ft 
X 5 26 » 7 89 ft 


But this evident!) requires a greater total head than that of the approaching 
flow The contraction must therefore produce a backwater effect upstream 
the entire surface rising until flow takes place at the critical depth (i e. mini 
mum specific head) at the contraction asm Fig 655 Under such circumstances 
51 ■* }e ” 5 26 feet and 

^5 + 3." <«.).,.+ to 


4^0* 

2 X 32 2 X (lOy,) 1 


+ J» 


7 80 + 1 


Solution !>} jucccssii e approximation yields y i = 8 38 feet indicating that the 
contraction produces a 2 38 foot increase in upstream depth. 


PROBLEMS 

161 At what two depths coul 1 a flow of 400 cubic feet of water per second at a 
specific het I of 7 feet be carried b> a rectangular channel 9 feet wade? Evaluate the 
Froude number for each depth 

162 Tor purposes of d v barge measurement the w i Ith of a rectangular channel is 
reduced from 9 feet to 7 feet and the floor is raised 1 foot in r!ev ation at a given section 
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When the depth of the approaching flow is 6 feet, what rate of flow would be indicated 
by a 5-inch drop in surface elevation at the contracted section? 

163. A rectangular channel 10 feet wide carries 300 cubic feet of water per second 
at a depth of 5 feet. If the width is to be reduced to 7 feet beyond a given section, 
what change in bottom elevation will produce a zero change in surface elevation? 

164. The design of a three-dimensional channel transition is checked by means of 
tests on a 1 : 20 scale model, from which it is found that the flow will overtop the 
model structure when the discharge exceeds 0.85 cubic foot per second. To what ca- 
pacity of the prototype structure does this rate of flow correspond? 

165. What rate of discharge per unit width will yield depths of 7 feet and 1 foot, 
respectively, upstream and downstream from a sluice gate? What is the corre- 
sponding height of gate opening? 

166. If a rectangular channel 8 feet wide carries a flow of 250 cubic feet per second 
at a depth of 5 feet, what change in surface elevation will be produced by a local rise 
in floor level of ]/> foot? 

167. What is the maximum increase in floor elevation in Problem 166 which will 
not affect the upstream depth? 

168. A sluice gate under a 10-foot head (Fig. 48) discharges a sheet of water 2 feet 
deep. Compute by means of the momentum principle the horizontal force per unit 
width exerted by the flow upon the gate. 


25. OPEN-CHANNEL WAVES AND SURGES 

Celerity of the elementary gravity wave. In the foregoing section, 
methods were given for an approximate analysis of the disturbance of 
uniform flow by a stationary' boundary' transition in which the result- 
ing pattern of motion remained constant with time. The sluice gate, 
for instance, was considered fixed in some given position, and condi- 
tions of steady flow for various positions were compared. A change in 
gate opening with time, however, would no longer yield a pattern of 
steady motion, for the velocity and depth would vary not only in the 
neighborhood of the gate but also over a great distance in both the up- 
stream and downstream directions. Such phenomena evidently repre- 
sent examples of distinctly unsteady motion, differing from their closed- 
conduit counterparts in the fact that not only the rate of flow but also 
the area of the flow section must be considered variable with time. 
Only if the surface configuration is displaced without changing form 
can such problems readily be analyzed ; the procedure then reverts to 
the one-dimensional method for steady flow, through proper transla- 
tion of the point of observation. 

Consider, for example, the two-dimensional propagation of a very 
low wave, or surface undulation, through a channel of liquid otherwise 
at rest, as indicated in Fig. 68a. Designating by c the celerity of the 
wave (i.e., its rate of movement relative to the liquid as a whole), it 
follows that the picture of unsteady motion may be transformed into 
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a stead} one b> translating the point of observation toward the left 
at thevelocit} r = c, in thec>esof the observer at each section there 
is added vectonall} the relative velocit> V =* c toward the right 
with the result shown in Tig 6Sb Since this transformed picture has 
e the characteristics of steady motion 

" the total head may now be considered 

” constant differentiation of Fq (100) 

w ill then > teld the expression 



and upon combining therewith the 
contimnt> relationship Vy ~ constant 
written in the differential form 



(b) V dy -f 3 d V = 0 

it will be seen that 


Fig 68 Defin t on sketch for the 
anal>s s of wave propagat on 


1 - c - Vp (104) 


Fvidcntl} a \er> low wave will be propagated through an open chan 
ml at a rate depending onlj upon the gravitational acceleration and 
the liquid depth (Lest the readir assume that Lq (104) applies as 
well to waves in the ocean it must be noted that the corresponding 
cclentj of waves having a length X (lambda) which is small in com 
pa nson with the depth y is of the form c = V^X/2t and hence inde- 
pendent of the depth ) 

So long as the liquid is otherwise at rest the actual velocity of a 
wave will be identical with its celcrit} But if the liquid itself is in 
motion the \elocit> tv of the wave with respect to a stationar} ob 
server will depend upon both the velocity V of the liquid and the 
etlcnt} c of tin wave since c is measured uith respect to the liquid 
That is 

tv = V ± c (105) 


wherein c is considered positive when its direction is the same as that 
of l , and negative when its direction is tht opposite It now liecomes 
apparent that if the uniform flow Ins a velocity greater than the 
client} of a small wave «uch a disturbance cannot trawl in the up- 
stream direction w ith respect to a stationary obstrv ir As a matter of 
fact if the I roudt number is wntten in the form F -» I /\/gy it "'ll 
be «ocn toindicaU the ratioof the actual vdoot} of flow tothcedent} 
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of a very small wave. Froude numbers smaller than unity therefore 
correspond to flows at velocities less than the elementary wave celerity, 
and Froude numbers greater than unity to hows at velocities greater 
than the elementary wave celerity; only if the Froude number is less 
than unity can a small wave travel upstream. 

Waves and surges of finite amplitude. Needless to say, not all 
waves are of small amplitude. Depth variations of appreciable mag- 
nitude, however, involve a certain amount of curvilinear motion, 
which cannot be analyzed by means of the present one-dimensional 
method. Suffice it to say that the celerity of a solitary wave of finite 
size and stable form has been shown both analytically and experi- 
mentally to exceed that of the elementary' wave by an a mount depend- 
ing upon its relative height; that is, as a first approximation 

c = \/gy(l + —'j (106) 

It must be noted, moreover, that a wave of this type becomes unstable 
as the ratio Ay / y approaches unity, the crest developing a sharp peak 
and finally breaking; beyond (or even near) this limit, Eq. (106) obvi- 
ously has no physical significance. 

A different type of unsteady motion, known as a surge, is produced 
by a rapid increase in the rate (and hence the depth) of flow. So long 


c 



Fig. 69. Profiles of the undular and the breaking surge. 

as A y/y is less than unity (Fig. 69a), the surge will take the form of a 
series of undulations about the greater depth. If its relative height 
exceeds unity, however, breaking of the first wave will produce an 
abrupt discontinuity of the liquid surface (Fig. 693). Either type of 
surge will nevertheless attain a stable form, and the celerity of propa- 
gation will again depend upon the elementary wave celerity and the 
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relative change in elevation Such conditions are show n schema ticall) 
in Fig 70a, in which the surge is assumed to travel to the left with 
the celerity c in an original!} 
quiet liquid Although this un 
stead} picture may again be 
transformed into a steady one 

b> adding the v elocity V =* c to 

'/////*, ss /// yy the right at ever} section (Fig 

706), the existence of the surface 
discontinuity at the wave front 
makes it inadvisable to proceed 
on the assumption of constant 
total head The momentum and 
Flo 70 Definition ■letch for the anal) sis continuity equltions, hovmcr, 
of surge propagation must Still be satisfied ThUS 

the on!) external forces acting 
upon the free body of liquid between sections 1 and 2 are those re 
suiting from hjdrostatic distribution of pressure over the vertical 
sections, equating the total force in the direction of flow to the 





Plait X Surges tr»'Hmg upstream against the oncoming flow — a phenomenon 
often encountered in tidal estuaries 


product of the rate of discharge, the densitv, and the VTloat) 
change (refer to Eq 88), it will be seen that 


Til! _ 22 >! 

2 2 


fed, - I'.) 


Introduction of the conimuttv relationship 

q *= I',), •= 1'2} 2 
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finally yields for the surge celerity the expression 


F, = c = v1yl[“(-+ i)]^ 
L2yi\y 1 /J 


(107) 


Characteristics of the hydraulic jump. If a surge were formed, for 
instance, by the partial closure of a sluice gate, the disturbance would 
travel upstream with the celerity c relative to the oncoming flow, but 
with the velocity r w = F — c relative to the sluice or to a stationary 
observer. Evidently, were the velocity of the oncoming flow exactly 
equal to the celerity of the surge, the disturbance would remain fixed 
in position relative to the observer — a phenomenon known as the hy- 
draulic jump (see Fig. 71). Since Fj is then equal to c, Eq. (107) may 
be rewritten in the form 


lj_ 

V gyi 


= F, 



(108) 


This will serve as an illustration of a previous statement that the 
Froude number is the primary’ criterion for similarity of such 



Fig. 71. Characteristics of the standing surge or hydraulic jump. 


gravitational phenomena; not only may’ the ratio of the initial and final 
depths of the hy’draulic jump be expressed, from Eq. (108), as a func- 
tion of F! alone, 

^ = - (Vl + 8Fi 2 - 1) (109) 

yi 2 

but experimental measurements of the length L of the transition (see 
Figs. 71 and 72) show that its ratio to either yi or y 2 is also a unique 
function of the Froude number. 

Had it been assumed in the foregoing development that the total 
head was the same at sections 1 and 2, a result at variance with Eq. 
(107) would have been obtained. This is due to the fact that the 
abrupt discontinuity' at the head of the surge involves a continuous 
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transformation of kinetic energy of translation into kinetic energy of 
rotation (i e turbulence) a process which w ill be discussed in greater 
detail at a later point Through use of the Bernoulli relationship and 
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Noteworthy is the fact that A II may represent more than 50 per cent 
of the initial specific head at high values of F; this results in frequent 
use of the hydraulic jump to reduce the energy of flow at the foot of 
chutes and spillways. 

As in Chapter IV, the analysis of free-surface flow in the present 
chapter has been restricted to the case of a liquid in contact with the 
atmosphere. The extension of this analysis to the relative motion of 
fluids having more nearly the same specific weight is unfortunately 
beyond the scope of this book. Nevertheless, the reader might well 
be reminded at this point that nearly all open-channel phenomena 
which have been mentioned in these pages are closely duplicated in the 
atmosphere, in reservoirs and lakes, and in the ocean, by the relative 
movement of fluid masses differing only slightly in specific weight as 
the result of temperature variation or of the presence of dust or silt in 
suspension. That only the time scale differs considerably may be 
seen by writing the Froude number F/V'gv = V/^yy/p in the more 
general form I'/vy A-y/p, which, as noted in Section 20, simply indi- 
cates that the gravitational influence is reduced in relative magnitude. 
Indeed, just as the simpler form of the Froude number has been used 
as a similitude parameter in open-channel studies, the more general 
form may well serve as a guide for obtaining similarity of all weight 
effects in the experimental study of atmospheric and oceanic gravity 
currents. 


Example 28. The depth and velocity of flow in a rectangular channel are 
4 feet and 6 feet per second, respectively. If the rate of inflow at the upstream 

end of the channel is abruptly increased to the ct- ►- 

extent that the depth is doubled in magnitude, ~ 

determine the absolute velocity of the resulting 
surge. 

Conditions of steady flow are first simulated by 
adding the velocity r* to the left. Then, according 
to Eq. (107), 




| L,j4fr v ' = J}& s 

I— i 


r- — I'i = 


and 





r„ = 6 + V32.2 X 4 [§ X f X (f + 1)] H = 6 + 19.6 = 25.6 fps 


PROBLEMS 

169. Assuming water to flow in a wide channel at a mean velocity of 9 feet per 
second and a depth of 2 feet, determine the absolute velocities of waves of very small 
amplitude moving (a) with the flow and (b) against the flow, and the absolute % eloci- 
ties of waves of 1-foot amplitude moving ( c ) with the flow and (d) against the flow. 
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170 Gaillard Cut in the Panama Canal extends approximate!) 8Jf miles from the 
Pedro Miguel Lock to Gatun Lake the mean depth in the cut being 41 feet Estimate 
the time required for the wave produced by filling the lock to reach the lake 

171 A river flowing toward the sea at a velocity of 3 miles per hour and a depth of 
7 feet encounters an incoming tide which increases the depth to 15 feet This gives 
rise to a “bore” or traveling surge which moves rapidly up the river Estimate the 
ipeed of the bore in this instance What speed and direction will the flow have after 
the bore has passed? 

172 The depth and velocity of flow in a rectangular channel are 3 feet and 5 feet 
per second, respectively If the rate of inflow at the upstream end is abrupt!) 
doubled what will be the height and absolute velocity of the resulting surge? 

173 The depth and velocity of flow in a rectangular channel are 3 feet and 5 feet 
per second respectively If a gate at the downstream end of the channel is abruptl) 
closed what will be the height and absolute velocity of the resulting surge? 

174 A hydraulic jump forming below a sluice gate produces a change in depth from 
2 feet to 5 feet What are (a) the head on the gate (5) the rate of flow per unit 
width and (e) the change in total head within the jump? 

175 Water flowing dowTi a spillnay at the rate of 100 cubic feet per second per 
foot width leaves the apron horizontally with a mean velocit) of 40 feet per second 
Determine (a) the depth of tailwater necessary to form a h)draulic jump (5) the 
approximate length of the jump and (c) the total head of the flow beyond the jump 


QUESTIONS FOR CLASS DISCUSSION 

1 What simplif)ing assumptions are involved in the one dimensional method of 
flow analjsis? Describe states of motion in which each of these assumptions will 
lead to appreciable error 

2 Cite examples or problems in which the one-dimensional method has m effect 
already been used in Chaprers II— IV 

3 Show the relationship of the quantities K*/2 g p/y, and t to the lines of total 
head piezometric head and elevation 

4 Does the total head increase or decrease as fluid jiasses through a pump driven 
by a motor? Were the motor to stop before a valve on the line could be closed what 
would happen? 

5 What change would result in the analysis of the establishment of flow in a Jong 
pipe if the control valve were located (a) at the midpoint and (5) at the upstream end 
of the pipe? 

6 When the valve on a drinking fountain is opened, the jet at once ri«es higher 
than its final level Why does this not agree with the general equation for flow 
establishment? 

7 What is the difference between the total head and the specific head in open 
channel flow? 

8 If the Froude number characterizing flow in an open channel is less than unit) 
will (a) an increase in channel width and (6) an increase in bottom elevation cause 
the surface elevation to increase or decrease* 

9 Define the crit ical depth in four different ways 

10 An overflow dam ts to ?<e built in a channel carrying a given uniform flow 
Sketch the change in the lines of total held and piezometric hea I which would be 
produced 
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EFFECTS OF VISCOSITY ON FLUID MOTION 

26 VISCOUS RESISTANCE TO FLUID DEFORMATION 

Viscosity characteristics Attention was called m Chapter II to the 
fact that fluid motion generally involves not only translation but also 
station and deformation of any elementary portion of the fluid mass. 
No further attention was paid to the process of deformation but a 
special case of motion was investigated in which it was assumed that 
rotation did not occur It so happens that the mathematical concept 
of irrotational flow corresponds to conditions in which the influence of 
fluid viscosity is quite negligible If therefore viscosity plays a lead 
ing role in any state of motion not only can the flow no longer be con 
sidered irrotational but the process of fluid deformation becomes of 
primary importance 

Like the deformation of elastic solids the deformation of a viscous 
fluid gives rise to a system of norma! and tangential stresses at all 
points within the zone of deformation the normal stresses being mcas 
ured (as before) in terms of pressure intensity and the tangential 
stresses m terms of intensity of shear The resistance of solid matter 
to shear depends upon its shearing modulus of elasticity the cor 
responding fluid property is the dynamic (or so-called absolute ) 
viscosity Here the analogy reaches an end however for an elastic 
solid will deform until a state of equilibrium between the external 
forces and the internal resistance to shear is reached whereas a viscous 
fluid will continue to deform so long as the external forces arc applied 
That is in a fluid it is the rate of deformation rather than the magni 
tude which is the essential criterion for force equilibrium The in 
tensity of fluid shear in other words is directly proportional to the 
rate of fluid deformation the constant of proportionality represent 
ing the dynamic viscosity of the fluid 

If in addition to weight and pressure one takes into account the 
shearing stress exerted upon a fluid element it is possil lc to ixtm I 
the Fulenan equations of acceleration to motion in which viscosity i> 
no longer a negbgille factor The resulting expressions known as the 
Navier-Stokcs expiations arc of great sigmfcanct m the dvanced 
150 
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study of fluid motion, but their complexity discourages their applica- 
tion in an elementary study of this nature. It will be necessary, there- 
fore, to restrict the following analysis to steady, uniform flow, treating 
the more complex phenomena qualitatively 
rather than from a rigorous mathematical 
point of view. 

Viscosity measurement. Probably the 
simplest application of the proportionality 
between shearing stress and rate of def- 
ormation is found in a method frequently 
used to measure the viscosity of liquids. 

As shown schematically in Fig. 73, a thin 
film of the liquid to be tested is enclosed 
between two coaxial cylinders. The inner 
cylinder is suspended by a torsion wire or 
spring, the torque-deflection ratio of which 
is known from calibration. The outer 
cylinder may be rotated independently at 

any desired speed. For any given liquid at FlG ‘ Apparatus for t ! ie 

, , . measurement of liquid vis- 

constant temperature, data from a series cosity 

of runs at different rotational speeds will 

follow a straight line passing through the origin of a torque-speed 
diagram, as illustrated in Fig. 74. The linear nature of such a plot 
indicates that the viscosity of a true fluid is independent of the rate 
of shear. The slope of the line, on the other hand, will vary directly 




Angular velocity 


Fig. 74. Torque-speed dia- 
gram for viscous liquids. 


with the viscosity, curve A, for instance, 
corresponding to a liquid having a viscos- 
ity approximately three times as great as 
that of curve B. Thus, through compara- 
tive tests with a liquid of known viscosity 
(such as water), the viscosity of any liquid 
at any desired temperature may rapidly be 
determined. 

In order to use a viscosimeter of this 
nature for direct, rather than relative, 
measurement, it is necessary that the spac- 
ing of the cylinders be very’ small in com- 
parison with either radius. Under such 
circumstances, the flow pattern approaches 


that represented by Fig. 75, in which fluid enclosed by two parallel 
boundaries is deformed by the steady motion of one boundary past 


the other. The rate of deformation per unit fluid volume at any 
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point may be expressed in terms of the \ elocity gradient di /dy m the 
trans\ erse direction because (refer to figure) this measures the rate 
of change of the comer angle a of a fluid element Since the dynamic 
\ iscosity ft (mu) is defined as the ratio of the intensity of shear r (tau) 
to the rate of deformation it follows that 


dy 


( 110 ) 


The quantity ft m this equation must be regarded as a fluid property 
which does not \ary with the state of motion Evidently in order 
that t will not have the physically 
impossible magnitude of infinity at 
any point within the fluid the ve- 
locity must vary continuously across 
the flow section that is there can 
be no slipping (abrupt changes in 
velocity) between neighboring zones 
of flow The same condition must 
hold true at the boundaries them 
selves the velocity of a viscous fluid 
at the plane of contact with a solid 
boundary being identical with that 
of the boundary itself In other words the velocity of the fluid in 
contact with the stationary boundary of Fig 75 must be zero and 
the fluid velocity at the moving boundary must be equal to the bound 
ary velocity ro The velocity of the intervening fluid will then vary 
linearly between these two limits and the resulting constancy of the 
gradient d-'/dy w ill indicate a corresponding constancy of the intensity 
of shear throughout the zone of motion The total force necessary to 
move the upper boundary will be equal to the product of the intensity 
of shear and the boundary area similarly, the rate at which work is 
done by this force will be equal to the product of the force and the 
boundary velocity If now the upper boundary is considered to 
represent the inner surface of a rotating evlinder of relatively large 
diameter measurement of the rotational speed and the torque exerted 
by the enclosed fluid upon the inner cylinder will permit evaluation 
of the fluid viscosity 

Example 29 U the cyl riders shown schematically in Fig 73 arc 10 inches 
high and 602 and 6 00 inches in diameter respectivelv what is the vascositv 
of a 1 qu d which produces a torque of 0 7a pound foot upon the inner cylinder 
when the outer one rotates at the rate of 90 revolutions per minute’ 




M&7 




////////////////// 

Fic 75 Deformat on of flu d by a 
moving boundary 
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The tangential velocity' of the outer cylinder will be 


6.02 

v = ro? = 

2 X 12 

Hence the rate of deformation is 


X 


2 X tt X 90 
60 


= 2.37 fps 


dv v 2.37 

dy = Ar ~ (3.01 - 3.00)/12 = 2 ' 8 ° X 103 fps/ft 

The intensity of shear is equal to the torque divided by the radius and the area 
of either cylindrical surface: 


0.75 

yyr X 7 t X ■yw X xQ 

Therefore, from Eq. (110), 


2.29 psf 


h = 


T 

dv/dy 


2.29 

2.85 X 10 3 


= 8.04 X IQ" 1 lb-sec/ft 2 


PROBLEMS 

176. What would the radial spacing of the cylinders of Example 29 have to be in 
order to yield the same torque-speed ratio with water at 60° Fahrenheit? 

177. Two plane boundaries lie a uniform distance of 
inch apart, the space between being filled with a liquid 
having a viscosity of 10~ 3 pound-second per square foot. 

What force would be required to move edgewise through 
the liquid a Jf-inch plate 15 inches square at a velocity of 
6 inches per second, assuming the same clearance to exist 
on both sides of the plate? 

178. Lateral stability of a long 6-inch shaft is obtained 
by means of a 10-inch stationary bearing having an internal 
diameter of 6.008 inches. If the space between bearing 
and shaft is filled with a lubricant having a viscosity of 
5 X 10 -3 pound-second per square foot, what power will 
be required to overcome viscous resistance when the shaft 
is rotated at a constant rate of ISO revolutions per minute? 

179. A sleeve 5 inches long encases a vertical rod 1 inch in diameter with a radial 
clearance of 0.001 inch. If, when immersed in oil having a viscosity of 3 X 10 -3 
pound-second per square foot, the effective weight of the sleeve is 2 pounds, how 

rapidly will it slide down the rod? 

180. An alternative form of the rotating vis- 
cosimeter consists of a disk pivoted above a station- 
ary boundary', the liquid (or gas) to be tested filling 
the very' small space between the parallel surfaces; 
means must then be provided for measuring the 
driving torque and rotational speed. Determine, 
by integration of Eq. (110) over the lower surface 
of the disk, the torque-speed ratio which would be 
obtained for a liquid having a viscosity of 3 X 10 -3 
pound-second per square foot with an 8-inch disk 
and a boundary' spacing of 0.05 inch. 
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181 If the inner cylinder of a viscosimeter such as that shown m Fig 73 is in 
\erted the added shear between the two bases will play a decided role in the resulting 
torque Lstimate by integration of Eq (HO) over the base area the percentage add 
tional torque which would exist under the conditions of Example 29 if the bottom 
spacing were 001 inch 


27 PRESSURE GRADIENT IN STEADY, UNIFORM, VISCOUS FLOW 

Interdependence of shear and pressure gradients In the foregoing 
chapters jt was found that the intensity of pressure must generally be 
expected to vary from point to point in a given flow (a) if the fluid 
accelerates in the corresponding direction, or ( b ) if the fluid weight 
has a component m that direction 
It now will be shown that a pres- 
sure gradient must generally exist 
(c) if relative motion within the 
fluid gives rise to a state of viscous 
shear w hich varies from point to 
point 

Assume, for instance, a tree 
body of fluid having the form of 
an elementary cube of volume Ax 
Ay As, of which Fig 76 shows a 
cross section in the xy plane For 
the condition of two dimensional steady flow parallel to the x axis 
there will be no shear upon the two parallel faces Ax Ay, the only 
forces acting in the direction of motion x being the normal and tan 
gential stresses indicated in the illustration The summation of these 
horizontal stresses, which must necessarily be equal to zero because 
of the absence of acceleration, yields the result 

= F *--(2 to ) A>as+ (£ a 0 ar4s "° 


y fc*~Ay)AxAz 


pAyAz 

1 

Ay 

fp*^Ax)AyAz 


-•■j — Ax -*■ 



vAxAz 


Fig 76 Definition sketch for fluid pres 
sure and shear 


Dividing by the volume Ax Ay As and letting this approach zero it 
follows that at any point 


dp dr 
dx dy 


(HI) 


Evidently, therefore, a pressure gradient in steady, uniform flow 
must depend not only upon the existence of vi«cous shear, but 
al«o upon the variation of the intensity of shear across the flow 
Since the flow under consideration is parallel (i c , since p vanes 
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hydrostatically over all normal cross sections), it follows that the 
pressure gradient must be the same at all points along every 
stream line. For the particular conditions of Fig. 75, the pressure 
gradient has the constant magnitude of zero, since the magnitude 
of r is everywhere the same. It is not zero, however, for flow 
between stationary boundaries, as will be seen from the following 
analysis. 

Flow between parallel boundaries. With reference to the parallel, 
stationary boundaries shown in Fig. 77, it is apparent that the absence 
of both relative motion and acceleration in 
the normal direction must yield a constant 
magnitude of the gradient dp/d . c (and hence 
of the gradient dr/dy) in all zones so long 
as the flow continues at a steady rate in 
the x direction. Integration of Eq. (Ill) 
with respect to y then results in the ex- 
pression 


'////////(/////////■///, 



7 777777777777777777777/ 


dp , r 
t = — -y + Ci 
dx 


Fig. 77. Distribution of 
shear between stationary 
parallel boundaries. 


Evidently, the intensity of shear will vary linearly with distance from 
the boundary, for only then can dr/dy be the same at all points. 
Owing to conditions of symmetry, however, it is also evident that the 
intensity of shear must have the same magnitude at either boundary, 
from which it follows (see Fig. 77) that the intensity of shear midway 
between the two boundaries must be zero. In other words, at the 
point y = 5/2, 




Use of this result to eliminate the constant of integration from the 
initial equation for r then yields the general relationship 


7 


d p( B 

dx \ 2 


y ) 


( 112 ) 


In passing, it may be noted that the intensity of boundary shear wall 
be directly proportional to the pressure gradient and the boundary 
spacing; that is, when y = 0, Eq. (112) becomes 


T o = 


dp B 
dx 2 


( 11 3 ) 
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Since from Fq (110) r — p.di/d\ Eq (112) imy be written in 
terms of the xelocitj gradient 

dy n dx \2 V 

Integration with respect to y then fields the expression 



the constant Cg = 0 being e\aluated by means of the boundary condi 
tion r = 0 w hen y — 0 Thus 


v 




( 114 ) 


which is the equation of a parabola having its vertex at the centerline 
of motion (set Fig 78) At the point y = B/2 the velocity is therefore 



FlG 78 \eloc t> d sir but on between stat onary parallel boundires 


a maximum from the geometry of the parabola for as might be deter 
mined through application of Eqs (7) and (9)] it follows that the 
mean \elocity of flow is two thirds the maximum whence 

dp B^ 

" dx I2p 


' 2 '«> 


_ 2 _L __ 5 

3 2/irfx\2 4/ c 
I mail} solving for —dp/dx 


. 

dx " 


12?Y 

B 


( 115 ) 


Since the flow is uniform integration of Eq (115) with respect to* 
will >ii Id the pressure drop pi — P corresponding to an> length 
vt — Xi >= / of the parallel boundaries 

12jil L 

B 2 


Pi- P' 


(116) 
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Equations of Poiseuille and Stokes. For flow through a horizontal 
circular tube, the counterpart of Eq. (112) may be obtained by expres- 
sing the summation of horizontal forces acting upon the cylindrical 
element of fluid shown in Fig. 79: 


whence 



2tjt Axt = 0 


dp r 
dx 2 


(117) 



Fig. 79. Pressure and shear in flow through a circular tube. 


Evidently r is zero at the centerline, while at the boundary [the 
counterpart of Eq. (113)], 

d P r 0 ri . 

(118) 

Upon introduction of Eq. (110), Eq. (117) becomes, since dy = —dr, 

dv dv dp r 
dy dr dx 2/r 

and integration with respect to r then yields 

dp r 2 _ r 

v -JiT, + c 

Since v — 0 when r = ro, it will be found that C = — {dp/dx)r^~ /4/t, 
whereupon — zzZ2ggZZZZZ Z 2 2 ZZZZZZ 

„ _ - 1 - r) (IIP) ft 

4 fj- dx r„ 


ola (Fig. 80). From the geometry of a 
paraboloid of revolution [or as may be 
shown by applying Eqs. (6) and (8)], 

jr _ _ d ± r ±_ 

V — o y niax — ... „ 


\ 

r o < 

J ; s'/’. 

o 4— 

! A 

U -j— 
r 


— J— < 

, y 

Z \ ( rr/\ 

777> ZZZZ2.ZZZZZZZZZ 


_£_ JL Fig. 80. Velocity distribution in 

dx 8/x flow through a circular tube. 
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Finally introducing the diameter D = 2 r 0 and solving for — dp/dx 


dp 32/z V 
dx D 2 


(120) 


Since the conduit is of uniform diameter integration of Eq (120) 
with respect to x will yield the pressure drop pi — p 2 corresponding 
to any tube length x 2 — xi = L 


Pi 


32 yVL 


( 121 ) 


This is commonly known as the equation of Poiseutlle 

Equations (116) and (121) are generally typical of flow in which 
viscosity is the sole fluid characteristic influencing the pattern of 
motion the rate of decrease of pressure intensity in the longitudinal 
direction being directly proportional to the mean velocity and the 
d>namic viscosit> It is to be noted that in the absence of accclera 
tion the fluid density does not enter the problem Equations such as 
these form the basis of analysis in problems of lubrication and the flow 
of all fluids of high Mscosity Closc!> related to such flow between 
boundaries is flow around a solid body likewise under the restriction 
that viscosity is the only fluid property affecting the pattern of motion 
(l e that accelerate e effects arc so small as to be negligible) Although 
its dem ation is bey ond the scope of this book the expression for the 
longitudinal force F exerted by •> slowly mo\mg viscous fluid upon a 
small sphere known as the equation of Stokes is of interest at this 
point 

F - 3*Dm 0 (1 22) 

This equation finds particular application to the fall of relate cly small 
bodies through fluids of relatively high viscosity F then representing 
the effective weight of the body in question (i c its actual weight 
minus that of the fluid which it displaces) 

Since power or the rate of doing work 13 dimensionally equivalent 
to the product of force and velocity it is evident that the power re- 
quired to move an immersed body through a fluid at a constant rate is 
equal to the product of the velocity and the resistance to motion (1 c 
P ™ vF) In flow through a conduit on the other hand the pressure 
gradient will be found to represent the average work done upon an 
average unit volume of fluid per unit distance traveler! The rate at 
which work must In. done (1 c the power required) to maintain viscous 
flow through a horizontal conduit must then be cqu d to the product 
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of the pressure gradient, the length of conauit, and the rate of flow; 
that is, 

_ dt> 

P = ~J ~ V U 2 = Q(Pi ~ Ps) (123) 


Example 30. VVhat horsepower is required per mile of line to overcome the 
viscous resistance to the flow of crude oil (p. = 4 X lO' 3 lb-sec/ft 2 ) through a 
horizontal 3-inch pipe at the rate of 5000 gallons per hour? 

Converting gallons per hour to cubic feet per second, 




5000 


The mean velocity is then 


7.48 X 60 X 60 


0.186 cfs 


r = |=- 

A IT 


0.186 


From Eq. (121) 


w 


= 3.78 fps 


„ „ 32 pVL 32 X 4 X 10~ 3 X 3.78 X 5280 

Pi- = -7^- =55 = 40,900 psf 


D- 


0.25 2 


and from Eq. (123) 

P = QiPi ~ pi) = 0.186 X 40,900 = 7610 ft-lb/sec 

= 13.8 hp 
550 y 


PROBLEMS 

182. Crude oil is pumped at the rate of 10 gallons per minute through a horizontal 
2-inch pipe, with a drop in pressure intensity of pound per square inch per 100 feet 
of line. What is the viscosity of the oil? 

183. Determine the velocity of fall through air (p = 3.7 X 10 -7 pound-second per 
square foot) of mist droplets having a diameter of 10 "* foot. 

184. The riveted plates of a storage tank for oil are lapped 3 inches at all joints. 
If a joint 30 feet below the oil surface has been sprung to such an extent that a clear- 
ance of 0.01 inch exists between the lapped plates, what loss of oil in cubic feet per 
day per foot of joint will occur? Assume the oil to have a viscosity of 5 X 10 -4 pound- 
second per square foot and a specific weight of 55 pounds per cubic foot. 

185. In the injection molding of a certain plastic, the heated compound is forced 
under a pressure of 100 pounds per square inch through a tube 14 inch in diameter and 
10 inches in length. If the mean velocity of flow is then 15 inches per second, what is 
the viscosity of the compound? What longitudinal force will be exerted upon the 
tube? 

186. An oil having a viscosity of 2 X 10 -3 pound-second per square foot and a 
specific gravity of 0.9 flows through a horizontal 1-inch pipe with a pressure drop of 
0.5 pound per square inch per foot of pipe. Determine (a) the rate of flow in pounds 
per minute, (b) the intensity of shear at the pipe wall, (c) the total drag per 100 feet 
of pipe, and (d) the power required per 100 feet to maintain the flow. 
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187 During a heavj ram silt laden water flows into a reservoir having a maximum 
depth of 25 feet If the finest particles of silt have a nominal diameter of 3 X 10”* 
foot and a specific gravity of 2 65 estimate the time required for all the s It to settle 
to the bottom (assume (i”2X 10""* pound 
second per square foot) 

188 Certain bearing surfaces (such as those 
of the Palomar telescope) are lubricated by 
means of oil introduced under pressure at the 
midpoint of the bearing Assuming two-d: men 
sional flow from an injection slot as shown in 
the sketch what rate of feed in gallons per hour 
per foot of length w ould be necessary to pre- 
serve a clearance of 0 002 inch between bearing 
surfaces supporting a load of 2500 pounds per 
square foot if the oil had a viscosity of 6 X 10’* 
Pkob 188 pound second per square foot? 

28 DISSIPATION OF ENERGY THROUGH VISCOUS SHEAR 

Generation of heat in a moving fluid The work done upon a fluid 
element by unbalanced pressures of the surrounding fluid was found 
in the foregoing chapters to produce a change in cither the kinetic or 
the potential energy of the element Since movement in the horizontal 
direction can produce no change in potential energy and since the 
kinetic energy is constant in stead}, uniform motion one can only 
conclude that work done in maintaining viscous flow must result in a 
continuous generation of heat, much as in the case of solid friction 
That is the deformation of a fluid clement during flow will gi\e rise to 
viscous stresses within the element which tend to resist such deforma 
tion, and the work done b> the external forces in deforming the cle- 
ment must therefore be equal to the heat produced by the internal 
\ iscous shear 

In the examples of stead} uniform flow just discussed the forces 
which do work upon each fluid element maj be traced ultimate!) to 
an external agcnc) such ns h)drauhc machinery, or in gravit) flow, 
to the fluid weight itself either of which maj be considered a source of 
mechanical cnerg) On the other hand if nn) fluid is once in a state 
of motion, work will be done within the fluid regardless of whether or 
not external agencies continue to act upon the fluid as a whole, in 
other words, generation of heat maj also take place at the expense of 
the kinetic energ) of the flow, for the xelocit) of such motion ax ill 
graduall) approach zero as the kinetic encrg> is transformed into 
heat It is con\ ement therefore, to regard the process of \ iscous re- 
sistance to fluid deformation as a general means whereb) mechanical 
energ} is converted into thermal energ} 
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A measure of the rate of such energy transformation may be ob- 
tained, for the particular condition of steady, parallel flow, through 
reference to Fig. 76. Although the summation of the longitudinal 
forces upon the element is necessarily equal to zero, there remains the 
couple due to shearing stresses in opposite directions along the hori- 
zontal faces of the moving element. The rate at which work is done 
by this couple must be equal to the product of its moment and the 
angular velocity Ar/ Ay of a line normal to the two faces. Thus, as a 
first approximation, 

Av 

A P ~ ( t Ac Ac) Ay - — 

Ay 

Dividing by the volume of the element and letting this volume ap- 
proach zero, the rate at which work is done per unit volume at any 
point (which must be equal to the rate of dissipation of energy per 
unit volume at that point) will be simply the product of the intensity 
of shear and the velocity' gradient; since r = fidv/dy , this quantity 
will have the alternative forms 


limit 


A P dv r 2 (dv\ 2 

; Ay As ~ ~ dy ~ n ~ M ViyJ (124) 


-Energy 

^<- Sh ea >( /SSipa f/or7 



&z ay as — o Av Ay 

A plot of this function for parallel flow between stationary bound- 
aries is shown in Fig. SI, from which it is 
quite apparent that the zone of greatest 
generation of heat is in the neighborhood 
of the boundary, where the shear and the 
velocity gradient are highest, while at the 
centerline the rate of dissipation is zero. 

Evidently, integration of this quantity' over 
the cross section of flow must yield the 
total rate of energy dissipation per unit 
distance in the direction of motion. For 

the particular case of horizontal flow through a circular tube (see 
page 157), 


* 

[oci'ty 


Fig. 81. Dissipation of energy 
in viscous flow. 


\dy 

the integral then having the form : 


(dvY 

\dy/ 4y V dx) 


Pr_f dpy 

X V dx) 


2 ~r dr = 


wrp 

8y 


(-17 


rr 0 

8y 




dpy 

dx) 
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From Eq (123) it will be apparent that this expression is identical 
with that for the power per unit length necessary to maintain the 
flow from which it follows that in stead) , uniform horizontal flow the 
product Q(pi — p 2 ) represents as indeed it must, not only the a\er 
age rate at w hich w orh is done, but also the av erage rate at w hich heat 
is generated in a given length of horizontal conduit In a word the 
cttcrg) utilized m maintaining such flow is completel) transformed 
into heat 

Variation of the piezometnc head. If the conduit through which a 
v jscous fluid moves is not horizontal, it may still be considered that 
the rate of change in pressure due to mscous shear will be of the form 


'dp\ _ 32 M F 
ufc/ T „ e 2> a 


There will howe\er be an additional variation in p due to the gran 
tatioml (i e hydrostatic) effect discussed in Chapter IV 



The net rate of change will simply be the sum of the two, 


or 


dp 32 m V , dz 
ds “ D- +y is 

d(p + yz) ydh 32 m V 

ds ds D" 


(125) 


Evidently, it is the gradient of the quantity p + yz =* yh which is 
the criterion for energy dissipation if the flow is not horizontal That 
is with reference to Fig 82, it will be seen that the piezometnc head 
must be constant over any normal section but must decrease in the 
direction of flow as the result of viscous resistance to deformation 
Integration of Eq (125) over the distance L and division by y then 
yields for steady, uniform flow the expression 


hi — ht 


32m VL 

yo 2 


and the power equation liccomcs simply 

P = Qy(h x - h 3 ) 


(126) 


027) 
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Fig. 82. Variation in piezometric head due to viscous shear. 


In this connection it is interesting to note the application of the 
corresponding expression for flow between parallel plates [see Eq. (115)] 
to steady, uniform flow with a free surface. As shown in Fig. 83, the 



Fig. 83. Viscous flow with a 
free surface. 


slope of the free surface and of the plane 
boundary must correspond to the gradient 
of the piezometric head h, the depth of 
flow y being equal to one-half the spacing 
B of the boundaries shown in Fig. 78. It 
therefore follows that 



Example 31. Glycerine is circulated, for test purposes, through SO feet of 
1-inch tubing by means of a small pump set into the line. During flow, pressure 
gage A on the discharge side of the pump reads 25 pounds per square inch, 
while gage B, at the midpoint of the line and 15 feet above gage A, reads 2 
pounds per square inch, (a) If the viscosity 


is 10~ 2 pound-second per square foot and the 
specific gravity is 1.25, determine the rate of 
flow, (b) If the line were completely insulated, 
what would be the rate of rise in temperature 
due to viscous resistance (specific heat = 0.576 
British thermal unit per pound)? 

(a) According to Eq. (126) 


T , pi , Pi 

hi — hi = r si — 3: 

7 7 


32 y.VL 

7 Bi- 



Pump 
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or, multiplying bj y and sohmg for the velocity , 


V “ «77 [Pi “ Pi + Tfet ~ rj)] 


Upon direct substitution of the given values 


- 32 x St’X? 105 - 11 X 144 + 62 4 X I 25 X (0 - IS)] 


Therefore 

Q - VA = 1 16 X - X (J^j* = 000633 cfs 
or, since there are 7 48 gallons in 1 cubic foot. 


iCiur VI 


1 16 fps 


Q - 0 00633 X 7 48 X 60 = 2 85 gpm 

(b) In order to e\a!uate the rate of temperature nse, it is first necessary to 
obtain a measure of the energy dissipation per second per pound of fluid Since 
h has the dimension of energy per unit weight, 


hi -fa 32jiP 32 X I0-* X TT5’ ft_lb 

L ~ T D> ' 624 X I 25 X (*)' " ° Nb-scc 

Since 1 Btu *= 778 ft lb and since 0 576 Btu wall produce a nse in temperature 
of 1° F in 1 pound of glycerine the resulting rate of temperature change would be 

fi ixosi i X 60 X 60 - 637“ F per hour 


PROBLEMS 

189 Crude oil is pumped at the rate of 0 5 cubic foot per second through a 4 inch 
pipe sloping as shown The specific gravity of the oil is 0 92 and the dynamic vis- 
cosity 2 5 X 10'* pound second per 
square foot By what amount will the 
gage pressure at point B differ from 
that at point A ? 

190 In a certain manufacturing 
I rocess a liquid has ing a viscosity of 
4 X 10~ 4 pound-second per square foot 
and a specific gras it> of 1 2 flows down 
pgon 1S9 a ' -tr,ical sheet of glass If the man 

mum velocity of flow must not exceed 

foot per second what will be the limiting thickness of the liquid stream? 

191 Evaluate the power required to pump 5 gallons of glycerine per minute at 100 
Fahrenheit through 500 feet of 1 inch pipe d schargmg freely into an open tank 15 
feet above the level of the supply reservo r 

192 Two vertical cylindrical containers 6 inches in diameter are connected by a 
20-uich rubber tube having a inch boce If the containers are partly filled with 
water at 50* hahrenheit and one is then raised 2 inches at what initial rate wPl the 
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surface level change in either container? (Note that the head decreases at twice the 
rate at which either surface level varies.) 

193. The tank with the slender outlet tube shown in the accompanying sketch is 
used to measure the viscosity of liquids. What viscosity 
would be indicated by an efflux of 1 cubic inch of liquid in 30 
seconds under the given head if the specific gravity of the 
liquid is 0.9? 

194. If the viscosimeter of Example 29 were completely in- 
sulated, what length of time would be required to raise the 
temperature 1° Fahrenheit (assume a specific weight of 55 
pounds per cubic foot and a specific heat of 0.5 British thermal 
unit per pound per degree)? 

195. At a given point in a lubricated bearing the unit shear 
within the oil film is 2 pounds per square foot. If the vis- 
cosity of the oil is 5 X 10~* pound-second per square foot, 
the density is 1.85 slugs per cubic foot, and the specific heat is 
0.5 British thermal unit per pound per degree Fahrenheit, determine (a) the local 
velocity gradient and (6) the rate of temperature rise which would result if there 
were no loss of heat. 

196. If the viscosimeter reservoir of Problem 193 were 3 inches in diameter and 
filled with water at 70° Fahrenheit to the level indicated, what time would be required 
for the level to drop 2 inches? 

197. What length of time would be required for the difference in surface level in 
Problem 192 to decrease to (a) 1 inch, and ( b ) to zero? 


4 in. 


10 in. 

I 

1 _ 


!6 


/ . o 

- m. 


Prod. 193. 


29. SIGNIFICANCE OF THE REYNOLDS NUMBER 

Variation of the Euler number in non-uniform viscous flow. As was 
shown in Section 27, the steady motion of a viscous fluid between 
parallel boundaries must be accompanied by a pressure gradient which 
is directly proportional to the dynamic viscosity and the mean velocity 
of flow and inversely proportional to the square of a length character- 
izing the boundary spacing. It is noteworthy that the fluid density 
does not appear in such a relationship, owing to the complete absence 
of accelerative effects. In non-uniform flow, on 
the other hand, density cannot in general be 
ignored. With reference to the convergent bound- 
aries of Fig. 84, for instance, one would expect a 
drop in pressure intensity from point to point in 
the mean direction of flow, as the result not only 
of viscous shear but also of the increase in kinetic 
energy as the section narrowed. 

Although the analysis of viscous and accelerative effects combined 
is not a simple matter, certain qualitative conclusions may at once be 
reached. If the fluid viscosity is high and the velocity or density is 
low, it is probable that the influence of viscous resistance upon the 



Fig. 84. Definition 
sketch for accelerated 
viscous flow. 
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pressure gradient will by far outweigh that of the inertial resistance to 
acceleration conversely if the viscosity is low and either the velocity 
or the density is high the pressure gradient necessary to produce the 
mass acceleration will probably be considerably greater than that 
necessary to maintain the flow against the mscous resistance E\i 
dently the principles developed in Chapter III correspond to the limit 
mg case in which viscous effects are negligible in comparison with in 
ertial effects under which circumstances (see Fig 84) 


pVo* 

2 


The other extreme ma> be characterized b> the expression 


Po — pi 


uF 0 L _ yFr. 
C B 0 2 ~ ° B 0 


in which C and C are numerical factors depending only upon the 
boundary geometry [compare with Eqs (116) and (121)] m this case 
inertial effects are negligible in comparison with those due to viscosity 
Between these two limits needless to sa> lies a vast range of flo\ 
•'ondttions for even the specific boundary form under discussion How 
ever as a first approximation such conditions may be described b> an 
equation of the Bernoulli t>pe which combines the two foregoing rcla 
tionships 


Po ~ Pi 


pVi 2 pi 


+ c^ 

2 B 0 


Letting Ap represent the difference pi — po and dividing each term 
b> pI r o 2 /2 one obtains the dimensionless expression 

Ap _ /FA 2 _ CpVq/B 

PF o 2 /2“ \Vj pU 2 /2 

The term at the left vs hen written in the form Vq/\^ 2 Apjp will be 
seen at once to correspond to the Euler number introduced in Chapter 

III Theratio Fj/Io oudentlj is again a function onlj of the bound 

ar> geometry The last term of the equation on the other hand is 
obviously variable between wide limits for the denominator is a meas- 
ure of the inertial characteristics of the non uniform motion and the 
numerator is a measure of the viscous characteristics cither of which 
ma> range from near!} zero well toward infimt> It folio vs therefore 
that the Euler number is not a constant in v iscous flow since for an> 
given boundary geometry it will vary with the ratio (pi o/Bq)/(p\o /2) 
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— or simply VBp/p. 
relationship 


In other words, there exists the general functional 
V _ (VBp\ 

V 2A p/p ^ \ ft / 


The Reynolds number as a flow parameter; similitude. A dimen- 
sionless quantity of the type VBp/p is commonly known as the Rey- 
nolds number R, a parameter which characterizes the relative im- 
portance of viscous action, much as the Froude number was shown to 
characterize the relative importance of gravitational action, in steady, 
non-uniform flow. Since the viscosity and the density appear in the 
Reynolds number as a ratio, it is convenient to treat this ratio of fluid 
properties as a property in itself. In the event of gravitational action, 
it will be recalled, the ratio of specific weight to density was replaced 
by the factor g = y/p, of which the dimension [length/time 2 ] is purely 
kinematic. The ratio p/p will likewise be found to be kinematic in 
nature, since its dimension is [length 2 /time]; it is therefore called the 
kinematic viscosity v (nu). Since 



the Reynolds number, like the Froude number, will be seen to involve 
only a length, a velocity, and a fluid property: 


VLp _ VL 

P v 


(130) 


The larger the Reynolds number, evidently, the less important will 
be the influence of viscosity upon the flow pattern, an infinite value of 
R corresponding to flow in which the viscous resistance to deforma- 
tion plays no role whatever in comparison with the inertial resistance 
to acceleration. The smaller the Reynolds number, on the other hand, 
the more important the role of viscosity, a value of R approaching 
zero corresponding to flow in which inertial effects are negligible in 
comparison. Since the Euler number, for any given boundary geom- 
etry, is then a function of the Reynolds number, the relationship 

E = *(R) (131) 

should provide a general guide in the evaluation, whether analytical 
or experimental, of the characteristics of viscous flow under specific 
boundary conditions. 

Efflux from an orifice, already used to illustrate the significance of 
the Euler and Froude numbers, likewise provides an example for the 
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present discussion Since the coefficient of discharge Cj is then equal 
to the Euler number Ci may be expected to vary with R Although 
the form of variation cannot be e\ aluated analytically, experiments 
have resulted in the functional relationship plotted in Fig 85 for a 
circular orifice in the side of a large tank As is to be expected the 
greatest deviation from the value 0 611 of Table I is found at the Ion 
end of the abscissa scale w here the relative influence of viscositj is a 



orifice after Lea 

maximum While the curve approaches the horizontal with mcrcas 
ing values of R it should be noted that the limiting magnitude of Cj 
for R = oo is somew hat below 0 611 ow mg to the loss of energy due to 
viscous deformation (that is the velocity along the solid boundary 
must invariably be zero however great the Reynolds number ma> 
become) 

Tor an> particular boundary conditions a specific v alue of R is thus 
seen to denote a specific Euler number and hence a specific dynamic 
pattern of flow, regardless of the absolute magnitudes of the linear 
scale vclocit) dcnsit> and viscosit) That is so far as viscous action 
is concerned two states of motion ma> be said to be djnamicallj 
similar if the boundaries are geometrical!) similar and if the Rcjnolds 
numbers (and therefore the ruler numbers) have the same magnitude 
This principle of similitude is of considerable practical significance in 
the interpretation of measurements made on scale models of flow struc 
tures in which viscous and inertial effects art of primary importance 
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Example 32. The drag of harbor currents upon a submerged mine is studied, 
for convenience, in a wind tunnel, at a scale of 1:3. What wind velocity should 
be used to simulate a 5-mile-per-hour tidal current? To what prototype resist- 
ance would a model resistance of 3 pounds correspond? 


In order that the two states of flow may be dynamically similar, the following 
equality must obtain: 


V m L m _ v p l p 
Vm V p 


Assuming that, for sea water, v v = 1.4 X 10 -5 square foot per second and, for 
air, v m = 1.5 X 10 -4 square foot per second, 


Vm = Lp V~ = 3 1-5 X 10- 4 
V p L m v p 1 A 1.4 X 10- 6 

whence 

V m = 32.2 V p = 32.2 X 5 = 161 mph 
Since the Euler numbers must also be equal, 

Vm _ V P 
V2A p m /p m V2A pp/pp 

Noting that homologous forces are proportional to A p L 2 , 

Fp _ Ap p y _ iy Pp L p - 
Fm A p m L m - VJ Pm LJ 


Assuming that p p = 1.99 slugs per cubic foot and p,„ = 0.0025 slug per cubic 
foot, 



= 3 X 


i_v x -^ 

161/ 0.0025 



20.8 lb 


PROBLEMS 

198. A new form of flow meter when tested in the laboratory yields a differential 
pressure of 9 pounds per square inch for a flow of 3 cubic feet of water per second 
through a 6-inch pipe at 60° Fahrenheit. At what rate should water at the same tem- 
perature flow through a geometrically similar meter in a 24-inch pipe to produce 
dynamically similar conditions? What differential pressure should then be meas- 
ured? 

199. At what rate should air at 100° Fahrenheit flow through the 6-inch pipe 
meter of Problem 198 if dynamic similarity of the flow pattern is to obtain? Evalu- 
ate the corresponding differential pressure. (Assume p = 0.0023 slug per cubic foot.) 

200. Wind effects upon a barrage balloon are determined by means of a 1:15 
scale model in a wind tunnel. What air velocity in the tunnel would correctly simu- 
late a 20-mile-per-hour wind against the prototype? To what prototype drag would 
a 150-pound model drag correspond? 

201. Tests are to be made upon a 1:30 scale model of a Great Lakes freighter. 
If the cruising speed of the prototype is 12 knots, what velocity should be given the 
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model in a towing tank according to the similarity criterion of (c) Froude and (5) 
Reynolds? 

202 Because of the relate e ease in making internal \e!ocity traverses the flow 
pattern m a proposed water turbine is stud ed at a 1 10 scale reduction us ng a r 
instead of water If the operating temperature in both model and prototype is 
assumed to be 60® what flow ratio must prevail to atta n dynamically similar con 
ditions? What will be the conversion ratio for (a) % elocities and (6) changes in pres- 
sure intensity? 

203 Power requirements of a small submarine cruis ng submerged at 8 knots 
are studed under dynamically similar conditions in a high density wind tunnel at 
1 10 scale What prototype horsepower would be indicated by a model drag of 
65 pounds when the tunnel pressure is 5 atmospheres and the temperature 100®) 


30 INSTABILITY OF VISCOUS FLOW 

Disturbance of laminar motion In deriving relationships for the 
mean rate of energy dissipation due to viscous shear conditions were 
restricted to the elementary case of steady uniform flow under which 
circumstances the stream lines not only remain parallel to one another 
but also indicate velocities which do not change with time As men 
tioned in the foregoing section similar relationships will hold for shear 
in stead) non uniform motion the stream lines and \elocitie9 thtn 
\ar>ing in form from one boundary to the next but remaining un 
changed with time As a matter of fact much the same considera 
tions would apply to the unstead) non uniform flow of a viscous fluid 
provided onl) that the individual stream lines were governed in gen 
cral form by the geometr) of the solid boundaries The term laminar 
is applied to flow of this nature because the stream lines or rather 
stream surfaces appear to divide the entire region of flow into an 
ordcrl) senes of fluid laminae or la)ers conforming gcnerall) to the 
boundar) configuration 

The existence — whatever the cause ma) be — of local disturbances 
in the flow of a viscous fluid iscvidentl) not compatible with this con 
cept of laminar motion Under certain conditions to be sure an) 
local fluctuations in velocit) will gradinll) be damped b> the addi 
tional viscous stresses which arc produced the flow then evtntuall) 
becoming tru!) laminar in nature Under other conditions on tin 
contrar) the viscous stresses involved may not be sufficient to quell 
such fluctuations before the disturbance has spread throughout the 
entire zone of motion The flow is then said to lie turbulent and ma) 
no longer tic treated according to the foregoing equations for laminar 
motion Sinct minor disturbances art alwa)s present in a moving 
fluid, and since ttirbuhnce is one of tht most important phmomena of 
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fluid motion, the question whether a given state of flow is inherently 
stable or unstable must invariably be answered. 

Development of a general instability parameter. The inertial tend- 
ency of any fluid toward instability may be illustrated schematically 
by assuming the velocity distribution shown in Fig. 86a to exist in a 
fluid of finite density but zero viscosity. If, for any reason, the stream 
line at the velocity discontinuity 
begins to deviate from a straight 
line (i.e., if a disturbance occurs), 
as indicated in Fig. 86b, according 
to the flow net the local velocity 
will decrease as the neighboring 
stream lines diverge and increase 
as they converge. As the velocity 
decreases, however, the pressure 
intensity must increase, and vice 
versa, with the result that the 
pressure differences across the dis- 
continuity will tend to increase the 
displacement of the stream lines at 
all points in the direction of the 
initial deviation. As the process 
continues, the zone of discontinuity 
will eventually develop into a series 
of vortices of finite size, as shown 
by Figs. 86c and 86 d. 

If the viscosity of the fluid under consideration is not zero, the fol- 
lowing modification of this schematic picture is to be expected. An 
abrupt discontinuity of the velocity distribution will not be possible, 
since this would require an infinite local intensity of shear; the steeper 
the local velocity gradient, however, the more nearly the conditions of 
Fig. 86 are approached. Similarly, the higher the fluid density, the 
more pronounced will be the tendency to produce eddies if an initial 
disturbance is present. The higher the viscosity, on the other hand, 
the more will the internal shear tend to oppose further differences in 
velocity. The presence of a solid boundary will likewise be a stabilizing 
influence, since the nearer the initial disturbance is to the boundary 
the smaller must be the lateral displacement. 

With reference to Fig. 87, showing the velocity distribution of a 
viscous fluid near a plane boundary, it will be seen that the velocity 
gradient, density, viscosity, and wall distance may be combined to 


Surface of \ 



discontinuity > \ 





\ 







Fig. 86. Instability of flow at a sur- 
face of discontinuity. 
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yield a stability parameter x (chi) having the following dimensionless 
form 


X - 


y 2 P di/dy 


(132) 


According to the foregoing discussion the greater the numerator of 
this parameter the greater will be the tendency toward local instabil 
lty whereas the greater the denominator the greater the stabilizing 
influence The parameter will necessarly be zero at the boundary 
where y is zero and also at a great distance from the boundary where 



Fig 87 Defin ton sketch for the nstab 1 1> of lam nar flow near a boundary 

di/dy is zero At some intermediate distance however it will attain 
a maximum value as shown in the figure This then is the zone at 
which eddies may be expected to occur if the flow is disturbed in an) 
way — provided that the magnitude of x exceeds a certain critical value 
Experiments for various boundary conditions indicate that this critical 
value has a magnitude of about 500 In general therefore if the 
parameter x docs not approach 500 at any point in a given flow such 
flow is inherently stable but if this critical value is much exceeded at 
any point eddies will develop once a disturbance of sufficient magm 
tude occurs 

Reynolds’ upper and lower critical limits Since for any given 
boundary geometry the Reynolds number characterizes the flow as *» 
whole one w ould also expect a particular value of R to mark the limit 
of stability for a particular boundary form Indeed this was first 
shown to be true for flow through a circular tube by Osborne Rcy 
nolds an English scientist of the last century for whom the parameter 
R was named In I ig 88 is shown schematically a modification of 
Reynolds equipment intended for demonstration purposes A glass 
tube w»tb rounded inlet leads from a large tank aneJ terminates in a 
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valve by which the rate of flow can be controlled. At the inlet is a 
small jet permitting the introduction of a fine stream of dye. If the 
tank is filled with water and allowed to stand for several hours, and if 
the control valve is then opened slightly, injection of the dye will 


1 

tube i 


/■Glass 

N r - v-J 


Valve — ^ > 


Fig. 88. Reynolds apparatus for demonstrating instability of flow through a tube. 

yield a colored filament which passes through the tube so steadily that 
it scarcely seems to be in motion. The flow will continue in this stable 
state as the valve is opened farther, until eventually a velocity is 
reached at which the thread of dye begins to waver (Fig. 89). Con- 
tinued increase in the rate of flow will make the fluctuations more 
intense, the dye at last rapidly 
diffusing over the entire cross sec- 
tion of the tube. 

Reynolds found that instability 
of flow would occur at a magnitude 
of the parameter R = VD/v of 
about 12,000, regardless of the 
tube diameter. More recently, 
however, it has been proved that 
the magnitude of the Reynolds 
number at which laminar flow be- 
comes unstable depends largely 
upon the nature of the disturb- 
ances present in the flow. For in- 
stance, critical values of R over 
40,000 have since been reached with Reynolds’ original equipment, 
largely as the result of increasing the stilling time, improving the 
rounding of the inlet, and eliminating all possible vibration. The 
so-called upper critical Reynolds number — the maximum value of R 
at which laminar flow is physically possible — would therefore appear 
to be indeterminate, the disturbances necessary to produce instability 
simply decreasing in magnitude as R becomes larger. 


Co; 


(b) 


M 


(Cl 

Fig. 89. Behavior of the dye filament 
with increasing Reynolds number. 
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There exists however for any given boundary geometry a louer 
critical value of R below which disturbances of any magnitude are 
eventually damped by viscous action For flow'* through circular tubes 
the lower critical Reynolds number is approximately VD/r = 2000 
a value which has considerable practical significance Comparable 
limits have been determined for various other types of flow whether 



Platf \I I Photographs of the trans t on from lam nar (low to turbulent flow in a 
glass tube 


through or around fixed boundaries of different forms and whether 
for confined or fret surface flow although these limits differ consider 
ably in numerical magnitude owing in part to the effect of boundary 
form upon the flow stability and in part to the flow dimension chosen 
as the length parameter Invariably however flow which is char 
actenzed by a Reynolds number loss than the lower critical is stable 
to disturbances of any magnitude and hence is inherently laminar in 

nature indeed it is only this lower critical value which is of practical 

importance since a moving fluid is seldom so free from local disturb 
ances that laminar flow will persist at higher values of R 
Example 33 Certain operations in the manufacture of chemicals involve 
the flow of liquid in a thin smooth sheet down an inclined plate of glass If 
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the Reynolds number exceeds the critical value of 500, turbulence may develop- 
moreover, if the Froude number exceeds 2, surface waves may form. Deter- 
mine the maximum permissible rate of flow per unit width, and the correspond- 
ing slope of the glass plate, for a liquid having a viscosity of 6 X 10 -5 pound- 
second per square foot and a specific gravity of 1.2. 


Evidently, the following conditions limit both the depth and the mean 
velocity, the product of which determines the rate of flow: 

= 500 and = 2 

v Viy 

Upon eliminating V and solving for y, 

500v 


y 


/ — 3 j 250,001 

= 2V^, y = yj — 


.OOOv 2 


For the given fluid characteristics, 

l 

3 

y = M 


/ 250,000 X 


/ 6 X 10~ 5 V 
\1.94 X 1.2/ 


4 X 32.2 


= 0.0109 ft 


and 

Therefore, 


V = 2\/gy = 2V32.2 X 0.0109 = 1.18 fps 
q = Vy = 1.18 X 0.0109 = 0.0129 cfs/ft 
and, from Eq. (128), 

„ 3 fiV 3 X 6 X 10- 5 X 1.18 .... . , 

5 = -t— - = - - ===== = 0.024 = sin 1 a 

7 y- 62.4 X 1.2 X 0.0109 2 

a = 1° 22' 


PROBLEMS 

204. Submit on logarithmic paper a plot of pipe diameter against the lower critical 
velocity for air and water at 60° Fahrenheit. 

205. The value R = 1.0 is sometimes taken as the approximate limit of validity- of 
the Stokes equation, inertial effects thereafter becoming appreciable. Determine the 
maximum size of mist droplets which will still follow the Stokes relationship in air at 
60 0 Fahrenheit. 

206. From the equation for the velocity distribution in laminar flow through a tube, 
derive an expression for rmw in terms of V r D , and v. To w'hat value of this param- 
eter does the critical value R = 2000 correspond? 

207. Although blood is not a true fluid, in that its viscosity varies somewhat with 
rate of shear, it may be assumed for present purposes to be approximately 5 times as 
viscous as water. If the mean velocity of the blood stream through a K'inch artery is 
about 6 inches per second, what fraction of the lower critical velocity does this repre 
sent? 
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208 What is the greatest permissible rotational speed (i e that at wh ch y -,.. *■ 
500) of the mscos meter of Example 29 ruth oil of the given mscos tj assuming its 
specific gravity to be 0 9? 

209 What is the greatest depth of o 1 for wh ch p = 10 * pound second per square 
foot and p = 1 7 slugs per cub c foot wh ch could exist in the reservoir of Problem 
193 without exceed ng the lower critical velocity of flow? 

31 CHARACTERISTICS OF FLUID TURBULENCE 

Nature of the mixing process, energy dissipation Once the flow of 
“i viscous fluid has become unstable in any region the resulting eddies 
will spread rapidly over the en 
tire flow section thereby pro- 
ducing a complex pattern of 
motion which vanes contmu 
ously with time This phenom 
enon is known as fluid turbu 
lence Since the stream lines 
are then not only hopelessly in 
tertwined but changing in form 
from instant to instant turbu 
lent flow is evidently the com 
plete antithesis of laminar flow 
in which neighboring layers 
of fluid remain distinct from one 
another except for the minor 
effect of mol ecuhr diffusion In 
deed fluid turbulence is often 
likened to molecular motion on 
a greatly enlarged scale the 
microscopic intermixing of mole- 
cules finding a counterpart in the macroscopic intermixing (i e eddy 
motion) of finite masses of fluid 

Not onh does turbulence involve a continuous interchange of fluid 
between neighboring zones of flow as indicated by the rapid diffusion 
of color in the Rey nolds apparatus but at the same time the rate of 
energy dissipation is greatly increased as may be seen from the abrupt 
change tit the relationship between pressure gradient and mean velocity 
plotted in Fig 90 That these effects are doscly related w ill be cv ident 
from the following reasoning Just as coloring matter is carrier] from 
one part of the flow to anothtr by the mixing process of turbulence 
fluid with high kinetic cnirgy is carrier! from the central region toward 
the boundaries while fluid with low kinetic energy is earner! from the 



Fig 90 Comparison of the rates of energy 
d ss pat on in lam nar and turbulent flow 
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boundary region toward the center, with the result that the average 
velocity distribution for turbulent flow becomes far more uniform than 
that for laminar flow, as indicated in Fig. 91. In fact, far from being 
a parabola, the distribution curve is practically logarithmic in form. 
At the boundaries, therefore, 
where the eddy motion must re- 
duce to a minimum, the velocity 
gradient is much higher than in 
wholly laminar motion, whence 
the intensity of boundary shear 
t 0 = n(dv/dy)( y _ o) must be in- 
creased by a corresponding 
amount. It follows from a rela- 
tionship such as Eq. (118) that 
the pressure gradient, a measure 
of the energy dissipation, will be 
far greater in turbulent flow. 

Nevertheless, if the variation of the mean intensity of shear across 
the section is to remain linear, as it must in uniform flow, it is evident 
that r will be increased at all points by an amount proportional to 
the increase in r 0 . How this is effected by the turbulence will be clear 
if one notes that the distribution curve of Fig. 91 represents the 
temporal mean velocity v in the longitudinal direction, whereas at any 

instant the complex pattern of the 
eddy motion results in deviations 
from the temporal mean value in 
every direction at all points; such 
instantaneous deviations in the 
longitudinal direction are indicated 
schematically in Fig. 92. In other 
words, one may visualize turbulent 
flow as a haphazard and ever- 
changing system of eddies super- 
posed on the mean motion of the 
fluid, the viscous stresses within 
each individual eddy resulting in a 
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Fig. 92. Instantaneous distribution of 
velocity in turbulent flow. 



Fig. 91. Comparison of the mean veloc- 
ity-distribution curves in laminar and tur- 
bulent flow. 


rate of energy dissipation which is far in excess of that due to the 


mean flow alone. 

Significance of the eddy viscosity. Since the pattern of the turbu- 
lence varies continuously with time, knowledge of the instantaneous 
distribution of velocity is useful only if a continuous record with time 
(see Fig. 93) is available for statistical analysis. For this reason, use 
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is sometimes made of the rough similarity between molecular motion 
and turbulence by writing the mean intensity of shear due to turbulence 
[compare with Eq (110)] in the following form 


dv 
V dy 


(133) 


The bar over the velocity now represents the temporal mean value at 
anv point, as plotted in Figs 92 and 93 while ij (eta) is the so-called 
eddy uscosity analogous to the molecular viscosity n This method 
eliminates the necessity of considering the instantaneous viscous 
stresses within the eddies, through expressing the average effect of 






Flo 93 Local \anation of the velocity with time 


these stresses in terms of the mean velocity gradient and a parameter 
characteristic of the turbulence 

In the kinetic theory of gases it has been shown that the viscosity ft 
of a gas depends upon the density of the gas the mean free path of the 
molecules and the mean molecular velocity If one continues the 
analogy between such microscopic molecular motion and the macro- 
scopic eddy motion of fluid turbulence then the eddy viscosity should 
depend upon the density of the fluid the mein size I of the eddies 
nnd some characteristic velocity of the eddy motion — the most ap- 
propriate form of the list parameter being the root mein squire 
V^of the instantaneous velocity deviations from the mean veloe 
ity of the primary motion (see Tig 93) S nee n is a fluid propertv its 
magnitude is the same at all points of a given flow (provided that the 
tt mperature is constant) The parameter ij hov. ev er, is a fluid char 
ictcristic only in so fir as it includes the fluid density , otherwise it is 
a characteristic of motion and may reasonably be expected to v3rv 
from point to point in the flow In fact b\ dividing if by p there is 
obtained a factor which is charactiristic of the flow alone 
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The factor e (epsilon) is evidently a kinematic eddy viscosity comparable 
to v, the kinematic molecular viscosity. This parameter should then 
depend only upon the eddy size 1 and the eddy velocity VV 2 . 

Although the measurement of turbulence characteristics is a very 
tedious statistical process, the results of such measurements are ex- 
tremely significant. These are shown schematically in Fig. 94 for 
flow through a pipe of circular cross section. It will be noted that the 
average eddy size varies from zero at the boundary to a maximum at 
the centerline, the velocity of fluctuation on the other hand being a 
maximum near the boundary' and decreasing toward the center; the 



product e = I"'/ t>' 2 therefore becomes a maximum approximately 7 mid- 
way 7 between centerline and wall. 

Evidently 7 , the mixing effect is 
most pronounced in this region, 
approaching a low value in the 
central'zone but attaining a mini- 
mum of zero at the wall. This 
knowledge is particularly 7 impor- 
tant — not only in the analysis of 
energy 7 dissipation, but also in 
problems of heat transfer and the 
suspension of finely 7 divided mate- 
rial (dust or silt) by the process 
of turbulent convection. Indeed, since e provides a direct measure 
for the mixing process, it is frequently called the diffusion coefficient. 

Just as the mean size of the eddies in turbulent flow is governed by 
the scale of the boundary geometry 7 , the mean velocity of fluctuation 
for given boundary conditions and a given fluid depends upon the mean 
velocity of the flow itself. In other words, the average mixing coeffi- 
cient for the entire flow section, e„„ must vary with VL. Dividing 
both quantities by the kinematic viscosity, it follows that the ratio of 
the eddy 7 viscosity to the molecular viscosity in turbulent flow must 
vary with the Reynolds number: 


Fig. 94. Variation in eddy viscosity 
across a circular pipe. 






v 


0-35) 


In general, therefore, not only will the relative effectiveness of the mix- 
ing process increase with increasing Reynolds number, but also two 
states of turbulent flow may be said to be dynamically similar if the 
boundaries are geometrically similar and the Reynolds numbers are 
the same. 
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Plate XIII The diffusion of smoke in winds having the same \clocity but different 
degrees of turbulence 


Example 34 Flow of a gas through a horizontal 2 inch pipe Melds a measured 
pressure drop of 20 pounds per square foot per 1000 feet of pipe when the mean 
\cIocit) is 12 feet per second the density and the kinematic \isco«ity of the 
gas are respective!) , 15 X 1 0~* slug per cubic foot and 2 X 10~* square loot 
per second What percentage error would result were the rate of discharge 
computed from the measured pressure gradient according to the equation of 
Poiscuillc 5 


Since 


R 


1 D _ 12 X A 
r °2X 10~< 


10000 


the flow is well beyond the practical limit (R ** 2000) of the hminar regime 
For the gi\ cn velocit), the actual rate of encrg> dissipation is therefore far 
greater than that computed b> the equation of Poiseuille consequent!), the 
velocit) indicated b\ I.q (121) for the gi\en pressure drop should lie considers 
b!) in excess of that w hich actual! \ occurs at this stage of turbulent flow That 
ts solving I.q (121) for l 
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V = D ^ pl ~ M (A) 2 x 20 

32 f£ 32 X (2 X 10~ 4 X 15 X 10- 1 ) X 1000 ~ °'‘ 8 fps 

v. hich represents an error of 

57.S - 12 

X 100 = 381% 

PROBLEMS 

210. Crude oil is pumped through a 6-mch pipeline which is subject to seasonal 
changes in temperature. At the maximum temperature of 100° Fahrenheit, when 
v — 3 X 10~ 4 square feet per second, a power input of 3 horsepower per 1000 feet 
of line is required to maintain a flow of 1 cubic foot per second. What power input 
would be required to maintain the same rate of flow at the minimum temperature of 
30° Fahrenheit, if the viscosity of the oil is then 10 times as great? (Note First 
compute the Reynolds numbers; assume a specific gravity of 0 9 at both tempera- 
tures.) 

211. A mixing device used in chemical manufacture is found to require 15 minutes 

to yield a satisfactory liquid suspension of finely div ided solids. If both the size and 
the rotational speed of the agitator were 
doubled, how long an interval should be 5 

required to reach essentially the same 
stage of mixing? ^ 

212. Measurements of wind velocitv ,, 

V X 3 

against time in the lee of a tower yield m 
the sinusoidal curve shown in the accom- fps 
panying sketch. Estimate therefrom the 
magnitudes of /, V t 1 '- 2 , and c for the eddies 
shed by the tower. 

213. Estimate the relatixe magnitudes ® 

of the eddy viscosit} for the three photo- 
graphs of smoke diffusion shown in Plate 
XIII. 

214. Assuming that the wind velocitv varies with the logarithm of elevation above 
the surface of the earth (i e., v = Ci + C» logioj), estimate the velocity at an elevation 
of 1000 feet when measurements at 10 feet and 100 feet yield velocities of 7 and 11 
feet per second, respectively. 

215. As a first approximation, the size of the eddies at the end of the hvdrauhc 
jump may be assumed proportional to the depth y* and the velocity fluctuations pro- 
portional to the mean velocity I'e Compare the values of « resulting from jumps at 
Froude numbers of 5 and 10, the depth yi being the same in each case. 

216. In a given wind the smoke from a factory chimney is found to spread 15 feet 
laterally in a distance of 100 feet. If the eddv size is assumed proportional to that of 
the boundarv (i e., building) irregularities and the eddv velocitv proportional to the 
velocity of the wand, what change in the lateral diffusion of the smoke would result 
from a 50 per cent increase in wand velocitv ? 

217. It is sometimes assumed, for convenience, that the kinematic eddv vascositv 
( is constant across the normal section of a pipe or open channel To what form of 
♦-He velocitv distribution curve would this necessanlv corresDond? 
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QUESTIONS FOR CLASS DISCUSSION 

1 Does the viscosity of (a) liquids and ( b ) gases increase or decrease with tem 
perature? Suggest reasons tor the difference m behavior 

2 Describe the distribution of shear in a cylindrical vessel of fluid rotating about 
its axis at constant angular speed Discuss the variation in shear which would be 
caused b> an abrupt change in the rotational speed of the tank 

3 At what rate is work, done by the shear on the vertical faces of the element 
of Fig 76? 

4 Show that the relationship preceding Eq (124) may be obtained from a sum 
motion of the rates at which work is done by the several forces shown in Fig 76 

5 If fluid pressure is not a form of energy , why is the pressure gradient a measure 
of the rate of energy dissipation in steady uniform flow? 

6 Cite instances of laminar flow encountered in everyday life 

7 Suggest means of measuring both dynamic and kinematic viscosity based on 
the \ anous examples of laminar flow discussed in this chapter 

8 With reference to Fig 81 in what zone of laminar flow through a tube would 
the temperature tend to rise at rhe greatest rate? How would the resulting heat be 
transferred to the remaining zones of flow? 

9 Heat is supplied to fluid passing through a conduit by means of resistance coils 
in an external jacket How wall the heat reach the innermost zone of flow in («) 
laminar motion and (b) turbulent motion? Will the transfer of heat be more rapid 
in (a) or in (6)? 

10 With reference to Fig 94 where in the pipe cross section would the rate of heat 
transfer in Question 95 be the smallest? 

1 1 Show that the Reynolds number may be considered to represent the ratio of a 
typical inertial reaction to a typical viscous force 

12 The dynamic viscosity of water is approximately 70 times as great as that 
of air at normal temperature Is the kinematic viscosity of water greater or less 
than that of air? Of what significance is this fact in connection with the dynami 
cally similar flow of air and water through the same conduit? 

13 In model studies of gra\ itaiionj] effects, \elocities are reduced in proport on 
to the square root of the scale ratio What velocity change is required in model 
studies of v iscous cflccts? W*hat practical difficulty would such a relationship intro- 
duce in model stud es involving both gravitational and viscous effects? 

14 Why does the irreguhr filament of dye in the Reynolds apparatus (Fig 88) 
not represent a stream filament? 

15 Describe examples of flow in which turbulence is (a) advantageous and (5) <1 s 
advantageous 
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SURFACE RESISTANCE 

32. THEORY OF THE BOUNDARY LAYER 

Essence of the Prandtl theory. In the preliminary analysis of fluid 
motion without regard to the effect of viscosity, it was found that the 
pattern of motion was governed primarily by the geometry of the 
boundaries between which or around which the fluid moved. Since, 
however, the velocity of a viscous fluid at the zone of contact with a 
solid boundary is invariably the same as the velocity of the boundary, 
it is evident that the pattern of motion of a viscous fluid must differ 
appreciably — at least in the boundary neighborhood — from that indi- 
cated by the flow net. It is the purpose of this and the succeeding 
chapter to investigate the influence of such viscous effects upon the 
velocity distribution, and to evaluate the magnitude of the resulting 
forces exerted by the fluid upon the boundary. 

As must be concluded from the discussion in the foregoing chapter, 
the extent to which viscous action may be expected to modify the basic 
pattern obtained from the flow net will depend upon the magnitude 
of a characteristic Reynolds number. The smaller the Reynolds num- 
ber, that is, the larger will be the viscous influence. The larger this 
parameter, on the other hand, the smaller will be the importance of 
viscosity in determining the ultimate pattern of motion. Indeed, al- 
though viscous resistance to deformation must, mathematically speak- 
ing, extend throughout the moving fluid in all cases, it so happens 
that at high values of R such resistance will be appreciable only in 
the immediate vicinity of the boundary. Recognition of this fact 
early in the present century by the German scientist Prandtl may be 
considered to mark the foundation of modern fluid mechanics. 

Consider, for example, the motion of a fluid at the velocity Vq past 
the streamlined strut shown in Fig. 95. If only viscous effects are 
taken into account, the velocity distribution will follow curve I, v 
being zero at the boundary and gradually increasing toward the limit 
Vo with distance from the boundary. If only accelerative effects are 
taken to account, however, the lateral velocity distribution will be as 
indicated by curve IV, v being a maximum at the boundary and gradu- 
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ally decreasing toward the limit t 0 with distance from the boundary 
Since curve I evidently corresponds to an extremely low and curve I\ 
to an extremely high Reynolds number it is apparent that interme- 
diate values of R should yield intermediate distribution curves such 
as II and III 

So long as the velocity varies according to curves I and II it will 
be seen that the flow pattern around a body of this form cannot even 
be approximated by means of the flow net Curve IV of course cor 
responds exactly to the flow net but curve III differs perceptibly 



Fig 9S Mod ficat on of boundary nflucnce with ncreas ng Reynolds number 

therefrom only in the neighborhood of the boundary- In the latter 
case therefore it may conveniently be assumed that the major part 
of the v iscous deformation is confined to w hat is know n after Prandtl 
as the boundary layer — a relatively thin zone of flow in the immediate 
boundary vicinity If therefore the Reynolds number is sufficiently 
high (as it is in the majority of engineering problems) the flow net 
may still be used to indicate the accelerative aspects of the fluid mo- 
tion while the viscous aspects may be evaluated through an analysis 
of the motion in the boundary layer alone 

Characteristics of the laminar boundary layer Since the true 
boundary lay-eris from definition very thin in comparison with other 
boundary dimensions for the sake of convenience it may as a first 
approximation be assumed to develop along either side of a flat pl3te 
held longitudinally in a moving fluid At any arbitrary section along 
the phtt the velocity will vary essentially as shown in Tig 96 having 
a magnitude of zero at the plate and rapidly approaching the limit ro 
with norma! distance > If the distance y *» & (delta) is defined as 
that at which the velocity is say within 1 per cent of its asymptotic 
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limit, 5 thus becomes a nominal measure of the thickness of the boun- 
dary layer — i.e., of the region in which the major portion of the vis- 
cous deformation takes place. 

According to the foregoing discussion, the relative magnitude of 5 
should vary inversely with a characteristic Reynolds number. In 
other words, if S is expressed as a ratio to the distance x from the lead- 
ing edge of the plate, and if the Reynolds number is composed of the 
length x, of the velocity v 0 , and of the kinematic viscosity v, then o/x 
should be a function of R = v^x/v. Indeed, it has been shown both 
analytically (through use of the momentum principle) and experi- 


tMs : Vertical Nominal limit of HzL — 

scale enlarged r boundary !ayer^>~\' 
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Fig. 96. Development of the boundary layer along a fiat plate. 


mentally that, so long as the flow in this region is laminar, the velocity 
distribution will be approximately parabolic and, roughly, 


8 _ 5 5_ 

x y/ vqx/ v 


(136) 


Evidently, for a given distance x from the leading edge of the plate, 
the nominal boundary-layer thickness will decrease with increasing 
velocity, and will increase with increasing kinematic viscosity. Simi- 
larly, for a given fluid, a given plate, and a given velocity of flow, the 
nominal boundary-layer thickness will increase with increasing dis- 
tance x from the leading edge — much as shown at the left of Fig. 96. 

If the velocity distribution is to remain approximately parabolic 
in form while the thickness of the boundary layer increases, it is ap- 
parent that the velocity gradient at the plate will accordingly decrease 
in magnitude, as in the two curves at the left of Fig. 96. From the 
relationship t = y dv/dy it follows that the intensity of shear r 0 at 
the surface of the plate will also be reduced as the distance x increases. 
In fact, 

( _ ( r V -° \ — vCv 0 y/v 0 x/v _ 1C pvp- 

T ° M \dy) v= o ^ v. ° i 5.v 5 V vqx/v 2 
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from which it will be seen that to mij be expressed in terms of the 
familiar quantity pi$ J2 and a local drag coefficient cj, that is 


in which cj cudently consists onl> of the numerical constant 2C/5 
and the Rcjnolds number The constant has been shown both ana 
1> tically and expenmentallj to ha\e the magnitude 0 664 whence 

0 664 

c f = -jp- 038) 

In order to exaluate the total drag exerted b> the fluid on either side 
of a plate of breadth B and length L it is necessarv to integrate Eq 
(137) o\tr the distance x = L 


' = B ^ r 0 d 
Jo 


A V^Tr 

Evaluation of this integral w ill show that 




in which C/ is a mean drag coefficient which like c / depends onI> upon 
the Rcjnolds number (written now in terms of the length L) as plotted 
in Fig 97 

_ 1 328 ..... 

C, - -gs- ( 14 °> 

Attention might well be called at this point to the structure of the 
coefficients c / and C / From Eqs (137) and (139) it will be seen that 


Comparison with Section 13 will show that these quantities which 
are similar in structure to the Euler number ha\e the same significance 
in problems of tangential stress as the Fuler number has in problems 
of normal stress In the following section the two tapes of stress will 
be found to lie intcrdepcndmt In the present case howocr the 
extreme thinness of the boundarj lajtr results in essential constancy 
of the normal stress — i e th« pressure mtensit> — at all points Flow 
past a thin platt therefore represents one of the \tr> few pro! lems in 
which the hukr number as such is of no significance 
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Characteristics of the turbulent boundary layer. As in the case of 
flow through circular tubes, flow in a laminar boundary layer will 
eventually become unstable as the Reynolds number (more specifically, 
the local stability parameter x = T(dv/dy)/v) is increased. From the 
composition of the number R = i’gx/v, it will be seen that an increase 
in the magnitude of R might represent a decrease in viscosity, an in- 
crease in velocity, or an increase in distance from the leading edge. 
In other words, if the plate is sufficiently long, at some point (see Fig. 
96) the laminar flow may be expected to develop eddies which rapidly 
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Fig. 97. The mean drag coefficient for a plane boundary as a function of the 

Reynolds number. 

give rise to turbulence within the boundary layer, the critical Rey- 
nolds number having the approximate magnitude of 400,000 but vary- 
ing considerably with the state of the oncoming flow and the condition 
of the leading edge of the boundary'. If the total boundary length is 
not very great, the combined drag of the laminar and turbulent zones 
must be evaluated from an empirical transition curve such as that 
shown in Fig. 97. If, on the other hand, the boundary is very' long, 
the length of the laminar Iay'er may be neglected, and the drag com- 
puted as though the layer became turbulent at the outset. 

The presence of turbulence in the boundary layer not only increases 
the rapidity' with which the zone of the disturbance expands but also 
considerably modifies the velocity distribution and the surface drag. 
In other words, the resulting process of mixing tends to make the 
velocity more uniform throughout the greater part of the lay r er, yet 
at the same time produces a very' rapid change in velocity near the 
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will Indeed if the will is very smooth laminar motion will still 
persist o\er a small 7one known as the laminar sublayer as shown in 
Tig 985 the velocity gradient at the boundary determining the sur 
face drag just as in the foregoing case The resulting conditions are 
approximately described b\ the following relationships for Reynolds 



numbers as high as 20 000 000 (refer to Tig 97) corresponding to the 
seventh root variation of the velocity indicated in Fig 985 


6 

x 

c/ 


C, 


0 377 
R w 

0 059 
R li 
0 074 
R* 


(14!) 

(142) 

(143) 


The local and mean coefficients of drag have the same significance as 
in Eqs (137) anti (139) Rcyond the limit of validity of these rcla 
tionships (R = 20 000 000) a more refined method of analysis based 
on the logarithmic velocity distribution of Tig 98c yields for C/ the 
K^rmfa Schoenherr equation 


1 

Vq 


4 13 log, 0 (RC» 


(144) 
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case of flow transition from one boundary form to another. As indi- 
cated in Fig. 99a, for example, a laminar boundary layer begins to 
develop at the entrance — or “leading edge” — of the Reynolds demon- 
stration tube, where the velocity is essentially constant from wall to 
wall, gradually expanding until the layers from opposite sides meet at 
the center — approximately at the section 


x n VD 

— = 0.07 

D v 


(145) 


Only from this section on is the flow truly uniform, having the para- 
bolic velocity curve of established laminar motion. If the Reynolds 



Fig. 99. Development of the boundary layer in a circular pipe. 


number is sufficiently high, however, the laminar flow in the boundary 
layer will become unstable before this section is reached (Fig. 9 9b), 
further growth taking place in accordance with the principles of the 
turbulent boundary layer; under such conditions the ultimately uni- 
form flow (beyond x/D ~ 50) will be turbulent, except for the thin 
laminar sublayer along the walls. 

Example 35. A thin plate 3 feet wide and 7 feet long is towed through water 
( v = 1.6 X 10 -5 square feet per second) at a velocity of 5 feet per second. 
Compute the drag on the two sides of the plate, assuming that (a) the boundary 
layer remains laminar, (6) the boundary layer becomes unstable at R = 400,000 
and (c) the boundary layer becomes turbulent at the leading edge. 


The Reynolds number for the distance x = L will be 

5X7 


■R = ^ = 

v 1.6 X 10~ 6 


From Eq. (139) 


2.19 X 10 6 
94 X 5 2 


F = 2 [QBL^pj = 2 X C f X 3 X 7 X — * = 1020O 
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Taking values of C/ from Fig 97 for the three gi\en conditions 

(а) F = 1020 X 0 0009 = 0 92 lb 

(б) F = 1020 X 0 0032 = 3 26 lb 

(c) F = 1020 X 0 004 = 40S lb 

Of further interest is a comparison of the boundary lajer thickness at the end 
of the plate under conditions (a) and (c) as computed from Fqs (136) and (141) 


(a) 


M 


Su 


Sn,. 


SL 5X7 
R* (2 19 X lO'jH 


=» 0024 ft 


0 377L 
R>‘ 


0377 X 7 
(2 19 X 10 8 )** 


0 143 ft 


Example 36 Drag tests arc made in a towing tank on a 1 25 scale 
model of a proposed ocean \essel which is expected to attain a peak speed of 
16 knots Since it is impossible to satisfy simultaneously both the Froude and 
the Reynolds entena for simibnt> the tests are made at identical values of the 
Froude number and the magnitude of the corrected surface drag for the proto- 
t>pe is deduced b> means of the boundar> la>er equations If the prototv pe 
has a length of 300 feet at the waterline and a wetted area of 18000 square feet 
to what full scale peak speed drag would the measured value of 3 45 pounds at 
model scale correspond * 


Assuming that p m = 1 94 slugs per cubic foot p r =• 1 99 slugs per cubic foot 
*= 1 2 X 10 _i square foot per second and v p = 1 3 X 10 4 square foot per 
second and noting that 16 knots represents a velocit} of 1 69 X 16 » 27 feet 
per second 


Vn 2 X 300 Vil 2 X W 
27 X 300 


: = 5 40 fps 




R. 


5 40 X Vs" 
1 2 X 10 ‘ 


= 5.40 X 10* 


From J-ig 97 or l.q (143) the value of C/ corresponding to R„ is found 
0 0033, for which the surface drag becomes according to Eq (139) 




be 


Assuming thin that the resistance due to the waves is the difference between 
the total drag and the surface drag the force required bv the model to overcome 
the wave resistance is 3 45 — 2 69 «■ 0 76 pound The corresponding force for 
the prototv pi (see 1 xampk 21) should thin lie 

<f„), - (M. & — 016 x }|j X Jo 1 - 12 2001b 
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But for the corresponding value of R,.,, C f = 0.00166, u hence the prototype sur- 
face drag becomes 

(F,) p = 0.00166 X 18,000 X * 2 '~ = 21,700 lb 

The total drag of the prototype should therefore be 

F p = (F,) p + (7v) p = 21,700 + 12,200 = 33,900 lb 

PROBLEMS 

218. Plot to scale the variation in ro and o along the plate of Example 35 for con- 
ditions (a) and (c), and sketch the approximate forms of the corresponding curves 
or condition (6). 

219. If a plate 5 feet square is towed through water at a constant velocity of 3 
feet per second, it is found to attain a maximum drag of 253 pounds when held at 
right angles to its direction of motion. What fraction of this drag would be en- 
countered when the plate is towed edgewise at the same velocity? (Assume a water 
temperature of 60° Fahrenheit.) 

220. Estimate the surface drag encountered by the hull of a submarine when 
traveling fully submerged at a speed of 8 knots, if the length of the hull is 200 feet 
and its surface area 18,000 square feet; use, as a first approximation, the density and 
viscosity of fresh water at 50° Fahrenheit. 

221. The hull of a dirigible has a length of 300 feet and a surface area of 60,000 
square feet. Estimate the surface drag on the hull when its speed is 50 miles per 
hour in air at a temperature of 40° Fahrenheit. 

222. A streamlined train is 750 feet long, a typical cross section having a per- 
imeter of 25 feet above the wheels. Evaluate the approximate surface drag of the 
train when its speed is 60 miles per hour and the temperature of the atmosphere is 
70° Fahrenheit. 

223. If the wetted area of the model ship of Problem 127 is 8 square feet, what sur- 
face drag would be encountered at the given speed in fresh water at 60° Fahrenheit? 
What total drag would be encountered by the prototype, assuming the salt-water 
characteristics given in Example 36? 

224. Oil having a kinematic viscosity of 5 X 10 4 square foot per second is to be 
discharged from a large pressure tank through a 1-inch pipe, and the rate of discharge 
is to be determined from piezometer readings made in the zone of uniform motion 
well beyond the inlet. If the inlet is rounded to prevent disturbances due to sepa- 
ration, how far downstream may the flow be assumed to have become truly uniform 
(a) when V = 5 feet per second, (6) when V = 10 feet per second, and (c) when 
V = 20 feet per second? How far from the inlet should the first piezometer con- 
nection be placed? 


33. VELOCITY DISTRIBUTION NEAR SMOOTH AND ROUGH BOUNDARIES 

Velocity variation with distance from the boundary. In the case of 
laminar flow near a plane boundary, it was found in Chapter VI that 
an expression for the velocity distribution could be obtained by in- 



192 


SURFACE RESISTANCE 


[Chap VII 


tegration of the following form of Eq (110) 

dt r 
dy n 

From the parallel relationship for turbulent flow [see Eq 

dv T 
dy r, 


(146) 


(133)1 


(147) 


one might therefore seek to obtain a corresponding relationship for 
the velocity distribution in the case of turbulence During the inte- 
gration of Eq (146) however the molecular viscosity n could be con 
sidcrcd constant for a given state of flow while m Eq (147) the edd> 
viscosity is known to vary with distance from the boundary (see Fig 
94) Fortunately experiments indicate that in turbulent flow the 
intensity of shear and the eddy viscosity vary in such a manner that 
their ratio is as a first approximation directly proportional to Vro Tp 
(a parameter having the dimension L/T and known as the shear 
t floaty) and inversely proportional to the distance y from the bound 
ary That is henceforth omitting the bars denoting temporal means 
Eq (147) may be rewritten in the readily integrable form 

rft _ r _ 25 fT 0 

dy v 2 'p 


in which the factor 2 5 is the constant of proportionality determined 
from experiment 

Integration of this expression leads 
at once to the relationship 



■ 25 ^ 


log, y + C 


which states that in turbulent flow the 
velocity will vary directly with the 
logarithm of the distance from the 
boundarv as shown in Fig 100 From 
reference to this diagram it will be «ecn 
that the constant of integration may 
be evaluated from the condition that y *= ■/ when r = 0 whence 
C ■« — 2 5V^to/p log, v Introducing this value and dividing bv 
the ratio of the local velocity of flow to the shear velocity 


logarithm c velocity curve 
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will be found to depend only upon the ratio y/y 


log/- = 5.75 Iog 10 — r 

Vr 0 p y y' 


\r~tcg t / 


/_! 

fS^f 


Derivation, of the Karman-Prandtl velocity equations. At first 
glance, the inherent tendency of the logarithmic curve to indicate a 
zero velocity a finite distance from the boundary would appear to be 
in disagreement with physical 

fact. It must be recalled, / f 

however, that the flow in the /- . , . 

immediate vi cirri tv of a . / flaw 

smooth boundary is in van- / v~/spv 

ably laminar. Inspection of /I 

Fig- 101 will show, moreover, 

that this zone of laminar mo- - ' . . 

rr , . A^- H) transition 

toon must extend well bey-ond “j I 

the distance v' if a smooth s u’ / J 

...'., ,7 / Lar:.ra- flew 

transition is to exist between j v ~y 

the velocity curves for the yy/,- // * z //////////////////////, 

laminar and turbulent^ zones. Fr< -_ 10 1. Definition sketch for evaluating the 

Indeed, if one arbitrarily relative thickness of the laminar sublayer. 

selects the intersection of the 

parabolic and the logarithmic curves as the nominal borderline y = S' 
between the two types of motion (o' then representing the thickness 
of the laminar sublayer) . the parameters y' and S' may reasonably be 
expected to be interdependent. 

Since the distance v = S' marks the stability' limit of the laminar 
sublayer, it should, according to Section 30, be represented by' a con- 
stant macnitude of the stability parameter x — T {dv/dy)fv. Re- 
placing. for simplicity, the parabolic segment c in Fig. 101 by the 
straight line 5 , which it very closely approximates in this zone, Eq. 

( 14d) takes the form 


■£/ 1 rais:t:cn 


[ | j Lam.r.a- ^ flew 

Frc. 101. Definition sketch for evaluating the 
relative thickness of the laminar sublayer. 


whence 


dy p. 


yr dr 'dv o' 2 r 0 
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Tint this h>pothests is correct has been demonstrated b> \anous 
experimental studies in particular b> those of Prandtl s student 
Nihuradse on closed conduits The latter yield, for the constants C 
and C\ the values 135 and 107, whereupon 


and 


a' = 


11 6v 

vWp 


S’ _ 0 108r 
107 Vro/p 


(149) 



Fie 102 Experimental verification of the Kdrmin fYandtl eqintion for the velocity 
riistrit ution near a smooth boundary 


Introduction of the latter expression in Tq (148) then results in what 
is known as the Ivtrm^n Prandtl equation for the \eloat> distribu 
tion m turbulent flow near smooth boundaries 


^ to/ P 


, ,, . Vr 0 /py , „ „ 

■ 5 <5 1ok 10 -f 5 S 


(ISO) 
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while in the laminar stiblaxer 


v 'o 'p v 


Vrn' 


o'P 


051) 


These equations are plotted in Fie 102, the semi-logarithmic form 
being u«cd both to show the nature of Eq (150) and to give comparable 
tmpha«is to all /ones of flow The experimental data of Nikuradse, 
v hich include measurements from the boundary layer to the center- 
line of a series of circular pipes at \arious Reynolds numbers, are seen 
to follow closely the trend of the two equations 

In the case of boundary roughness (see* Fig 103), it is hardly to be 
presumed that a laminar sublayer will exist at the boundary if the 



Fig 103 Definition sketch for (initiating the relate. c magnitude of boundary 

roughness 

roughness magnitude k is actually greater than the value of 5' com- 
puted from Eq (149) On the other hand, one might now reasonably 
expect the parameter y' to be directly proportional to k Asa matter 
of fact, experiments by Nikuradse and others, using pipes artificially 
roughened by cemented coatings of sand grains of diameter k, indicate 
that if /* > 106' 



Introduction of this value in Eq (14S) then leads to the following 
counterpart of Eq (150) — the Karman-Prandtl equation for the ve- 
locity distribution in turbulent flow near rough boundaries, 


—7= = 5 75 logic 7 + 85 

V+o/p k 


( 152 ) 
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which is plotted in Tig 104 together with NiLundse <5 test data It 
is again to be noted that the experimental points represent man) 
senes of measurements extending from \ery near the boundar) to the 
centerline of the pipe 



Fig lOt Experiment'll Ncrification of the KSrniSn Prandtl equit on for the afloat) 
d stribution neir a rough boundar) 

The mean velocity as a common denominator. Although the loga 
nthmic cur\c has an infinite slope at the limit > *= 0 and continues to 
ha\L a finite slope for all \alues of a how cm r gnat such lack, of agree* 
ment with actual conditions both at the boundar) and \tr> far aw a) 
will introduce rxhtiul) little error if Fqs ( 150 ) and ( 152 ) are intc 
grated across a normal section to determine the corresponding rate of 
flow Thus from 1 q (6) for the case of a circular tube 

Q «= J'’ 2rrvdr " 2rVr 0 /p r (j2 51og,-— Jo/p^r> — -f J 5^ dr 

“ xr 0 * V^ro/p ^5 75 logit, + 1 
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The ratio of the mean velocity V = Q/A to the shear velocity then 
becomes 

1 v/r 0 /p r n 

/ • 3 - / ' 3 logio + 1-/5 (153) 

Vro/p v 

A similar procedure for the case of rough pipes will be found to yield 
the relationship 

1 ro 

/ — — — a. /a logi 0 — - -f- 4.75 (154) 

V r 0 / p * 

If, now, Eq. (153) is subtracted from Eq. (150), or Eq. (154) from 
Eq. (152), there will result identical expressions having the form 

r — E _ v 

- — = a. /a logio 1 — f- 3.75 

Vr 0 /p ro 

In other words, when referred to the mean velocity the Karm&n- 
Prandtl expressions for the velocity distribution near smooth and rough 
boundaries become identical. 

That the velocity curve in 
reality varies only with condi- 
tions of boundary drag may 
be seen by introducing a co- 
efficient of surface resistance / 
similar to the factor c/ of the 
foregoing section; that is, re- 
writing the shear velocity in 

the form = vVf/8 

(which will be discussed in 
the following pages), 

7 = = 2 logio — + 1-52 

TV/ r 0 

which indicates that the rela- 
tive velocity distribution in 
a circular pipe is a function 
only of y/r 0 for a given value 
of the resistance coefficient p IG jgj Typical curves of velocity distribu- 
/, regardless of whether the tion in smooth and rough pipes, 

boundary is rough or smooth. 

The two families of distribution curves of Fig. 105 should therefore re- 
duce to a single curve (shown as a broken line in Fig. 106) when plotted 
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according to this equation The slight discrepanc) between the curve 
and typical experimental values taken from Figs 102 and 104 is seen 
to be surprisingly small when one recalls that a relationship derived 
specifically for the boundary vicinity [Eq (148)] has now been applied 
to the entire zone of flow As a matter of fact onl> a small adjust 
ment in numerical coefficients will yield an expression which is in close 



ZO 15 10 05 0 *05 10 15 


V 

Fig 106 General % elocity d stnbution d agram for smooth and rough p pes 

accord with the velocity distribution for uniform flow in anv pipe of 
circular cross section That is after changing 2 and 1 32 to 2 IS and 
1 43 and rearranging terms 

Y = Vjr(2 13 log,„ Z- + 1 + 1 (155) 

which corresponds to the full line in Tig 106 It follows herefrom 
that the ratio of the maximum or centerline velocity to the mean 
velocitj Q/A will depend on!) upon/ 

— ^ = 1 43V7 + 1 (*56) 

Although the experimental evidence upon which the foregoing dis 
cussion is based is tnhm large!) from studies on circular conduits tht 
fact must be emphasized that the logarithmic rtlationships for velocit) 
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distribution are by no means limited to such boundary conditions. 
Indeed, it is only when integrated over different forms of cross section 
that the relationships may be expected to vary. In the case of flow 
at the uniform depth y 0 in a very wide channel, for instance, it would 
be found that 

Tvf == 2 1og 10 ^ + 0.88 (157) 

This differs from the corresponding equation for circular conduits only 
in the factor 0.88, which evidently embodies the effect of cross-sectional 
form. 

Example 37. Measurements with a Pitot tube in a 6-foot water main pro- 
dded the following velocities: 

t in ft r in fps 

0.00 6.56 

0.60 6.45 

1.20 6.13 

1.80 5.70 

2.40 4.96 

2.70 4.42 

Determine the corresponding magnitudes of V and /. 

If the foregoing measurements were sufficiently accurate, the required values 
of hand /could be obtained through simultaneous solution of Eq. (155) written 
for any two points. Since individual field measurements are seldom exact, how- 
ever, it is advisable to plot the measured velocities against y/r 0 on semi- 
logarithmic paper, as shown in the accompanying diagram, and to determine 
V and / from the characteristics of the straight line drawn through the plotted 
points. 
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Equation (155), when rewritten as follows, 

i ^ 215 1 V/ }og u ~ + 1 43 VVJ -f V 
ro 

is of the form * = ay + b in w hich a = 2 15 V\(f and b =■ 1 43 I'V^f -f I 
The coefficient a evidently corresponds to the slope of the straight line in the 
diagram (t e the change in \elocity per unit change in log ia y/ra) and the 
coefficient b to the \elocity intercept at logio y/r a = 0 Since it is seen from 
the diagram that a = 6 60 — 4 35 = 2 25 fps and b = 6 60 fps 

2 15 vVf = 2 25 and 1 43 vVf + V = 6 60 
Simultaneous solution of these equations then yields the results desired 
V * 5 10 fps and / = 0 042 

It might be noted in passing that the \elocity distribution cur\e corresponding 
to Eq (155) passes through the point (»/ V =10 y /r„ = 0 216) as a result 
the mean velocity V — 5 10 fps may be read directly from the diagram at the 
ordinate y/r 0 ** 0 216 


PROBLEMS 

225 Wind velocity measurements at heights of 5 feet and 10 feet above the ground 
in a level meadow yielded values of 8 and 9 feet per second respectively What is 
the corresponding magnitude of the parameter y" ? What velocity should prevail at 
a height of 50 feet under the same conditions? 

226 Oil having a kinematic viscosity of 5 X 10 * square foot per second and a 
specific gravity of 0 9 flow s at the rate of 0 5 cubic foot per second through a smooth 
4 inch pipe What is the nominal thickness of the laminar sublayer? What is the 
velocity at the distance S from the pipe wall? 

227 The velocity of flow in a badly corroded 3 inch pipe is found to increase 
15 per cent as a Pitot tube is moved from a point l 5 inch from the wall to a point 
1 inch from the wall Estimate the mean height of the corrosion tubercles 

228 Determine for the conditions of Example 37 the following (o) the magni 
tude of y (b) the corresponding magnitudes of l' and k (e) the magnitude of * 
corresponding to Eq (149) Is the pipe rough or smooth? 

229 Measurements in a very wide river at a section having a depth of 10 feet 

yield a surface velocity of 8 feet per second when the rate of flow is 60 cubic feet 
pvr second per foot width What intensity of bed shear is indicated by these measure- 
ments? * 

230 In order to determine the rate of flow of air through a ventilating duct of 
circular cross section Pitot tubes arc installed at the midpoint and at one quarter 
poi nt of the 7 foot d lameter W hat rate of flow is indicated by semul uneous reading* 
of 18 and 15 feet per second at the two points’ 

231 In the determination of the mean velocity of flow in wide rivers it is common 
practice to estimate the mean velocity in a vertical section by making a single meas- 
urement at a distance below the surface equal to six tenths of the depth Assuming 
Eq (157) to represent the true distribution in the vertical determine the actual 
distance below the surface at which r “ 1 jr 
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34. RESISTANCE OF SMOOTH AND ARTIFICIALLY ROUGHENED PIPE 


The Darcy-Weisbach resistance coefficient. Since uniform flow in 
a conduit may be regarded as a limiting case of boundary-layer de- 
velopment, the intensity of shear at the boundary of a conduit should 
be expressible in a relationship analogous to Eq. (137) of Section 32. 
That is, replacing v 0 by V, 


P V 2 f P V 2 
T ° = °S T- = 7 -T 


(158) 


in which /, the Darcy-Weisbach resistance coefficient used in conduit 
analysis, is simply a multiple of Cf. In the case of steady flow along 
a flat plate, the intensity of boundary shear is determined from the 
longitudinal force required to hold the plate in position. In the case 
of steady flow through a conduit, on the other hand, r 0 must be 
evaluated from the force which is required to maintain the flow. For 
instance, since the boundary shear in a horizontal pipe is necessarily 
in equilibrium with the force due to the pressure gradient, the product 
of the intensity' of shear and the boundary area in a given length of 
pipe should equal the product of the cross-sectional area and the 
reduction in pressure intensity in that distance: 


TpirDL = 


dp 

dx L 4 


Substituting pi — p 2 for {—dp/dx)L and solving for r 0 , 

D 

to = (Pi ~ P 2 ) 77 


Upon introducing the latter value in Eq. (158), one obtains the fol- 
lowing basic equation for pipe resistance : 

Pi-p2=fj ) ^Y (159) 

In the case of sloping pipes — in particular if the fluid in question is a 
liquid and the resistance is evaluated in terms of change in piezometric 
head — comparison with Section 28 will show that Eq. (159) may be 
written in the form _ 

*-' 3 * (160) 

in which h f represents the decrease in piezometric head over the dis- 
tance L. It still remains, of course, to evaluate the resistance coeffi- 
cient/ in one or the other of these expressions. 
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Vanation of/ with the Reynolds number If Eq (159) is solved 
for/, the result will be seen to represent the product of a geometrical 
ratio and the reciprocal of the Euler number squared 

D Ap J 1 
f ~ L P V 2 /2 ~ L E 2 

According to Eq (131) if the boundary geometry js given the Euler 
number for the flow of a viscous fluid will be a function of the Reynolds 
number it should therefore follow that 

/ - *(R) 

A similar operation on Eq (160) will be found to yield the expression 

, D h, 

J " L V'/2g 

While the product T n /2ghj would appear to be a form of the Eroude 
number it is in reality merely the result of dividing numerator and 
denominator of the Euler number by y Indeed since the only free 
surface present in such flow is that in open piezometer columns gravity 
can have no influence whatever upon the flow pattern and the Froude 
number therefore has no bearing upon this phase of boundary resist 
ance In other words if experimental values of/ are determined from 
cither of the foregoing equations and plotted against the corresponding 
values of R = VD/v the resistance coefficient for flow in geometrically 
similar pipes should be found to depend only upon the Reynolds 
number 

The correctness of this conclusion will be seen from Fig 107 which 
includes resistance measurements on smooth pipes over a very wide 
Reynolds number range At values of R below 2000 the points will 
be seen to follow on a logarithmic plot the straight line 



That this corresponds to the equation of Poiscuille w ill be apparent 
from the following amplification of Fq (121) 


32*1 L 2 P V 64 h I p}2 
Pl Pl- D X 2(>I - , 7)p jy 2 


To the right of the approximate critical limit R 2000 the empirical 
relationship of Blastus 


0 316 


( 1 ( 2 ) 
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(which corresponds to Eq. (142) for the boundary layer), is seen to 
indicate the experimental trend as high as R = 100,000, beyond which 
a deviation from the straight line is quite apparent. However large 
this deviation may ultimately become, nevertheless, it appears from 
experimental evidence now available that the limit / = 0 would be 
approached asymptotically as R became infinitely great. Since 



Fig. 107. Variation of the resistance coefficient with the Reynolds number for smooth 

pipes. 


the limit R = oo corresponds to a zero fluid viscosity, and since / = 
1/E 2 , the hypothesis that E should become independent of R at this 
limit appears fully justified. It now remains to seek a rational expres- 
sion for / which will embody this function. 

Derivation of the Karman-Prandtl resistance equations. Since both 
the velocity distribution and the pressure gradient are related to the 
boundary shear, it should be possible to derive an expression for f in 
terms of the same parameter which was found to determine the velocity 
distribution near a smooth boundary namely, the relative thickness 
of the laminar boundary film. Thus, from Eq. (158) for r 0 , it is evi- 
dent that the shear velocity may be written in the form 
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introduction of which in Eq (153) it once y lelds 


W7 = V^( 5 '5'°f,o-^ + 175 




) 


^- = 20 3 rog.o (~ Vjj - 0 91 


\\ ith a slight modification of numerical factors to conform with expert 
mental measurement this then becomes [compare with Eq (144) for 
the boundary layer] the Kdrmdn Prandtl resistance equation for tur 
bulcnt flow in smooth pipes 


V/ 


2 log .0 RV/ - 0 8 


(163) 


which is the third relationship plotted in Fig 107 Trom Eq (149) 
however it will be seen that the ratio of the thickness of the laminar 
sublaver to the pipe radius will be in\crsel> proportional to the quan 
tit> RV^ appearing in the foregoing equation 


i - 11 6r _ 6a6 

ro ~ vVf/6 D'2~ RV/ 


(164) 


In other words the resistance coefficient for smooth conduits is depend 
ent only upon the relative thickness of the laminar sublayer 

Since the -artificially roughened pipes used b> Nikuradse in the vc- 
locit> in\cstigations alread\ mentioned cannot be considered gcomet 
nealh similar either to smooth pipes or to one another it is to be 
expected that a plot of f against R for each particular \aluc of the 
relative roughness h/r Q would yield a different functional trend In 
other words if a smooth pipe is assumed to represent the limit k/r 0 
= 0 a composite plot of data for \anous relative roughnesses should 
consist of a family of curves deviating systematically from that of 
JTjy;’ J07 w.jfJb uom asu^g \ dues of b ,/ That such jis the case as shown 
b> Fig 10S which includes Nikurad«cs measured values on pipes 
covering a thirtv fold variation in the ratio of sand grain diameter to 
pipe radius together with the three curves of Fig 107 The trend of 
the Potseutlle relationship for laminar flow is seen to be follow cel closely 
bv all points regardless of the relative roughness below the critical 
limit R » 2000 which indicates that boundary roughness has no in 
fiuencc upon the re<t«tance to lamtnar flow Beyond the critical limit 
moreover the curves continue to follow the smooth boundary rcla 
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tionship to a Reynolds number which increases with increasing “rela- 
tive smoothness” r 0 /k. Nevertheless, each of the curves is seen even- 
tually to become horizontal, whereafter no influence of the Reynolds 
number (i.e., of the fluid viscosity) appears to exist. 

Since this horizontal limit evidently corresponds to conditions in 
which the velocity distribution depends only upon the boundary 
roughness, it would be reasonable to expect that an expression for the 



Reynolds number R 

Fig. 10S. Variation of the resistance coefficient with the Reynolds number for 
artificially roughened pipes. 

ultimate resistance coefficient of rough pipes might be obtained from 
Eq. (154) through elimination of the shear velocity. Thus, since 
a/ ~q/p = FV//8, this equation takes the form 

W ) - 75 ( 5 " 108,0 1 +t7S ) 

and 

= 2.03 log.o r + i- 68 

v? k 

With a slight modification of numerical values, this relationship will 
be found to indicate the limiting magnitude of / for each of the rough- 
ness curves of Eig. 108 ; that is, the Karman-Prandtl resistance equa- 
tion for turbulent flow in rough pipes becomes 

4= = 2 lo sio ? + L74 

Vf k 


( 165 ) 
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Boundary roughness versus the laminar sublayer Since a pipe of 
any given roughness will evidently function as a smooth pipe at low 
Reynolds numbers and as a rough pipe at high Reynolds numbers an 
intermediate zone must exist in which viscous and roughness effects 
together determine the boundary resistance Inasmuch as the rela 
ti\e thickness of the laminar sublayer is the sole resistance criterion 
for smooth pipes and the relative magnitude of the boundary rough 
ness the sole criterion for rough pipes one is tempted to conclude 



Fic 100 The trans t on funet on for art fic ally roughened p pes 

that it must be the ratio of the magnitudes 6 and k which governs 
this transition region In other words so long as the boundary irregu 
larities are wholly enclosed by the laminar boundary flow they should 
remain ineffective but once the laminar film becomes thin enough 
to be made unstable by the roughness disturbances the resistance 
should rise accordingly If it is recalled that 6 fr 0 is inversely proper 
tional to R\/? it will be seen that the quantity (K-\Zf)/(r 0 /k) will be 
proportional to the ratio of the boundary roughness to the computed 
thickness of the laminar film Each of the curves in Fig 108 should 
therefore begin to deviate from the smooth pipe relationship at the 
same value of k/S and should likewise approach its horizontal 
asymptote in the same systematic manner 
This hypothesis may lx tested by superposing all curves on a dia 
gram having as abscissa scale the jurameter (RV^)/(»o/*) an ^ 35 
ordinate scaft the quantity 1 (y/f — 2 fog r 0 /i which according to 
Fq (165) has the constant value 1 74 as each curve Ix-comes hori 
rout'd Such a diagram is shown in Jig 109 which obviously di< 
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plays a single functional trend from the smooth-pipe curve obtained 
from Eq. (163), 

- 2 logio ^ = 2 logio ~ °- 8 (166) 


to the rough-pipe asymptote 1.74. It is noteworthy that the transi- 
tion begins when the computed thickness o' of the laminar sublayer 
is approximately 4 times the roughness magnitude k, and ends when 
k is approximately 6 times the computed magnitude of 8' — i.e., when 
(R Vf)/{rjk) ~ 400. 

Example 38. What horsepower per mile of line would be required to maintain 
the flow in Example 37? What is the apparent relative roughness? What per 
cent error would have resulted if the power required for the given rate of flow had 
been estimated from the smooth-pipe equations of (a) Karman-Prandtl, (6) Bla- 
sius, and (c) Poiseuille? 


As determined in the foregoing example, 

/ = 0.042 and V = 5.10 fps 
Therefore, from Eq. (160), the drop in head per mile will be 


L V s 


5280 x — = 14.8 ft 


h/ ~ f D2g 0042 X 6 ''2X32.2 
The required power is then 


„ , 5.10 X 7 X 6= X 62.4 X 14.8 

Qyhf 4 


550 


550 


= 242 hp 


Assuming that v = 1.5 X 10~ 5 square foot per second, the Reynolds number 
will be found to be 


R = 


VD 

v 


5.10 X 6 
1.5 X 10 -5 


2,040,000 


Inspection of Fig. 108 will show that flow at this Reynolds number with a 
resistance coefficient as great as / = 0.042 is not only well beyond the range of 
viscous influence but also high on the scale of relative roughness. In terms of 
Xikuradse’s sand roughness, the corresponding magnitude of r 0 /k may be com 
puted from Eq. (165) as follows: 


1 

y/ 0.042 


= 2 logio y + 1.74 

R 


logio J = 


4.88 - 1.74 


= 1.57 


and 



2 
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Evidently, if roughness equivalent to that of the water mam were to be pro- 
duced artificially one would June to cement pebbles approximate!) 1 inch in 
diameter to the wall of the 6 foot pipe Man> years of service are general!) 
required to produce such a degree of natural tuberculation 
From the head and power expressions it is apparent that the onh variable in 
the third part of the question is the magnitude of/ as computed from the three 
equations. As obtained from Fig 108 or from the corresponding equations 
/• *= 001,/fc — 00084 and / c = 3 1 X 10 -5 Therefore the following errors will 
result 


(a) 


001 - 0042 
0 042 


X 100 - -76% 


<i) 


0.0084 - 0 042 
0042 


X 100 - -80% 


(C) 


3 1 X 10 * - 0042 
0042 


X 100 « -300% 


PROBLEMS 

232 If on a very hot Hay the increase in temperature caused the viscosity of 
the oil flowing in the smooth pipe of Problem 189 to decrease to one-tenth the \atue 
given what would be the resulting difference in pressure mtensit) between points 
A and B for the same rate of flow? 

233 An 8 inch smooth pipe 10000 feet long transmits |>er minute 600 gallons of 
oil having a specific gravity of 0 90 and a dynamic viscosit) of 0 OOOS pound second 
per square foot If a decrease in temperature causes the viscosity to increase to 0 00S 
pound second per square foot and if the power input remains the same what will 
be the change in the rate of flow ? 

234 Natural gas is pumped through a smooth 10 inch pipe with a pressure drop 
of l 2 inch of water per 1000 feet The dynamic viscositv of the gas is 2 1 X 10 
pound second per square foot and the gas weighs 0 06 poun 1 per cubic foot Oc 
terminc the rate of flow 

235 Submit on logarithmic paper a plot of the ratio of the thickness 4 of the 
laminar sublayer to the radius ro as a function of the Rcynol Is numlnr for turbulent 
flow through a smooth pipe 

236 Jf a conduit 6 feet m diameter is to carry a flow of 150 cubic feet of water 
per second with a minimum expenditure of energy what is the order of magnitude 
of the permissible surface irregularities’ 

237 Compare the cost of pumping the same flui I at the same volumetric rate 
through 6-inch and 8 inch pipes hav mg the same absolute roughness * — 0 001 foot 
assume that the Reynolds number is sufficiently high for v iscous effects to be negf g« 
ble 

233 If sand grains 0 03 inch in diameter are cemented on the inner surface of a 
4 inch pipe, for test purposes, at what velocity of water at 60* Fahrenheit will the 
surface roughness (a) just begin to disturb the Limimr so! layer an 1 W complete!) 
eliminate the influence of viscosity upon the l>oun lary drag? 
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35. RESISTANCE OF COMMERCIAL PIPE 

Development and use of a general resistance diagram. Were the 
actual roughness of all materials geometrically similar to the uniform 
sand roughness used by Nikuradse, Figs. 108 and 109 would be imme- 
diately useful in evaluating the resistance of all kinds of pipe. How- 
ever, even a non-uniform sand roughness, as shown by Colebrook and 
White, will yield quite a different transition curve between the smooth- 
pipe and rough-pipe asymptotes, indicating that the coarsest irregu- 
larities of the boundary will begin to disturb the laminar sublayer long 



Fig. 110. The transition function for commercial pipe materials. 


before the finest irregularities become effective. It is obvious, further- 
more, that such commercial materials as metal, wood, and masonry 
will vary considerably in average height, form, and pattern of irregu- 
larities, so that it would be impossible to describe them completely in 
terms of a single length corresponding to the sand-grain diameter. 
Nevertheless, the equivalent sand roughness of any surface may arbi- 
trarily be evaluated in terms of the sand roughness k which would 
yield the same limiting value of / in the same diameter of pipe. If, 
when reduced to a common basis in this manner, the transition curves 
of most commercial materials proved to be of essentially the same form 
— whatever that form might be — a single resistance function would 
then suffice for all. 

In Fig. 110 is shown a series of such transitions for various materials 
in common use. It would appear from the location of the points with 
reference to the plotted curves of Nikuradse and Colebrook-White 
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that natural roughness is definttelj not uniform like the sanded sur 
faces used by Nikuradse and jet not of such pronounced irregularity 
as the non uniform sand of Colebrook and \\ hitc since all values lie 
between the two cur\es Although there is considerable scatter of the 
individual points a consistent systematic deviation is not greatlj in 
evidence As a first approximation therefore, it appears safe to assume 
that the transition function for manj— if not all — of the most impor 
tant commercial materials may satisfactorilj be represented b> a single 
curve Indeed a semi empirical equation proposed by Colebrook will 
be found to be asymptotic to both the smooth pipe and the rough pipe 
equations and to follow closelj the trend of experimental values this 
equation has the form 

ir { - 2 tes '° ? - 1 74 - 2 ,ogl ” (‘ + 18 7 5 ^) (,67) 

and is plotted in Fig 110 

An expression of this nature is assuredfj too complex to invite fre- 
quent application Since however it includes onlj those variables 
already discussed the function which it represents could easilj be 
used if plotted upon an/ R diagram like that of Fig 108 On the 
other hand the appearance of the parameters l/v7 and RV7 rather 
than simplj / and R in Eq (167) makes it preferable to select these 
as ordinate and abscissa scales m order that all transition curves will 
be geometricallj similar Such a diagram is shown in Fig 111, to- 
gether with alternative scales of / and R Since 

, = and RV^V? 

proper selection of scales will permit direct calculation of an> one of 
the variables involved depending upon the form of the problem 

Mention must be made at this point of the fact that the values of 
equivalent sand roughness k tabulated on this diagram correspond to 
miUrnia in nen condition Practical) c\ery such material will in 
crease in roughness with use due to corrosion or incrustation at a 
rate depending upon the nature of the material and of the fluid Since 
this will correspond for a given pipe simplj to an upward progression 
across the curves of Fig 111 knowledge of the effective roughness k at 
anj stage of elcterioration will still permit evaluation of the resistance 
coefficient for an> Rtjnolds number Colebrook and White have 
moreover shown that boundarv roughness ma> Ik. expected toinc«a« 
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From Fig. Ill, for the parameters 
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— = 2 
ha 0.00213 


ore a FZ) (25/7 r) X 2 

938 and R = = — — = 1 330 000 

v 1.2 X 10~ 5 I - J ' 3U - UUU 


it will be found that / — 0.020. After 10 years of service, therefore, in 1000 feet 
of line the loss of head should be 

hi =/|y = 0.020 X ~ X = 9.8 ft 

D 2g 2 64.4 

which would require 


P_ = Qyh/ = 25 X 62.4 X 9.8 
550 550 550 


= 28 hp 


PROBLEMS 

239. The "Big Inch” is a welded steel pipeline, 24 inches in diameter, designed 
to carry a flow of 12,600,000 gallons of oil per day across the country', pumping sta- 
tions being located every 50 miles. If the pump efficiency’ is 85 per cent, determine 
the power input required at each station when the dynamic viscosity and specific 
weight of the oil are 5 X 10 -1 pound-second per square foot and 55 pounds per 
cubic foot, respectively. 

240. What size of galvanized pipe would be required to carry a flow of 0.5 cubic 
foot of water per second at 40° Fahrenheit without exceeding a head loss of more 
than 3 feet per 100 feet of pipe? 

241. A wrought-iron sewer line 8 inches in diameter is laid on a grade of 1:500. 
Assuming liquid properties similar to those of water at 40° Fahrenheit, determine 
the normal capacity’ of the line — i.e., the rate of flow which will yield a gradient of 
piezometric head equal to the slope of the sewer. 

242. If a flow of 150 cubic feet of water per second through a 5-foot wood-stave 
penstock at 60° Fahrenheit results in a head loss of 3 feet in 1000 feet of line, what 
is the magnitude of the equivalent sand roughness k? 

243. Tests on the flow of air through a 3-foot circular ventilating duct of a vehicular 
tunnel yield a pressure drop of 1.5 inches of water in 1500 feet of duct when the rate 
of flow is 9000 cubic feet per minute. What is the magnitude of the equivalent sand 
roughness k? 

244. A 12-inch steel pipe carries crude oil having a kinematic viscosity of 5 X 10 -4 
square foot per second and a specific gravity of 0.9. W'hat rate of flow will correspond 
to a power input of 20 horsepower per mile of line? 

245. Water is to be pumped through a 3-foot riveted-steel conduit for which 
the equivalent sand roughness has been found to have the magnitude k = 0.01 foot. 
If the highest point in the conduit is 75 feet above tk? pump at a section 3000 feet 
away, w’hat discharge pressure must be maintained at the pump during a flow of 
60 cubic feet per second at 50° Fahrenheit to prevent the pressure intensity from 
becoming less than atmospheric at the point of maximum elevation? 

246. Field tests on a 15-inch cast-iron water main indicate that the wall roughness 
has increased to 0.005 foot after many years of service. If the main now carries a 
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peak flow of 8 cubic feet per second what increase m flow at the same power input 
would result from replacing the line with new cast iron pipe of the same diameter? 

247 Gasoline is pumped through a vert cal 2 inch steel ppe at a temperature 
such that the kinematic \ iscositj is 10 ' s square foot per second and the specific 
gravity 0 7a For purposes of estimating the rate of flow an inverted U tube is 
connected to piezometer tops heated 20 feet apart on the vertical pipe If the space 
aliove the 1 qu d columns in the U tube is filled with air under pressure what rate 
of flow would be ind rated b> a differentia! head of 5 inches? 

248 After 10 >ears of service an asphalted cast iron water main 18 inches in 
diameter is found to require 30 per cent more power to del ver the 8 cubic feet of noter 
per second for which it was or ginally des gned What is the correspond ng magm 
tude of the rate of roughness increase a? 


36 UNIFORM CONDUITS OF NON CIRCULAR CROSS SECTION 


Effects of cross-sectional form, the hydraulic radius Since the 
\elocit> distribution is again the same at all cross sections the resist 
ance to uniform flow between parallel boundaries (the two dimensional 
counterpart of flow in pipes of circular cross section) ma> again be 
evaluated b> integration of Eqs (150) and (152) and subsequent 
elimination of the shear vclocitj However since the cross section is 
no longer circular it is onl\ to be expected that different constants of 
integration will be obtained Thus for smooth boundaries it will be 
found that 


1 

vT 


2 03 logio 




0 47 


while for rough boundaries 

- 201 loc,„ ^ + 2 11 

The change m the factors —0 47 and 2 11 from the values of —0 91 
and 1 67 for smooth and rough pipe cvidentlv represents the entire 
effect of cross sectional form upon the resistant t relationships, since 
the coefficient 2 03 is the same in ever} case Then is unfortunatcl} 
insufficient experimental evidence to permit a correction of these con 
stants of integration similar to that found necessary in the case of 
pipes On the other hand, lal>orator> studies of uniform flow with a 
free surface indicate that the foregoing relationships for parallel bound 
ancs arc as might lx. surmised quite applicable to frcc-surfacc condi 
Irons provided that the boundary spacing B be replaced b> the 
uniform depth jo (i c j 0 - 2?/2) The resistance diagram for such 
flow should thin lie quite similar to that for pipes shown in Fig HI 
i\npt for a slight displacement of all curves in accordance with the 
change in form coefficients 
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In the case of conduits of other cross-sectional forms, however, 
it cannot be assumed that the velocity distribution is the same at all 
parts of a normal section, in particular if the boundary is composed 
of planes intersecting at an angle — for instance (see Fig. 112), if the 
cross section is rectangular. It is therefore evident that the resulting 
intensity of shear r 0 will no longer be the same at all points of the 



P*2(a*b)-. A=ob 

Fig. 112. Velocity distribution in a non-circular conduit. 

boundary, so that an integration of the general velocity equations 
should not yield more than a qualitative indication of the resistance 
function. 

Nevertheless, it is still reasonable to assume that the mean intensity 
of boundary shear will vary according to the same type of expression 
as Eq. (158); that is, 

/ pF 2 

(ro) - 4 V (169) 


in which / will differ from that for conduits of circular cross section 
only in the numerical factor embodying the effect of form. In a 
manner similar to the development of Eqs. (159) and (160), the tan- 
gential stress along the conduit boundary may now be equated to the 
force maintaining flow; in other words, denoting by P the so-called 
■wetted perimeter of the cross section (i.e., the perimetric length of con- 
tact between fluid and boundary), 

( T 0 ) m PL = —y ~ LA = yh/A 

Through elimination of (r 0 ) m and replacement of the ratio A/P by 
the symbol R, these two relationships then combine in the form 



( 170 ) 
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The quantity R is known as the hydraulic radius of the cross section 
If the cross section is circular R - A/P - {rtf' /A)/ {tD) »= D/A 
and Eq (170) becomes identical with Eq (160) for pipes if the width 
of the conduit is very great on the other hand R will be found to 
approach as a limit either B/2 or > 0 depending upon w hether the fluid 
is confined between two parallel boundaries or flows along a single 
boundary with a parallel free surface 

Flow w a v cry w ide or a very deep conduit may be considered to 
represent the maximum deviation of a normal section from the circu 
lar The effect of cross sectional form upon the resistance coefficient 
should then also be a maximum the magnitude of which may be 
judged from the deviation of the form coefficients noted earlier in this 
section Although the actual magnitude of the form factor for any 
shape of section may be approximated by a method developed by 
Keulegan the variation of this factor from that of the circular section 
will be negligible so long as the width depth ratio of the conduit is 
not cxcessiv cl j great or small In other w ords Fig 1 1 1 for pipe resist 
ance may safely be used in estimating the resistance of other types of 
conduit prov ided these do not depart too greatly from circular pro- 
portions With this m view the various parameters of this diagram 
have also been written in terms of the hydraulic radius 

Significance of the Chezy dis- 
charge coefficient Further sigmfi 
cance of the parameter \/%/f of 
this diagram will become apparent 
if Eq (1 70) issol\ed for the wean 
velocity 

In the case of a horizontal closed 
conduit the ratio h//L ~ — Ah // 
represents the slope of the line of 
piezometnc head and hence is cits 
tomanJy given the symbol S the 
negative s gn being eliminated by 
defining a downward slope (i e a 
Fic 113 Defin t on sketches for the decreasing head) as positive In 
“ d °” d 0 >*" the case or uniform freesurfaw 
c&n i l3 flow (Fig 113) since the boundary 

itself must then slope with the free surface or line of piezometnc head 
5 will be «cen to represent the sine of the angle between cither the 
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boundary or the free surf ace and the horizontal. Finally, upon re- 
placing the radical v 8g/f by the coefficient C, the foregoing relation- 
ship becomes simply 

V = cVRS (171) 

or, since Q — VA, 

Q = AC VIS (172) 


This form of the resistance expression is known as the Chisy equa- 
tion, and C as the Chezy coefficient, after a French engineer of the 
eighteenth century. Unlike /, which is directly proportional to the 
resistance, C is evidently a discharge coefficient, since it is proportional 
to the rate of flow. Again- unlike /, which is a pure number, C ob- 
viously has the dimension of Vg; g, however, is essentially constant, 
so that the Chezy coefficient may be considered simply a multiple of 
the parameter l/y/f which was found to play a predominant role in 
the Karman-Prandtl resistance equations. In other words, since 


C J_ 

Vsg Vf 


(173) 


the ordinate scale of Fig. Ill will, in American units, be found to 
represent almost exactly 1/16 the magnitude of C. This diagram may 
thus be used as conveniently with the Chezy equation as with the 
Darcy-Weisbach equation for which it was developed. 

The Manning formula and its limitations. Long before the deriva- 
tion of the Karman-Prandtl equations of velocity distribution and 
resistance, it was necessary to evaluate the probable loss of head hf in 
a given conduit from empirical relationships which took into consider- 
ation only the effect of boundary roughness. Since some of these are 
still commonly used in hydraulic design — particularly in the case of 
open channels — and since the simplicity of one, the Manning formula, 
continues to warrant its use in first approximations, the accuracy of 
this formula might well be tested in the light of the foregoing analysis. 

The Manning formula is generally written as 


Q = 


1 A9AR }i S lj 
n 


(174) 


in which n is a characteristic of the boundary material, as indicated 
by the table on page 219. Solution of Eqs. (172) and (174) for the 
Chezy C, however, will show that 

R U 

C = 1.49 — 


v 
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whence in terms of the dimensionless coefficient /of tq (165) 

1 1 49 

vjf _ \ / r e » 

As n varies onlj with the boundar} roughness the factor 1 -19 must 
hate the dimension of Vg Therefore since the htdrauhe radius R 



Fig 114 Rftationsh p b«»crn absolute boundir> roughness and the Mann ng h 

is a linear factor it follows that n must ha\e the dimension 
R/n 8 then representing a ratio of two lengths similar to the relative- 
roughness parameter r 0 /k used in the preceding «cetion Indeed since 
both roughness ratios are now related to/ it is possible to evaluate the 
Vanning parameter It* /ft m terms of the parameter r 0 /t «*■ 2S/k as 
shown in Fig 114 At once apparent is the fact that a threefold in 
crease in n (i e between the practical limits of 0 01 and 0 05) corre- 
sponds roughlv to a thousandfold increase in absolute roughness k 
Were the empirical formula of Manning compatible with the more 
ncarl} correct relationship of Eq (165) the curve of Fig 114 would 
be a straight line having the slope 6 1— the actual deviation of the 
curve from this line being an indication of the error involved in 
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Eq. (174); it would appear from this plot that the Manning formula 
is most dependable for intermediate values of relative roughness. Also 
to be emphasized is the failure of an expression of this type to include 
the influence of viscosity; it may therefore be expected to be least 
dependable at low values of the Reynolds number. 


TABLE II 

Values of the Manning Roughness Factor for Various Boundary Materials 


Boundary Surface 

Manning n 
(feet^ 1 ) 

Planed wood 

0.010-0.014 

Unplaned wood 

0.011-0.015 

Finished concrete 

0.011-0.013 

Unfinished concrete 

0.013-0.016 

Cast iron 

0.013-0.017 

Riveted steel 

0.017-0.020 

Brick 

0.012-0.020 

Rubble 

0.020-0.030 

Earth 

0.020-0.030 

Gravel 

0.022-0.035 

Earth with weeds 

0.025-0.040 


Example 40. An open channel of the cross section shown is to be constructed 
of unfinished concrete to earn - 125 cubic feet of water per second. Determine 
(a) the characteristics of the section, (6) the approximate roughness k, and (e) 
the required slope. 



(a) Evaluating 
hydraulic radius, 
A 


the cross-sectional area, the wetted perimeter, and the 
[ .. 5 + 15 + 2X1X0.51?) 


P = 5 + 2X = 14-2 ft 


2 ' 05 '* 

Then, from the relationship following Eq. (174), 

C = 1 49 — = 1.49 X = 1.49 X 80 = 120 ft'Vsec 

n 0 014 
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PROBLEMS 

249 Determine the rate of flow of oil (m «* 3 X 10^* pound second per square 
foot y » SS pounds per cubic foot) through the annular space between the walls 
of two coaxial brass pipes under a gradient of pierometric head of -0 02S the inside 
diameter of the outer pipe being 6 inches and the outside 
diameter of the inner pipe 3 inches 

250 A ventilating duct of galvanized sheet metal has a cross 
section 6 feet wide and 4 feet high What power per 100 feet 
would he required to maintain a Row of 25 000 cubic feet of air 
per minute at 60“ Fahrenheit? 

251 For a flow of 200 gallons of water per minute through 
a horizontal 3 inch rough pipe the pressure drop is 12 5 pounds 
per square inch per 100 feet of pipe Determine (a) the cor 
responding value of the Manning w and (6) the equilalent 
sand roughness k 

252 What width-depth ratio of a rectangular open channel 
Prob 249 will yield the largest possible hydraulic radius for a given 

cross sectional area? 

253 Water flows dow n a chute has mg a slope of 30" and a rectangular cross section 
5 feet wide the bottom being roughened to an extreme degree by transverse cleats 
to reduce the tendency of such flow to become unstable at high velocities If the 
average \ertica! depth is 2 feet determine the average magnitudes of the pressure 
intensity and the intensity of shear along the bottom If the chute is supported at 
10 foot intervals along the slope what resultant load must rich support carry? 
(Note that the pressure distribution must be hydro- 
static across a normal section and that the pressure 
head is therefore not equal to the vertical depth 
below the free surface ) 

254 A laboratory flume for research on open 

channel flow is constructed of polished sheet brass 
in the form of a 60° trough in order that the cross 
sections of the flow will be geometrically similar 
(te, equilateral triangles) at all depths What 
slope should this flume have in ordtr to Carry 1 
cubic foot of water per second at a uniform depth Pfcon 254 

of 1 foot? (Assume a water temperature of 60“ ) 

255 At what rate will water flow at a uniform depth of 2 feet in a rectangular 
open channel 4 feet wide if the channel is of unfinished concrete and slopes 5 feet 
per m 1*? 
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256. Of what material should the channel shown in cross section be constructed 
in order to deliver 230 cubic feet of water per second at a depth of 6 feet and a slope 
of 1 foot per mile? 



257. A sewer line of circular cross section 5 feet in diameter is to carry 35 cubic 
feet of water per second when flowing half full. If the inner surface is of finished 
concrete, on what slope should the line be laid to insure uniform flow? 

258. It is frequently assumed as a first approximation that flow in a channel 
having an irregular cross section may be analyzed by dividing the section into a series 



of elements, the wetted perimeter of each element including only the channel bound- 
ary. If the channel shown in cross section is of earth (n = 0.025) and has a slope of 
1 foot per mile, what rate of flow should it carry at the given depth? 


37. GRADUALLY VARIED FLOW IN OPEN CHANNELS 

Step computation of surface profiles. Although the foregoing sec- 
tion discussed the resistance accompanying uniform flow in open chan- 
nels, it will become apparent from the present section that uniform 
flow is actually a limiting condition which may be approached, but 
never truly attained. This is due to the fact that boundary resistance 
tends to transmit over a very great distance the effects of local non- 
uniformity caused by a boundary transition. Long before the uniform 
limit is approached, however, the variation in depth will be so gradual 
that accelerative effects may be completely ignored. Kvidently, just as 
local transitions involving rapid acceleration were studied in Chapters 
IV and V without regard to boundary resistance, the analysis of depth 
variation under conditions of negligible acceleration may now be 
treated as a phase of the resistance problem. In order that acceler- 
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attve effects be truly negligible of course it is essential that the anal > 
sis be restricted to cases m which the non uniformity of motion is very 
slight such motion is commonly described as gradually raned flint 
So far as computations of depth changes due to resistance are con 
cemed one may proceed most directly from the definition equation of 
specific head 

II 0 = II - s 0 

Differentiation with respect to distance in the direction of flow at once 
yields 

dll . o dll 

dx dx dx 


The first term evidently signifies the rate of change of the specific 
head Ho *= l ,2 /2g 4* > ■* Q 2 / 2gA 2 + y along the channel The sec 
ond term likewise represents the rate of change m total head If the 
flow were truly uniform the line of total head would necessarily be 
parallel to the free surface and to the channel floor the slope of each 
then corresponding to the quantity 5 = V^/fflR of the Ch4z> equa 
tion Since the flow under consideration is only slightly non uniform 
it would seem reasonable to assume for Jack of more precis inlormu 
tion that the rate of loss of total head can still be determined from 
the Ch6zy equation that is again defining a downward slope as posi 
ttvc dll/dx = —Sn ~} r */C°R The last term —d 0 /dr is cm 
dcntly the slope of the channel bottom So Upon introduction of the 
latter quantities the relationship takes the form 


dllo 

dx 


r_ 

C'R 


+ So 


If now the exact derivative dllo/dx is replaced by the ratio of the 
change A//o in specific head to the corresponding finite length &L of 
channel the foregoing expression may be written approximately as 


AL - f J ,'C-RXr 


( 175 ) 


which is the form most convenient for step-by step integration 

The computation procedure is as follows Starting from a section 
of known depth one determines for the given channel characteristics 
and rate of flow the change A// 0 =* -f Ay for an arbitrary 

increment Av (or decrement — Av) of depth the lvtrage value of 
X^/C'R for the depths y and y + Ay is then assumed to n present 
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the mean value over the distance A L, and the latter distance is evalu- 
ated according to Eq. (175). This process is repeated for successive 
increments of depth, and the summation SAL at any time during 
the computations will evidently represent the distance from the initial 
section to that at which the depth equals y + SA y. As in all cases of 
step-by-step integration, of course, the accuracy of results will depend 
to a great extent upon the relative magnitude of the depth increment 
which is chosen. 

Example 41. In order to decrease the mean velocity of flow in a rectangular 
channel, a low overflow dam is installed near the downstream end. The channel 
is of unfinished concrete (n = 0.014), and has a width of 10 feet and a bottom 
slope of 0.001. If the depth of flow just before the dam is 7.5 feet during a 
peak discharge of 300 cubic feet per second, how far upstream will backwater 
cause a velocity reduction of at least 20 per cent? 



The uniform depth yo of the undisturbed flow a great distance upstream may 
be determined from the Manning relationship, 

« - - £ X ** X G tfkf X <»»»«“ - » * 

trial solution of which yields 

y 0 = 4.S8 ft 

Since a velocity reducdon of 20 per cent corresponds to a depth increase of 
25 per cent (i.e., Vy - constant), it is necessary to determine the distance SA L 
to the section at which 7.50 + SAy = 1.25v 0 = 6.10 feet. This is most easily 
accomplished in the following tabular form, in which the values required for 
calculating A L according to Eq. (175) are obtained in systematic steps. As 
indicated in the accompanying sketch, Ay = SAy/5 = (6.10 7.50)/5 = 0.28 

foot— that is, the depth decreases in the upstream (i.e., negative) direction. 
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y A V F I /2 e Tin P R C X^/CPR (\' , /C t R) m tfl 0 &L 2M 
7 50 75 0 4 00 0 25 7.75 25 0 3 00 128 000033 0 

0 00034 -0 26 -390 

7 22 72 2 4 15 0 27 7 49 24 4 2 95 128 0 00036 -390 

0 00038 -0 26 -420 

6 94 69 4 4J2 0 29 7 23 23 9 2 90 127 000040 -810 

0 00012 -0 26 -450 

6 66 66 6 4 51 031 6 97 23.3 2 85 127 0 00044 -1260 

0 00047 -0 25 — 4S0 

6 38 63 8 4 71 0 34 6 72 22 8 2 80 126 0 00050 -1740 

0 00053 -0 24 -510 

6 10 61 0 4 92 0 38 6 48 22 2 2 75 126 0 00055 - 2250 


Evidently the weir will cause a \cIocit> reduction of at least 20 per cent for a 
distance of more than 2000 feet upstream 

Differential equation of gradually varied flow. As in earlier exam- 
ples of the one*dimensional analysis of open-channel flow, it is again 
apparent that the form of equation best suited to quantitative com- 
putation is also the least effective in giving a qualitative picture of 
depth variation in general For the latter purpose, again limiting the 
discussion to the case of flow in a rectangular channel of very great 
width, the derivative must be taken w ith respect to x of the expression 


II 


with the following result: 

dll 
dx = 




gy 3 dx dx dx 


Replacing, as before, dll/dx b> — V 2 / C 2 R = — l r2 /C 2 y and dz^/dx 
by— So, and solving for dy/dx, 

dy So - V^l&y 

dx 1 - <f/g> 3 


It will be recalled from Section 24 that <f/g = y t 3 . whence 1 - gVgy 3 
= 1 — (y,/>') s Moreover, from the Manning formula, 

c To 2 r r*__ 

5o = c 0 2 


C ° y ° (l 49 


and 


C-y 


(i y 




whence 
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Upon introduction of these quantities, the foregoing relationship for 
dy/dx becomes, significantly, 



The longitudinal rate of change in depth is thus seen to depend upon 
three significant dimensionless parameters: the bottom slope, the ratio 
of the uniform depth to the actual depth, and the ratio of the critical 
depth to the actual depth. 

Classification of surface profiles. Of initial interest in qualitative 
analysis of the surface profile is the sign of dy/dx, for if it is positive 
the depth will increase, and if it is negative the depth will decrease, 
in the direction of flow. Evidently, this sign will depend upon whether 
S 0 is positive or negative, and whether y 0 /y and y c /y are greater or 
less than 1. Consider, for instance, a case of flow similar to that of 
the foregoing example, in which 
S 0 >0 and y > y 0 > y c ; since the 
numerator and denominator at the 
right of Eq. (176), as well as S 0 , 
will then be positive, dy/dx must 
also be positive, indicating that the 
depth must increase in the direction 
of flow. Were the weir producing Fig. 115. Characteristics of a back- 
the backwater extremely high, the water profile, 

numerator and denominator would 

both approach unity as y became great; hence as a limit dy/dx — So, 
from which it is evident that the downstream asymptote of such a 
surface profile would be a horizontal line, as indicated in Fig. 115. 
The upstream asymptote, of course, is the line of uniform depth, since 
dy/dx — 0 in Eq. (176) when y = Vo- 
lf each of the various possible positive and negative combinations 
of the three parameters is investigated in this manner, it will be found 
that twelve different forms of surface profile will result, as shown 
schematically in Fig. 116. These profiles are conveniently classified 
according to slope and depth in the following manner: If Sq is nega- 
tive, the channel slope is called adverse (A); if Sq = 0, the channel is 
horizontal (II); if S 0 is positive, the channel slope is termed mild (If) 
when yo > y c , critical ( C ) when yo = y e , and steep (S) when yo < ye- 
ll the surface profile lies above both the normal and critical-depth 
lines, it is of tvpe 1 ; if between these lines, it is of type 2; and if below 




226 SURFACE RESIST WCE [C H \r Ml 

both lines it is of type 3 The twelve profile forms arc labeled accord 
mglj m Fig 116 

Although the qualitative verification of each profile form will be left 
to the reader certain general remarks are still in order First the 
scale of all profiles sketched in Fig 116 is greatl} reduced in the hon 
zontal direction for if plotted to an undistortcd scale the rate of change 
w depth would be scarcelj noticeable Second since even a slope 



Fig 116 Surface profiles on adverse horizontal mid cnt cal and steep slopes 

which is hjdraulically steep can deviate only a few degrees from the 
horizontal if the flow is to be trul> of the graduall} varied t>pe it 
actually matters little whether depths are measured in the vertical 
(as plotted in the figure) or at right angles to the channel bottom 
Final!} despite the fact that Eq (176) indicates an infinite slope of 
the free surface when } = ) ( and when y = 0 these sections must be 
regarded merelj as limiting conditions at which the assumption of 
negligible acceleration (i c hydrostatic pressure distribution) is no 
longer fulfilled since the actual zones of appreciable acceleration 
(Chapters I\ and \ ) arc relative!} short the} would obviousl} be of 
insignificant length in comparison « ith the profiles of Fig 116 

Control sections, profile analysis The qualitative anal} sis of depth 
variation in a given channel proceeds in the following manner The 
parameters >o ind ) e are computed for the given rate of flow and the 
given channel character! sties and the lines of uniform and crttia' 
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depth are plotted to scale on a foreshortened diagram of the channel 
profile. Depths are then evaluated for existing control sections (i.e., 
inlets, weirs, sluice gates, falls, and breaks in channel slope), with due 
regard to the fact that profiles lying above the critical-depth line are 
determined by a downstream control; and profiles below the critical- 
depth line by an upstream control; in other words, the disturbance 
produced at a control section can travel upstream only if the velocity 
of flow is less than the wave celerity (i.e., only if the depth is greater 
than the critical). The appropriate portions of the surface profiles 
shown in Fig. 116 are then sketched upon the channel diagram. 
Should a surface discontinuity appear to exist in any open reach (that 
is, should the depth have to change from y < y c to y> y c between 
control sections), this will invariably indicate the formation of a hy- 
draulic jump at a location commensurate with the required depth 
relationship of Eq. (109); it is otherwise physically impossible for a 
surface profile to cross either the uniform-depth or the critical-depth 
line without a change in boundary configuration. Once the general 
characteristics of the entire profile have been determined in this man- 
ner, evaluation of the actual depth variation in any reach may safely 
proceed according to the step-by-step process of integration. 

The foregoing qualitative analysis of free-surface form was, for the 
sake of simplicity, restricted to flow in a rectangular channel of very 
great width. The curves of Fig. 116 will, however, be representative 
of those in any channel of uniform cross section, if y 0 is evaluated for 
the condition V 0 2 / C q 2 Rq = So, and y c for the condition V c = V gy m , in 
which the quantity y m is the mean depth — i.e., the ratio of the cross- 
sectional area to the free-surface width. Indeed, these curves may be 
used qualitatively in the analysis of surface variation in natural 
streams as well, provided that local variations in slope, cross-sectional 
form, and boundary resistance are properly taken into account; since 
the step-by-step method of integration was not developed specifically 
for uniform channels, it is evidently suited to all such backwater 
computations. 

Despite the fact that the open-channel problems with which the 
engineer is concerned are still restricted to the flow of water in canals 
and rivers, emphasis must again be laid upon the close analogy be- 
tween the gravity flow of a liquid in an open channel and the gravity 
flow of air masses or water masses which are slightly heavier or lighter 
than the surrounding air or water because of temperature differences 
or the presence of material in solution or suspension. Meteorologists 
and oceanographers are thus as vitally concerned with the resistance 
problem in gravity flows as are hydraulic engineers. Their problem 
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is, needless to say, considerably more difficult than that discussed 
herein, owing to the additional drag at the interface between the 
slightly lighter and heavier mediums Nevertheless in its baste essen- 
tials the phenomenon of flow under gravitational attraction is uni- 
versally the same 

Example 42 A channel of considerable length leads from a large reservoir 
and terminates in an abrupt fall a sluice gate is located approximately midway 
between the two ends Compare the general variation in depth for conditions 
of (a) mild and (6) steep slope. 

In case (a) the uniform-depth line will lie above the critical depth line as 
shown in the sketch Since the sluice gate products an upstream depth greater 



VVe^t/4 

(/Vote Local surface curvature at 
reserve r inlet, sluice, jump, and 
fall Is practically hnperceptib e 
at reduced horizontal scale ) 


than y e and a downstream depth less than y, it will control the surface profile 
in both directions The V-l profile will extend to the channel inlet, which will 
therefore play no role in the problem Rut if the 1/-3 profile continued to its 
limit y, the flow beyond would be physically impossible The fall hence serves 
as the control for an 1/-2 profile which extends far enough upstream to permit 
a hydraulic jump to form between depths satisfying the momentum relationship 
In case (6) these conditions are rev ersed Although the sluice gate aeam serves 
as a double control if the distance from the inlet i* sufficiently great the S-l 
profile would— ‘like the lf-3 profile of care (a)— reach its limit y t at some inter 
mediate point The channel inlet therefore controls an 5-2 profile which cx 
tends up to the section at which the hvdraulic jump forms Evidently it is 
now the jnlet rather than the sluice gate which determine* the rate of flow 
The fall is no longer a control since the 5-3 profile lies below the line of cnlica* 
depth 
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PROBLEMS 

259. Determine the error which would result from computing in a single step 
the length of transition obtained in five steps in Example 41. 

260. How far upstream from the dam of Example 41 will the backwater effect ex- 
tend, assuming that its practical limit is reached when the depth of flow is within 
1 per cent of the uniform depth? 

261. If the water flowing over the dam of Example 41 leaves the apron with a 
depth of 1.5 feet, and if the abrupt fall at the end of the channel is 75 feet downstream, 
at what depth will the water approach the fall? 

262. If the dam of Example 41 had not been installed, the depth at all points along 
the channel would have been below rather than above the uniform depth. Assuming 
that the critical depth prevails just upstream from the fall at the end of the channel, 
determine and plot the surface profile for a distance upstream of at least 1000 feet. 

263. The uniform depth of flow in a very long channel of rectangular cross section 
is 6 feet when the rate of flow is 30 cubic feet per second per foot width. A sluice 
gate which controls the inflow at the upstream end produces under these conditions a 
sheet of water 1 foot deep, which gradually expands to Held a profile of the M-3 
type. If the computed coordinates of this profile are as follows, how far downstream 
from the sluice gate will the depth be such that a stable hydraulic jump will form? 


x y 


0 ft 

1.00 ft 

100 ft 

1.18 ft 

200 ft 

1.36 ft 

300 ft 

1.55 ft 

400 ft 

1.75 ft 

500 ft 

1.98 ft 

600 ft 

2.29 ft 


264. A long rectangular channel of unfinished concrete 12 feet wide carries a flow 
of 250 cubic feet of water per second, the bottom slope changing abruptly from 0.01 
to 0.0001 at an intermediate section. Show that the uniform depth of the flow ap- 
proaching the break in grade is less than the critical depth, while that beyond is 
greater than the critical depth. A hydraulic jump must evidently form in the vicinity 
of the transition; will the jump occur on the steep or on the mild slope? 

265. Sketch to approximate scale the form of the free surface and the line of total 
head at an abrupt change in channel slope, assuming that the critical depth is 5 feet, 
the uniform depth for the upstream slope is 7 feet, and the uniform depth for the 
downstream slope is 3 feet. 

266. A channel of rectangular cross section and moderate length leads on a mild 
slope from a reservoir to the forebay of a power plant, the rate of flow through the 
channel being controlled by the water level in the forebay. which in turn is controlled 
by the gate opening of the turbines. At zero flow the water surface in the channel 
is horizontal, and at peak flow the forebay level is below the critical-depth level at 
the end of the channel. Submit sketches showing (a) the sequence of surface pro- 
files. and ( b ) the variation in rate of flow, as the water in the forebay changes from 
maximum to minimum elevation. 
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QUESTIONS FOR CLASS DISCUSSION 

1 Boundary layer theory is based upon the premise that the thickness t is \ery 
wmlj compared with other linear dimensions Does this premise eventually fail to be 
fulfilled (a) near to or far from the leading edge (6) w ith increasing or decreasing 
viscosity and (e) at high or low velocity? 

2 Cite cases previously discussed in which the extent of viscous influence is too 
great for the boundary layer theory to apply 

3 The mass density does not appear in the resistance equation for established 
laminar flow in a tube \Yh> must the densit> appear in the resistance equation 
for the laminar boundary layer? 

4 The turbulent boundary la>er and the laminar sublayer correspond to what 
zones of flow through a conduit? 

5 In what localities and under what boundary circumstances would a laminar 
sublayer exist in atmospheric motion? 

6 Does the ratio of the maximum to the mean xelooty in a pipe increase or 
decrease (o) with increasing Reynolds number, and (6) with increasing relatixe 
roughness? 

7 Show that the equation 

r ~ ~* - - ** 5 75 login - 

Vm y 

may be obtained for smooth and rough pipes alike What «» the significance of *his 
relationship? 

8 Why does the equation / — (Au'\Di> for laminar flow in pipes not indicate 
that the resistance depends upon the density ? 

9 Distinguish between the actual roughness and the effective roughness of a 
conduit boundary 

30 Is a perfectly smooth surface physically possible? What bearing does this fact 
have upon the limit of validity of the resi tanre equation for smooth conduits? 

11 Why is it more advantageous in the long run to know the equivalent sand 
roughness of a git en boundary material than to obtain from a handbook the approxi 
mate loss m head for a particular rate of flow and diameter of pipe? 

12 The resistance characteristics herein discussed refer to continuous lengths of 
pipe Are joints apt to cause large or small variations in overall resistance? 

13 Enumerate the similarities and dissimilarities of the coefficients c/ C/ / and C 

14 What factors contribute to the 'aging of pipes? 

15 What assumption is made in applying the Chfzy equation to the case of gradu 
ally varied flow ? 

16 The flow pattern of uniform flow in an open channel was shown to be mile 
pendent of the Froude number Show that the form of a surface profile in gra lually 
varied flow does depend upon the Froude number 

17 Under what circumstances do control sections govern (a) upstream and (it 
downstream conditions of flow ? 

18 \enfy the trend of each surface profile in Ftg 116 

19 Of what significance is the line of uniform depth in a horizontal channel* 

20 Show that in uniform flow down a steep chute the pressure head is not equal 
to the vertical depth below the free surface 

21 Discuss the significance of the parameter y, in the case of graaity flow of a i 
masses in the atmosphere 
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38 BOUNDARY LAYER SEPARATION 

Restrictions of the boundary layer theory Irrotational flow and 
laminar flow have repeatedl) been stated to represent the two ex 
trcmes of fluid motion involving both mass acceleration and mscous 
resistance to deformation In the mathematical analysis of stead) 
irrotational flow the assumed absence of viscous effects is found to 
result in the complete lack of resistance to motion however much the 
fluid maj be deformed In steady laminar flow on the other hand 
the preponderance of viscous effects leads to a distribution of pressure 
and velocit) wholly unlike that which would be indicated b> the flow 
net jn fact the designation deformation drag to characterize the latter 
condition of motion aptl> implies a widespread distortion of the basic 
flow pattern Nevertheless in the foregoing pages it was shown that 
over an intermediate range between these two extreme cases the zone 
of appreciable viscous deformation of the flow is confined to a rela 
tivcl) thin la>er of fluid next to the boundary It should be reason 
able under such conditions to expect the flow net to indicate the 
general distribution of velocit) and pressure throughout the moving 
fluid the actual resistance to motion being attributable to surface 
drag — i c to viscous shear in the boundar) Ia>er alone 

Such a conclusion is indeed full) warranted— provided that one 
bear in mind three closcl) related restrictions First construction of 
the flow net according to the boundar) geometry requires that the 
boundary la>cr be of negligible thickness at all points Second so 
long as the boundary lajcr remains as thin as assumed the pressure 
must be essentiall) the same at the boundary as it is just outs dc the 
boundaiy laver Third since the velocit) of the fluid must l»c zero at 
all points along the boundary an) deceleration in this zone which 
might otherwise be produced b) boundary curvature is phvstcaH) im 
possible In other words whereas acceleration tends to minimize 
viscous effects the reduction m velocit) and the corresponding in 
crease in pressure indicated b> a divergence of the stream lines near a 
boundary are not compatible with normal boundary layer conditions 
232 
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The mechanism of separation. In the left half of Fig. 117 is shown 
to a greatly enlarged radial scale the distribution of velocity in the 
neighborhood of a boundary which curves in such a way as to produce 
a general increase in velocity (as shown by the converging stream lines) 
and a corresponding decrease in pressure. The boundary-layer thick- 
ness, it will be recalled, tends to increase with distance in the direction 
of flow, but in this case such a tendency is more or less counterbalanced 
by the convergence of the stream lines and the corresponding accelera- 
tion of the flow in general. Except for the thin layer of retarded fluid 
near the boundary, therefore, the velocity distribution of the flow as a 



Fig. 117. Boundary-layer separation in a zone of deceleration. 


whole may be obtained from the configuration of the flow net, which 
in turn permits evaluation of the pressure distribution at all points of 
the flow and of the boundary as well. 

The right half of this figure, on the contrary, illustrates the behavior 
of the flow as the boundary curves in such a way as to produce decel- 
eration of the fluid — deceleration, at least, as would be indicated by 
the diverging lines of the customary flow net. In this case the normal 
tendency of the boundary' layer to expand with distance in the direc- 
tion of flow is strengthened by' the tendency of the stream lines to 
diverge from the boundary as the flow decelerates. But, since the 
velocity at the boundary is already zero, further deceleration at the 
zone of contact is not physically possible; the flow as a whole can con- 
tinue beyond this zone only if a discontinuity at the boundary is pro- 
duced. As indicated in the figure, such discontinuity involves separa- 
tion of the flow from the boundary, the stream line which abruptly 
leaves the boundary dividing the oncoming flow from a region of reverse 
flow on the downstream side. 

Were it possible to define the form of this stream line of separation, 
the flow net might still be used to determine the resulting distribution 
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ol velocity and pressure The phenomenon of separation is not an 
easy one to analyze quantitatively how ever,for the location of the point 
of separation depends in general upon the form and roughness of the 
boundary and upon the Reynolds number of the flow Indeed only 
if the boundary is angular m form will the separation point remain 
fixed in position In the case of a boundary of easy cur\ ature the zone 
of separation will advance upstream as the Reynolds number is in 
creased — and then suddenly shift downstream when the boundary 
layer becomes turbulent owing to the fact that the lateral mixing of 
the turbulent fluid makes the velocity distribution more uniform and 
thus reduces the tendency toward separation Roughening the bound 
ary surface to produce an early outset of turbulence has therefore be 
come a common experimental means of decreasing separation effects 
on the other hand separation is sometimes completely prevented by 
draw mg off the low velocity fluid through slots in the boundary surface 

Form drag and energy dissipation Aside from making it impossible 
to analyze fluid motion in zones of expansion through use of the flow 
net, the phenomenon of boundary layer separation is of considerable 
importance for two reasons Within the region of discontinuity down 
stream from the point of separation the mean intensity of pressure is 
essentially the same as that of the surrounding flow since the separa 
tion generally occurs at a point of increased velocity — and hence of 
decreased pressure — a low pressure will prevail throughout the region 
of reverse flow Separation is in addition a source of instability the 
backflow along the boundary usually giving rise to eddies which in 
turn lead to fully developed turbulence in the wake of the boundary 
transition Thus not only does this lowered pressure on the down 
stream side produce an additional boundary force known is form drag 
but the generation of eddies on a relatively large scale greatly augments 
the drain upon the energy of the flow In other words the occurrence 
of separation necessarily increases both the resistance to motion and 
the rate of dissipation of mechanical energy through turbulence and 
viscous shear 

Example 43 In w hat zones can separation be expected to occur during (1 » 
over the spillway shown in profile’ Suggest changes in design which wtull 
reduce or eliminate the separation tendency 

Since the stream lines near the boundary diverge locally at points a b c and if 
separation well occur in each of these zones as indicated That at a nh cl is 
m a region of low velocity and hence not of great importance could be reduced 
by eliminating tl e 90* angle of the boundary Local deceleration leading to 
separation at b and c which may be dangerous to the stal »bty of the structure 
at high flow should be avoided by patterning the spillway profle after the 
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lower surface of a weir nappe for flow at the same head. No separation will 
take place in turbulent flow at d if the radius of the bucket is large in comparison 
with the thickness of the sheet. 



26T. Separation generally occurs along the boundary of a pipe just upstream 
from an orifice (sec Fig. 2S). What effect would this have (a) upon the pressure 
intensity at the base of the orifice and ( b ) upon the coefficient of contraction? Suggest 
a boundary form which would eliminate such separation. 

26S. Would the pattern of irrotationa! flow around the streamlined strut shown 
in Fig. 22 be more closely approached in laminar or in turbulent flow? Why? 

269. Cite instances in which separation is a desirable flow phenomenon. 

39. DISTRIBUTION OF FLUID PRESSURE ON IMMERSED BODIES 

Pressure variation around bodies of revolution. In flow at low 
Reynolds numbers, the variation in pressure intensity around an im- 
mersed bodt' is so nearly hydrostatic as to warrant no further atten- 



L 


Fig. IIS. Pressure distribution for flow past a streamlined body of revolution 
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tion At high Reynolds numbers on the other hand unbalanced 
normal stresses may be so great as to require a detailed knowledge of 
pressure distribution if structural stability is to be attained (A 
salient — and \er> costly — example of the need for accurate informa 
tion as to pressure variation is found in the 1940 failure of the Tacoma 
Bridge due to unexpected oscillation in a high wind ) 

So long as the form of a body is such that at high Rey nolds numbers 
separation either will not occur or will be of negligible effect the dis 
tribution of pressure may be found to a fair degree of approximation 
through application of the flow net or its three-dimensional equivalent 
In Fig 118 for instance is shown the measured variation of the quan 
tity Ap/(pt(?/2) (i e the local Euler number) around the hull of a 
model dirigible in comparison with that obtained from mathematical 
principles of irrotational flow only at the very rear of the body is a 
perceptible difference apparent indicating that the gradual boundary 
curvature and the presence of turbulence in the boundary layer have 
almost entirely eliminated the zone of discontinuity 



FlG 119 Stream 1 nes and pressure dstnbuton for flo» past a circular dak 

An extreme departure from the streamlined profile of Fig US is 
found in the case of a thin circular disk held at right angles to tht flow 
Were the flow pattern symmetrical fore and aft as indicated bv tht 
broken lines for irrotational flow in I ig 119 the <amt positive in 
tenstty of pressure would exist at each stagnation point but at the 
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edge of the disk a zero radius of curvature would require a pressure 
intensity of negative infinity'. However, since such severe reduction 
in pressure is physically impossible, it is evident that the fluid must 
separate from the boundary' in this zone. Separation, to be sure, will 
increase the radius of curvature of the boundary' stream lines and thus 
make the pressure drop at the edge of the plate less extreme; but 



(a) Irrotational flow 



fb} R = 162, 500 Jf? fc} R = £35.000 

Boundary layer laminar ,c - ^ Boundary layer turbulent 
Measurements by Flachsbart it ? air 

FrG. 120. Stream lines and pressure distribution for Sow past a sphere. 

this same low intensity of boundary' pressure will then prevail through- 
out the zone of discontinuity, yielding the measured distribution curve 
shown in the figure. Knowledge of the geometry' of the discontinuity 
surface would, of course, permit solution for the pressure variation by 
graphical methods; although such geometry 7 may 7 not in itself be de- 
terminate, the fact remains that, from moderately 7 low to extremely 7 
high Reynolds numbers, it is governed solely by the boundary 7 form. 

Between these two limiting conditions of pressure distribution at 
moderate to high Reynolds numbers is a vast assortment of body 
shapes for which the relative pressure distribution varies with both 
the boundary' geometry 7 and the Reynolds number. That is, 

— ^ = ^2 = 9 ( R > f0rm ) 
pv 0 ~/2 E 


( 177 ) 
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Typical of such boundary forms is the sphere According to the 
stream line pattern for irrotational flow (see Example 5) the distn 
button of pressure should follow a cunc which is symmetrical about 
the midsection the highest intensity of pressure occurring at the two 
stagnation points and the lowest around the circumference at right 
angles to the flow as shown in Tig 120a At Reynolds numbers 
( VD/ v) between 2 X 10 4 and 2 X 10 5 howe\er boundary layer sep- 
aration will occur well forward of the midsection resulting in the pres 
sure distribution shown in Fig 1203 At Reynolds numbers greater 
than 2 X 10 5 on the other hand the onset of turbulence m the bound 
ary layer will shift the zone of separation so far downstream as to 
yield at the rear the marked pressure rise shown in Fig 120r Note 
worthy is the fact that the pressure cur\es differ little from that of 
irrotational flow in the zone of acceleration howe\er much they may 
deviate in the zone of deceleration where separation necessarily occurs 
Effects of the eddy pattern in two-dimensional flow Each of these 
three-dimensional surfaces of revolution has its counterpart in such 
bodies of two-dimensional curva 
ture as the streamlined strut the 
cylinder and the long flat plate 
However boundaries of the latter 
type arc of particular interest in 
that the pattern of motion in their 
wake displays a periodicity not 
characteristic of the former It 

must be realized of course that 

P*/ 2 the lines of separation indicated 

Fig 121 D stnbut on of pressure for Ml Tigs 1M and 120 arc Mmp1> 
two-d mens onal flo» past a plate averages with time since an ap- 
preciable degree of fluctuation is 
to lie expected in almost any zone of discontinuity Although 
similar hues of average separation may be drawn for the plate and 
evlinder and although the corresponding curves of mean pressure 
distribution (Figs 121 anti 122) may be obtained from measurement 
Jjbe deviation from these patterns of two-dimensional motion will 
proceed With a regularity which is of considerable importance to 
the stability problem For instance visual inspection of the flow 
pattern just behind a cylinder will disclose the fact that the wake con 
sistsof a more or less orderlv series of vortices which alternate in posi 
tion about the centerline Fvidently the region of discontinuity must 
pendulate from one stde of the centerline to the other as the vortices 
alternately form and detach themselves from the boundary as a 
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result, the zone of low pressure at the rear shifts from side to side, 
thereby producing a variable side thrust as well as a longitudinal drag. 


Fig. 122. Distribution of pressure for t\\ o-dimensional flow past a cylinder. 

The pattern of motion within such a stable trail of vortices has been 
analyzed by von Karman as a problem in irrotational flow to which 
the stream lines of Fig. 123 correspond. This analysis led to the con- 
clusion that the relative spacing a/b of the vortices (see Fig. 124) will 



Fig. 123. Instantaneous stream lines of the von Karman vortex trail. 

have the value 0.281, while the vortex system as a whole will move 
with respect to the fluid at the velocity v r = 0.354 T/b, in which 
F (gamma) is a measure of the vortex intensity. That is, if a body 
moves through a stationary fluid at a velocity t’o> the vortices will 


— T-^r- & 



Fig. 124. Definition sketch for the analysis of the vortex trail. 

follow the body at the velocity v v , which is invariably lower than i’o; 
therefore, if the body is at rest and the fluid passes it at the velocity v Q , 
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the absolute \ elodty of the a ortex system (and hence its \ docity rcla- 
ti\e to the bodj) will be 1*0 — r r . Since the ratio fc/(r o — r f ) then 
represents the time required for a pair of \ ortices to form and pass into 
the wake, it evidently indicates the period of oscillation of thcdiscon* 
tinuity zone at the rear of the bod>. 



Plate XIV Photograph* of the wale behind a stationar> cylinder, showing suc- 
cessive stage* of edd\ formation after the commencement of fioa 


Although the \on KJrm-in rortex trail can thus be anahzcd in it«tlf 
without regard to the viscous effects upon which its formation and 
ultimate dccav depend, the ratio of the characteristic lengths a and b 
to the dimension of the bodv, and the ratio of the vortex vdocitv r» 
to the relative velocity r 0 between body and fluid, will neccssarilv 
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vary with the form of the body and the Reynolds number of the flow. 
However, for a given body form it will be found that the dimensionless 
combination of the period of oscillation T, the velocity v 0 , and a linear 
measure L of the body may invariably be expressed as 

Tv 0 

= ^( R ) ( 178 ) 

This functional relationship necessarily depends for its determination 
upon experimental measurement. In the case of the cylinder, it is 
found that Tv 0 /D is approximately 5 for values of R between 2 X 10 2 



Plate XV. Vortex trail in the wake of a moving cylinder. 


and 2 X 10 s , decreasing to perhaps half this magnitude as the bound- 
ary layer becomes turbulent. Noteworthy is the fact that, in the case 
of the normal plate, the constant value Tv 0 /B ~ 7 is applicable so 
long as the drag is independent of R. 

It should by now be evident to the reader that in only a few isolated 
cases can purely analytical methods yield a quantitative evaluation 
of the pressure distribution for flow around a body of arbitrary form. 
Such methods do, however, provide a significant qualitative picture 
of the general flow characteristics, in that they clarify the causes, indi- 
cate the approximate location, and warn of the structural dangers, of 
boundary-layer separation. Furthermore, through the dimensional 
correlation of the variables involved, these methods offer a systematic 
guide for the experimental study of force distribution on a scale model 
of any projected structure. Indeed, the importance of the wind tun- 
nel and the towing tank to modern structural design cannot be over- 
emphasized. 

Example 44. Wind-tunnel tests yielded the accompanying curves of pressure 
distribution around a model building of elementary form. Estimate the mean 
intensity of normal force upon the roof of the prototype structure during a 40- 
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mile per hour wind assuming atmospheric pressure to pre\ ml throughout the 
intenor What effective change would occur if an open door at the front per- 
mitted the internal pressure to attain a maximum magnitude’ 


According to the diagram, Ap„/(pr 0 72) = -0 6 whence 


A/>„ - -06^-= -06 X 
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Since Ap is measured with respect to atmosphcnc pressure w hich is assumed to 
prevail within the building this represents a normal forccin the upward direct ion 
of 2 59 pounds per square foot of roof If on the other hand the pressure mten 
sit\ within the budding is increased above atmospheric by the amount 


Ap 


pn> T 

2 


0 0025 X 


' 40 X 5280 V 
, 60 X 60 / 


2 


4 3 psf 


the force tending to lift the roof will have a mein intensity of43-f-26«*69 
pounds per square foot 


PROBLEMS 

270 What arc the maximum and minimum intensities of pressure on a *( inch 
spherical shot when traveling at a speed of 500 feet per second m air hasing a tern 
perature of 60® Fahrenheit? 

271 Dttermmc from the pressure distribution of hig 119 the total force exerted 
upon a 3 foot circular disk. when dragged through water at a velocity of S feet p<r 
second (Suggestion plot the product 2rr Sp against r and integrate graphical!) ) 

272 A horizontal tension member of a hydraulic structure has the form of a T 
the 4 inch flange of which is perpendicular to the direction of flow If this member 
1 es 5 feet betow the water surface in a zone of essentially uniform flow, at approxi 
matcly what vtlocity may captation be expected to develop? 

273 Estimate the maximum and minimum intensities of pressure on the 180-foot 
pemphere of the New \ orlc World » Fair of 1939 in a 50-mile per hour wind 
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274. A billboard having a surface height of 9 feet and a continuous length of 60 
feet is so mounted as to be freely exposed to the wind. From the pressure-distribu- 
tion curve of Fig. 121 estimate the total force exerted upon the structure in a normal 
wind having a speed of 30 miles per hour. 

275. For purposes of velocity measurement, a cylindrical tube Y> inch in diameter 
is inserted through stuffing boxes at diametrically opposite points on the wall of a 
3-foot conduit, upstream and downstream piezometer inlets at a gi-ven section of the 
tube being connected to a differential water gage. Prepare a rating curve of velocity 
(from 5 to 20 feet per second) against differential head for use of the tube in water 
at 60 c Fahrenheit. 

276. Wind-tunnel tests on a model airship hangar indicated that the pressure 
intensity on the lee side of the hangar in a wind at right angles to the hangar axis 
corresponded to the magnitude —0.65 of the dimensionless parameter 2 Ap/pi’o 2 . If 
the hangar is covered with sections of roofing material 4 feet by 8 feet in size, what 
outward force would be exerted on a typical section in a 40-mile-per-hour wind? 

277. At what wind velocity would telephone wires / inch in diameter attain a 
vibration period of 0.01 second? 

278. A rack to collect debris at the entrance of a power plant consists of parallel 
pipes 2 inches in diameter and 6 inches on center. If the natural period of vibration 
of the pipes is *20 second, at what water velocities would vibrations of serious mag- 
nitude be expected? 


40. DRAG OF IMMERSED BODIES 

Formulation of the drag equation. The total longitudinal force 
exerted by a moving fluid upon an immersed body necessarily con- 
sists of the summation of the longitudinal components of all normal 
and tangential stresses upon the boundary surface. In the case of 
streamlined bodies at high Reynolds numbers, the resultant effect of 
normal stresses will be a minimum, and the drag can hence be con- 
sidered due almost entirely to boundary-layer shear. In the case of 
bodies of angular profile, on the other hand, the reduction of pressure 
intensity in the region of discontinuity will so outweigh the boundary 
shear that the drag can be considered due almost entirely to the unbal- 
anced normal forces on the front and rear sides. The former case evi- 
dently approaches the limit of pure surface drag, and the latter the 
limit of pure form drag. Between these limits the proportionate 
effects of surface and form upon the total drag of a body can be eval- 
uated only by measurement and integration of the pressure distri- 
bution. 

As a general rule, knowledge of the total drag of a body, rather than 
its component parts, is required for design purposes. Since both tan- 
gential and normal stress are dependent upon the Reynolds number, 
the term Ap of the Euler number in Eq. (177) may be replaced by the 
total longitudinal force F divided by the projected area of the body 
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under consideration the resulting parameter then also being a func 
tion of the Reynolds number 

FfA 

' — 27 ; ~ C D = <£(R form) 
p~o / 2 

As indicated b> this expression the modified Euler number represents 
a coefficient of drag Co which for a giaen bod) form should var\ as a 
function of the Rexnolds number Once the form of this function is 
known the drag of the bod) maj be eaaluated from the equation 

F - C D A es- (179) 


Since Cjj is evidentl) a measure of the relatiac resistance of bodies of 
the same cross sectional area under the same /Ion conditions a study 
of its variation w ith bod) form and the Reynolds number w ill be found 
of great significance 

Resistance diagram for bodies of revolution As indicated in Fig 
12S a wealth of experimental data is at hand for the drag coefficient 
of spheres oxer a \er> great Refolds number range At low \ allies 
of R (1 e , in the zone of deformation drag) the measurements are ven 
to follow the straight line Cj> = 24/R which mi) be shown to cor 
respond to the equation of Stokes |Eq (122)) b\ the following opera 
tion 


F 


irDfir 0 X 


szy- p 

8Dfro 


24/i tD" (Tp 
toDp 4 2 


24 pV 
R 2 


(ISO) 


The experimental points begin to deaiatc from this line as soon as the 
accelerate e effects ignored b) Stokes begin to become appreciable 
a Rc\nolds number slightl) less than unit) c\identl\ marks the ap* 
proximate limit of deformation drag bc)ond which the Stokes equa 
tion is no longer applicable With increasing values of R the rone of 
appreciable Mucous deformation becomes restricted more and more to 
the immediate boundan, \icimr\ at the same time howc\er acce! 
erative effects become more pronounced and separation takes place 
an the znnr of deceleration at the rear By the time a Rcynol Is num 
ber of about 2 X 10* is reached the mscous shear at the lx>undar> his 
become «o insignificant in comparison with the pressure reduction in 
the zone of di<K»ntinuit) that the drag coefficient no longer \ancs 
perccptibl) with the Reynolds number this condition corresponds to 
the procure distribution shown in Fig 120 b 

With theon«*t of turbulrnct in the boundan la\ir the abrupt con 
traction in the ron« of di«!Contintiitx an 1 the accompan\tng ri« in 
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pressure intensity at the rear (Fig. 120c) produce a marked drop in 
the resistance coefficient, as seen at the right of Fig. 125. If the sphere 
is very smooth and if the approaching flow is undisturbed, the bound- 
ary layer will become unstable at a Reynolds number of approxi- 
mately 2 X 10°, and a reduction in C D of about 60 per cent will take 



Fig. 125. Coefficients of drag as functions of the Rejnolds number for bodies of 

revolution. 


place. Noteworthy is the fact that this critical value of R will de- 
crease with increasing boundary roughness or turbulence of the on- 
coming fluid; boundary roughness, however, is found to limit the re- 
duction of C D beyond the critical zone. 

Unlike the sphere, the circular disk is characterized by a drag coeffi- 
cient which becomes independent of the Reynolds number beyond the 
region of deformation drag, owing to the fact that the form of the 
wake and the accompanying distribution of pressure (see Fig. 119) are 
governed entirely by the boundary geometry. The other extreme is 
approached bv the streamlined body of Fig. 118, for which the drag 
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Pukte \VJ Comparison of the saiLes produced bj smooth ard roughened spheres 
in an air stream at the sa~e Reynolds numbe- (R *• 10*), made visible bn snole n 
jeeted through the tube surrounding the supporting rod Mwie, the boundarj lastr 
is laminar, be!o», boundary lajrr turbulence is induced bj sand gra rs cemented « 
a narrerm band around the front of the «fheie 
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at high Reynolds numbers is also shown. It is significant to note that 
the latter type of body would encounter only about 5 per cent of the 
resistance of a disk of the same diameter under the same flow con- 
ditions. 

Such a diagram of Cd against R at once permits solution for the re- 
sistance encountered by a body moving at a given velocity. Certain 
problems of free fall, on the other hand, require solution for the termi- 
nal velocity which would be attained by a body of given weight and 
size; so long as C D varies with R, it will be found that the velocity can 
be determined only by the tedious process of trial and error, unless the 
resistance diagram is modified as follows: If the parameters 


Cd 



VqD 

V 


are combined through elimination of the velocity, it will be found that 


1 2 FD 2 


1 8 F 


R 2 Apv 2 R 2 - pv - 


A line of C D : R for a given value of F/pv 2 on Fig. 125 will then indicate 
the locus of points for which the resistance is constant, and the inter- 
section of this line with any resistance curve will indicate the Reynolds 
number and the drag coefficient for the given values of F, p, and v\ the 



Fig. 126. Coefficients of drag as functions of the Reynolds number for 
two-dimensional bodies. 
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corresponding magnitude of r 0 may then be evaluated from either 
Co or R A system of the«e supplementary lines will be found on the 
diagram for use in fall \eloat) c\aluation 
Resistance coefficients of miscellaneous bodies Owing to the do«e 
analogy between three-dimensional bodies of revolution and their two- 
dimensional counterparts it is 
on!) to be expected that the 
plots of C D against R for the 
longryhnder, plate, and stream 
lined strut as shown in Fig 
126 will be of csscntnllv the 
same form as those for thi 
sphere dish, and airship hull 
of Fig 125 The fact must 
be noted however that the«e 
curves applv onl> to tvvo-di 
mcnsional bodies of \er> great 
length and that bodies of 
finite length will encounter a 
low cr resistance if three-dimen 
sional flow can occur at the 
ends 

The drag of other t>pes of 
body— whether two- or three- 
dimensional — will follow the 
same general trend as the cle* 
mentaiy formshcrundcscribed 
E\ idcntlv , the more abrupt the 
curvature of the sides of the 
bod) the more pronounced the 
form effect will be in compari 
«on with that of boundar) 
shear Thus a thin plate Will 
produce surface drag >ct no 
form drag whatever when fiefd" pacaflef to the /Tow, but (be form 
effect will be extremelv great — and the surface effect negligible — 
when the same plate is turned through 90° Indeed the process of 
streamlining — ic the casement of boundary curvature at the sides 
and rear — is entire!) for the purpose of reducing the form effect upon 
the total drag While the ideal limit of streamlining would involve 
the complete elimination of reparation it should be noted that the 
surface drag necersanlv increases as a bodv is lengthened in other 



ft-VTP Will Comparison of the waVw 
produced by a plate a c>lmder and a 
stream! nod strut 
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words, C D attains its smallest value when form drag and surface drag 
together are a minimum. 

In the case of spheres, it is probably the lower range of the Reynolds- 
number scale which is of greatest importance, for this region yields 
useful information as to the motion of such finely divided material as 
silt, mist, dust, or soot in gaseous or liquid media. On the other hand, 
the majority of engineering problems involve flow around bodies at 
high values of R, at which the factor Co is essentially dependent upon 
form alone. In many elementary' cases, the drag of structures may' be 

TABLE III 

Approximate Values of the Drag Coefficient for Various Body Forms 
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estimated through use of the characteristics given in Table III— for 
example, the force of wind on towers and cables In more complicated 
instances (wind effects on bridges or the drag of trims, airships, and 
undersea craft) the characteristic data must be obtained in the wind 
tunnel or towing tank through use of scale models tested at comparable 
\a1ucs of the Reynolds number 

Example 45 A pilot balloon 3 feet in diameter rises under a net lifting force 
(buoyancy less weight) of 0 8 pound Estimate its \ docitv of ascent 

Assuming that v ** 1 4 X 10 -4 square foot per second and p 0 0025 slug per 
cubic foot, 

— n fL? ■* 1 63 X 10'° 

p* 0.0025 X (1 4 X JO y lwxlu 

From the intersection of the corresponding line with the drag curse for spheres 
on Fig 125 Cd “ 0 20 and R = 5 X 10 s Therefore 



PROBLEMS 


279 The pcmpherc at the 1 939 New York Uorl I • Fair ha f a diameter of ISO feet 
Estimate the horizontal force which would have been exerted upon it by a 50-mile 
per hour wind 

280 Improved stcamlimng produces a 15 per cent reduction in the drag coefficient 
of a torpedo when traveling fully submerged What percentage increase in speed 
would this represent assuming the driving power to remain the same? 

281 The hull of a semi rigid airship having the profile shown in Fig I2S has a 
maximum cross sectional diameter of 30 feet Fstimate the power required to 
overcome the resistance of the hull when cruising at a speed of 60 miles per hour 
in air having a temperature of 40* Fahrenheit? 

282 A wind having a velocity of 50 m les per hour strikes a J^-mch transmiu on 

cable at right angles Determine the force exerted upon the 



7 

A 3/r 

j 


cable per foot of length assuming the temperature of the air 
to be 50* Fahrenheit 

JBi JVicwftMif J-hr rrrmuud velocities of fall of spherical 
hail Hones having diameters of H and 1 inch assumes 
specific grav tty of 0 9 and an air temperature of 50'Fahrenheit 

284 A cup anemometer used in measuring win J velocit) 
consists of two fioflow hemispheres mountcl in opposite <1 
reetions at the ends of a horizontal rod which turns freely 
aliout a vertical axis aa shown in the aeromjMnying sketch 


Paon 251 What torque would J>e requ red to hoi I the rotating member 
stationary in a 30 mile per hour wind? 

285 I stimate the maximum loo ] which may be earned by an 18 foot piracfiute 


without attaining a veto it> of descent of more than 20 feet per secon I 
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286. The ratio of the fall velocity of sand and silt grains to the velocity character- 
istics of turbulence is of importance in all problems of sedimentation. Assuming 
such grains to be spherical and to have a specific gravity of 2.56, determine the fall 
velocities in water at 60° Fahrenheit corresponding to grain diameters of 0.01, 0.1, 
and 1.0 inch. (Note: the buoyant force of the water must not be ignored.) 

287. Solve Problem 271 through use of the corresponding drag coefficient. 

288. A stabilizing drag used in shipping consists of two 3-foot disks arranged in 
tandem 10 feet on center at the end of a long cable. What force would be required 
to tow the disks through sea water at a speed of 3 miles per hour? 

289. Estimate the bending moment at the base of a 50-foot smoke stack 5 feet in 
diameter during a 60-mile-per-hour wind; assume the air temperature to be 60* 
Fahrenheit. 

290. A lead shot 14 inch in diameter is fired upward over a body of open water, 
(a) If the velocity of the shot as it leaves the gun is 500 feet per second, what is the 
initial air resistance? (b) What is the terminal velocity of descent of the shot in 
air? (e) What terminal velocity will be attained by the shot after striking the water? 

291. Solve Problem 274 through use of the corresponding drag coefficient. 

292. Compare the rate at which a J^-inch bubble of air would rise through water 
with the rate at which a J^'inch drop of water would fall through air; assume a 
temperature of 60° Fahrenheit. 

293. Assuming an automobile to have a projected area of 25 square feet, estimate 
the horsepower required to overcome wind resistance at a speed of 50 miles per hour 
(a) if the car is not streamlined, and ( b ) if the car is well streamlined. 

294. From the data given in Table III, estimate the minimum spacing of tandem 
disks at which the drag of each would be essentially independent of the other. 


41. DISTRIBUTION OF PIEZOMETRIC HEAD AT CONDUIT TRANSITIONS 

Similarity of flow around bodies and through conduits of comparable 
form. Nearly every elementary form of immersed body represents 
the counterpart of a conduit transition, in that the flow character- 
istics of any such transition are essentially similar to those of the cor- 
responding immersed body. For instance, a plate or diaphragm orifice 
in a pipe involves form effects comparable to those of a circular disk 
held at right angles to the flow; a Venturi meter produces surface 
effects not greatly different from those of an airship hull; or the flow 
at the front and rear of a circular cylinder held with axis parallel to 
the direction of motion is not unlike that at a sudden pipe contraction 
followed by a sudden enlargement. Indeed, such analogous states of 
motion differ in only two basic ways: first, in the case of immersed 
bodies the fluid is assumed to extend a considerable distance in all 
directions, while the centerline of a conduit necessarily marks the 
transverse limit of the boundary influence; second, in the case of im- 
mersed bodies the boundary layer begins to develop at the front of 
the body itself, while boundary effects in a conduit have already de- 
veloped far uostream from the transition section. 
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Since the drag of bodies is most often associated w ith motion through 
air in discussing distribution of boundary pressure in Section 39 little 
heed was paid to the effect of fluid weight in any event of course the 
distribution of ApJ (/r 0 2 /2) for gases would be identical to the distn 
bution of Ak/(v 0 2 /2g) for liquids In the case of conduit transitions 
however the distribution of piczometnc head is of SLch graphic sig 
nificance that all distribution plots in the present section w ill represent 
liquid flow needless to say the parameter Ah/iV^ftg) may likewise 
be changed to Ap/{pV*/2) if the fluid in question is a gas Owing to 
the close analogy of flow conditions it is only to be expected that the 
distribution of head along the boundaries of any conduit transition 
will vary with the boundary geometry and the Reynolds number of 
the flow just as in the case of immersed bodies Thus at low Re> 
nolds numbers viscous effects should again predominate and at high 
Reynolds numbers such effects should become subordinate to those of 
acceleration the phenomenon of separation then playing a decided 
role It is not to be expected however that an equivalent effect of 
boundary layer turbulence upon the wake will be encountered at very 
high Reynolds numbers for the boundary layer of the approaching 
flow already extends to the centerline of the conduit on the other 
hand the velocity distribution of the approaching flow now becomes 
of considerable importance 

Variation in head at a local constriction In Fig 127 is shown in 
dimensionless form the distribution of piczometnc head at a dia 
phngm onfice for a high Reynolds number comparable to that of the 
disk of Fig 119 The circumference of the diaphragm is now the zone 
of stagnation but it w ill be seen that separation in the region of deccl 
cration just upstream from the diaphragm docs not permit h to attain 
the full stagnation magnitude The edge of the onfice opening stmi 
Iarly is now equivalent to the circumference of the disk and the out 
line of the submerged jet is essentially the same as the separation 
profile in the wake of the disk evidently the low pressure behind the 
disk also obtains downstream from the diaphragm Just as the eddies 
behind the disk gradually spread laterally and eventually decay the 
eddies produced by the diaphragm spread toward the centerline of 
flow the mixing produced by the spreading eddies simultaneously 
causes the jet to expand until it finally fills the conduit with an ac 
company mg nsc in pressure The flow is not yet uniform however 
owing to the presence of turbulence far greater in intensity than that 
of the approaching flow in other words not until the kinetic energy 
of this excess turbulence has been dissipated through viscous sicar 
over a considerable length of conduit can the effects of the transition 



Sec. 41] DISTRIBUTION OF HEAD AT CONDUIT TRANSITIONS 253 


upon the velocity and pressure distribution no longer be noted. The 
great drop in head which is produced by the formation of such turbu- 
lence is gyident from the diagram. 



Fig. 127. Distribution of velocity and piezometric head for a pipe orifice. 


The other extreme of conduit transition is illustrated by the V enturi 
meter, which is comparable to the streamlined hull of Fig. 118. How- 
ever, while the streamlining of an immersed body is generally re- 
stricted to the rear portions, the streamlining of a conduit transition 


Ah 


Piezometric head 

n X 

r atono £ — 

8 V 

1 Piezometric head 

16 ^ 

L alona boundary 


Ah 

W 9 



Fig. 128. Distribution of piezometric head for a Venturi meter. 


must begin at the very entrance, owing to the low velocity in the 
laminar sublayer of the approaching flow. Separation at the entrance 
is therefore avoided by the gradual convergence shown in Fig. 128, 
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vv hich prod u res only a slight local nse m h The pressure necessanly 
drops as the flow section contracts but at different rates along bound 
ary and centerline as a result the pressure distribution can become 
hydrostatic across the throat section only if the throat is relatively 
long Separation m the divergent section if the flow is turbulent is 
practically eliminated when the angle of flare is less than about 10 a 



The fact that the piezomctric head downstream from the transition is 
nearly as great as that of the approaching flow is an indication of the 
gain in efficiency which can be obtained by proper streamlining 
Use of head variation in flow measurement The investigation of 
pressure distribution at lower Reynolds numbers would be of little 
practical significance were it not for the fact that transitions of this 
nature arc frequently used for measuring rates of flow That is since 
the change in the quantity h/(Vf/2z)—or pfip\ o’/2) if the fluid is a 
gas — between any two points depends only upon the conduit geom 
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etry and the Reynolds number, the same differential head between two 
such points of a given transition should invariably indicate the same 
rate of flow for a fluid having the same characteristics. Indeed, from 
the dimensionless nature of the parameters &h/{V 2 /2g) and VD/v, it 
is only reasonable to expect that calibration of a given meter with any 
one fluid would yield a general discharge curve applicable to any other 
fluid. This curve should then be characteristic of all geometrically 
similar meters as well, provided only that the approach conditions are 
also similar and that the piezometers are located at equivalent points. 
In order to attain uniformity of location and maximum sensitivity of 
indication, it is customary to place the piezometers for an orifice im- 
mediately upstream and downstream from the diaphragm; those for 
the Venturi meter are usually just upstream from the entrance and at 
the midpoint of the throat. For the sake of similarity with earlier 
relationships for orifice discharge [see Eq. (37)], the reference velocity 
V in the discharge coefficient is again taken as the ratio of the flow 
rate Q to the minimum cross-sectional area -d 2 /i of the conduit. Thus 


- 7=7 = C d = *(R) 

V 2g A /( 

whereupon the discharge relationship becomes, as before, 

Q = C d ~ V2g~Kli 
4 


(182) 


The variation of the coefficient of discharge (i.e., the Euler number) 
with the Reynolds number for pipe orifices and Venturi meters of vari- 
ous proportions is shown in Fig. 129, the Reynolds number, like the 
Euler number, being based upon the diameter and the mean velocity 
at the narrowest boundary section. At once evident is the striking 
similarity of this diagram to Fig. 125 for the drag of immersed bodies 
of analogous form — similarity, that is, so far as general characteristics 
are concerned, since C d is a measure of discharge while C D is a measure 
of resistance (i.e., C d ~ l/\/Cb). Thus, so long as the Reynolds 
number is very low, accelerative effects will be negligible in compari- 
son with those of viscous deformation. Accelerative effects will, how- 
ever, become appreciable while the approaching flow is still laminar, 
and the relative influence of the parabolic velocity distribution upon 
contractions of different relative size is at once evident from the dia- 
gram. Ultimately, of course, the viscous effects upon the differential 
pressure approach a minimum in comparison with accelerative effects 
hence at high values of R the several curves approach horizontal 
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asymptotes depending m magnitude only upon the boundary geom 
etry It is to be noted, however, that boundary roughness is an essen 
tial part of such geometry, for, as the relative roughness of the pipe is 
increased, the increase in the ratio VmajJV results in a corresponding 
rise in the limiting value of C& 

As in the case of Fig 125, a plot of this nature may be used con 
vemently only if the velocity of flow is known In order to determine 



Fig 129 Coefficients of discharge for the pipe orifice and Ventun meter as functions 
of the Rey nolds number 


the \elooty accompanying a gt\cn differential pressure, a system o 
supplementary lines similar to that of Tig 125 must be added to the 
diagram Since 



and 


R 


Qd 


tlimination of Q will yield the counterpart of Eq (181) 


Cd - R / - 

dV2g 

The sloping lines tn Fig 129 represent lines of constant d\^2g £h/r, 
intersection of the proper line with the proper discharge cun c evi 
dently yields the corresponding magnitudes of Cj and . rom ci cr 
of which the rate of flow may be determined 
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Abrupt contractions; conduit inlets. Between the two extremes of 
conduit transition shown in Figs. 127 and 128 there exists a vast assort- 
ment of boundary forms. As in the case of immersed bodies, the dis- 
tribution of boundary pressure will vary with both the Reynolds num- 
ber and the geometry’- of the transition in such a complex manner that 
experimental measurement represents the only accurate means of 
analysis. In general, the more angular the profile, the greater the 
drop in pressure intensity or piezometric head in the wake of the transi- 
tion ; and the more perfect the streamlining, the more closely will the 
downstream conditions approach those upstream. Needless to say, 



however, even complete elimination of boundary-layer separation will 
not permit complete recovery of piezometric head, owing to the tan- 
gential stresses which must invariably exist in the boundary layer. 
On the other hand, such distribution curves for almost any transition 
will approach a constant form at moderately high Reynolds numbers; 
since most flows of practical importance are in this region, an investi- 
gation of the limiting pressure curves for various elementary transi- 
tions will be sufficient for present purposes. 

An abrupt contraction in the cross section of a circular conduit, as 
shown in Fig. 130a, will produce two zones of separation. As a result, 
the piezometric head will not rise to its full stagnation value in the 
boundary corner, and yet will drop considerably below its ultimate 
magnitude as the flow continues to contract beyond the transition 
section. Even though the mixing due to the boundary eddies eventu- 
ally produces full expansion of the flow some distance downstream, the 
accompanying rise in piezometric head by no means represents full 
recovery, as may be seen from comparison with the streamlined transi- 
tion of Fig. 130&. 
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Frc 131 Variation in head for different forms of pipe inlet 


The ultimate change in h at such a contraction will evidently var> 
with the contraction ratio The limiting case, of course, is represented 
by the inlet to a conduit from a large tank or reservoir, shown in 
Fig 131a While this represents the maximum reduction in k of the 
series of Fig 130a, it will be seen from Fig 131c that projection of the 
conduit into the reservoir will result in an even greater reduction 
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Complete elimination of the separation phenomenon by proper curva- 
ture of the boundary, on the other hand, will yield a curve which at 
no point is lower than that of the ultimately uniform flow (Fig. 131i>). 
It is to be noted that high velocities of inflow may reduce the pressure 
intensity locally to the point of cavitation; proper streamlining of the 
inlet clearly eliminates all local zones at which cavitation could occur. 




Plate XX. Comparison of the flow patterns at an abrupt contraction and an 
abrupt enlargement of cross section. 

Abrupt enlargements; conduit outlets. The converse of the abrupt 
contraction is found in the abrupt enlargement of Fig. 132a. Since the 
pressure distribution just past the transition (i.e., before the stream 
begins to expand) is essentially the same as that of the approaching 
flow, such knowledge permits evaluation of the ultimate rise in h 
through use of the continuity and momentum relationships. 

Thus, 

Q — ViAi = VoA o 

and 

yh\A\ + 7 /; i (.4 2 — A 1 ) — yhoAo = Qp ( Vn — Vi) 
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whence 


_ 9 £i 
V1V2 g z a 2 



( 183 ) 


The degree to which the rise in h can be increased by streamlining the 
enlargement depends upon both the rate of enlargement and the cn 
Iargement ratio That is while the 
maximum angle of flare without 
separation is approximate!) 10® 
the length of divergent boundary 
evidently mcreascsw ith the enlarge 
ment ratio thereby decreasing the 
ultimate rise because of the in 
creased surface drag Since the 
variation in h is then go\cmed al 
most entirely by viscous effects the 
influence of the Reynolds number 
can no longer be ignored So far as 
the writer is aware systematic studies of the problem as a whole have 
not been made 

The converse of the inlet to a conduit from a resen oir is likewise 
found in the outlet from a conduit into another reservoir as in Fig 133 
This represents the limiting condition of Eq (183) which indicates 
that the rise in li as the jet expands will be almost nil The extent to 
w hich this rise can be increased by flaring the outlet is subject to the 
same conditions as the streamlining of any abrupt enlargement 
Conduit bends The conduit bend is perhaps the onl) t>pc of con 
duit transition which is not analogous to an) of the elementary forms 
of immersed body discussed in the foregoing sections although it docs 
possess certain characteristics common to the lifting \anes of the fol 
low ing chapter Aside from a peculiar t) pc of secondary motion w hich 
a bend produces however this t)pe of transition embodies cssentiall) 
the same combination of viscous and form effects as do the others- 
Thus a short radius bend (Tig 134) shows a tendencj toward bound 
arj la>er separation along the inner wall which ma> be eliminated 
b> increasing the bend radius No matter how great the radius how 
ever the change in flow direction requires an increase in pressure in 
tensit) (1 e ptezometric head) along the outside of the bend and a 
decrease along the ins de Evident!) the longer the radius the smaller 
the difference in h between the outside and the inside s nee the total 
force required to produce the momentum change docs not var> with 
the length of bend It must nevertheless be recalled that the vclocit) 
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of the approaching flow is zero along all portions of the boundary and 
hence cannot decrease further to provide the required rise in pressure 



Fig. 134. Variation in head at a 90° short-radius bend. 


along the outside. Just within this boundary zone, however, the 
velocity is finite, and the unbalanced centrifugal force of this portion 
of the fluid produces a secondary flow out- 
ward along the plane of the bend and inward 
around the boundary, as indicated in the 
figure. As a result, the fluid leaving the bend 
moves in a double spiral which diminishes 
in intensity only gradually as the fluid passes 
downstream. Noteworthy is the fact that 
such effects may be completely eliminated 
by replacing the standard bend with a miter 
elbow containing a series of vanes curved as 
shown in Fig. 135. 

Reasons for the study of head distribution. Knowledge of the 
various factors which influence the velocity and pressure variation at 
any boundary transition will generally be important for at least one 
of the following reasons: (1) Unless the dimensions of the conduit are 
so small that other considerations govern structural design (as is true 
in the case of most plumbing fittings), the pressure distribution in a 
transition may play a primary role in structural stability. (2) Any 
transition producing a known differential head between two points 



Fig. 135. Guide vanes at 
a miter bend. 
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may be used to measure the rate of flow (3) Transitions intended to 
yield particularly uniform flow conditions (such as the contraction 
preceding the test section of a wind tunnel) should be free from both 
separation and secondary flow (4) Adjustable transitions such as 
valves and gates should be so designed as to cause a minimum disturb- 
ance when fully open and yet produce a steady reduction m recover) 
of head — and hence in rate of flow — during closure (5) Unless transi 
tions are well streamlined, the reduction or incomplete recover) of 
piezometnc head due to form effects may amount to a considerable 
portion of the total resistance to flow 


Example 46 The abrupt entrance to a 5 foot conduit lies 20 feet (on center) 
below the free surface of a reservoir Assuming a vapor pressure of 05 pound 
per square inch absolute determine the rate of flow at w hich cavitation mav I* 
expected to commence 


At the point of greatest reduction in piezometnc head the magnitude of 
AA/( V*/2g) is seen from Fig 131a to be —2 35 Hence 


I 71 

Ah = -2 35 4- 

Relative to the top of the inlet the initial value of h is 20 — 2 5 ■» 175 feet 
Since the elevation s is thus eliminated the pressure head at the point of lowest 
pressure intensity will be equal to the initial piezometnc head plus the change 
as the flow enters the conduit 


175 + A* = 175 - 23:>-£ 

V 2 g 

Cxpressingtheabsoluteintensityof the vapor pressure in relation toatmosphenc 
pressure 


(0 5 - 14 7) X 144 
62 4 


17 5 — 2 35 Yx~$22 uhcnce V " 37 1 fp3 


The rate oi flow at w hich cavitation should take place is then 
Q , IV1 - 37 1 X - 72S cl. 


PROBLEMS 

295 Oil having a specific gravity of 0 85 and a dynamic viseos ty of 2 X 10 
pound second per square foot is transmitted b> an 8 inch pipe the rate of flow being 
measured by a diaphragm onficc having a diameter of 6 inches What rate o o* 
would correspond to a differentia! head of 5 inches of oil? 

296 A \entun meter having the characteristics shown in Fig* 123 and 129 is 

installed in a 2 foot water m 3 in to measure the rate of flow \\ hen the main is earn 
mg 35 cubic feet of water per second what d ffcrenttal head woul rca on a mer 
curv manometer connected to the meter? . , 

297 What percentage error in the computed rate of flow would result from u.ng 
a discharge coefficient correspond ng to piezometer openings local 
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diaphragm orifice (Fig. 127) if the openings were actually one pipe diameter up- 
stream and downstream from the orifice? 

298. A pipe bend having the characteristics shown in Fig. 134 is used as a flow 
meter, piezometer openings located symmetrically at the inside and the outside of 
the bend being connected to a differential gage. Evaluate the corresponding co- 
efficient C in the flow equation Q = CA ~s/ 2g Ah. 

299. In order to measure the rate of flow of air through an experimental duct 9 
inches in diameter, a thin diaphragm containing a concentric hole 6 inches in diameter 
is inserted at one of the conduit joints. What rate of flow would be indicated by a 
differential head of 3 inches of water in a manometer connected to piezometers either 
side of the diaphragm? 

300. Estimate from the distribution curves of Fig. 127 the longitudinal force 
exerted upon a similar orifice plate in a 12-inch pipe during a flow of 7 cubic feet 
of water per second. 

301. A ventilation duct of circular cross section changes abruptly from 6 feet to 
3 feet in diameter. If the pressure intensity in the 6-foot approach section corresponds 
to a 2-inch head of water during a flow of 20,000 cubic feet of air per minute, what 
minimum pressure intensity will prevail just beyond the transition? 

302. If the metal lining of the 5-foot conduit of Example 46 had projected into the 
reservoir, what reduction in the maximum rate of flow would have resulted? 

303. Compare the rates of efflux from three 12-inch pipes each 3 feet long and set 
horizontally into the side of a reservoir 15 feet below the water surface, pipe A pro- 
jecting into the reservoir, pipe B being flush with the reservoir wall, and pipe C 
having a rounded entrance (see Fig. 131). 

304. Two reservoirs 600 feet apart have a difference in surface level of 60 feet. The 
reservoirs are connected by a horizontal pipe line consisting of the following three 
sections: 200 feet of 4-inch pipe, 200 feet of 6-inch pipe, and 200 feet of 3-inch pipe, 
in the order given. Assuming each transition to be abrupt, sketch to approximate 
scale (10 vertical to 1 horizontal) the lines of total and piezometric head between the 
two reservoirs. 

42. LOSS OF HEAD AT CONDUIT TRANSITIONS 

Evaluation of the loss coefficient. As in the case of immersed bodies, 
the variation in normal and tangential stress at any conduit transition 
will produce a resultant longitudinal force upon the boundaries which 
varies with the boundary form and the Reynolds number of the flow. 
Judging from the discussion of the foregoing section, however, it 
would appear that tangential stresses usually play a very minor role 
in determining the resistance of a conduit transition, owing in part to 
the fact that commercial fittings are seldom well streamlined, and in 
part to the high Reynolds numbers of flows which are generally 
encountered in engineering practice. In general, therefore, the resist- 
ance to flow caused by a conduit transition will be equal to the integral 
of the longitudinal component of normal force over the transition 
boundary. 

As in the case of immersed bodies, such resistance may be evaluated 
from curves of boundary pressure or piezometric head similar to those 
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of the foregoing section Unlike the immersed body problem never 
theless the problem of conduit resistance is not so much the deter 
mmation of the longitudinal force exerted upon the transition as the 
evaluation of the rate at which work must be done upon the flow by 
external forces to overcome such resistance — i e , the power expcndi 
ture or rate of energy dissipation which the flow transition entails 
Under the latter circumstances recourse must be had to the to nation 
m total head rather than piezometnc head as the fluid passes through 
the transition, for the drop in piezometnc head is a true measure of 
energy dissipation only if the inlet and outlet diameters of the transi 
tion are the same As may be seen from the diagrams of the foregoing 
section howe\er, for any given boundary form the variation in total 
head and piezometnc head will at high Reynolds numbers be inter 
dependent For instance the overall change in total head to be ex 
pected at an abrupt enlargement may readily be evaluated from the 
corresponding changes in piezometnc head [Eq (183)] and velocity 
head, as follows 

A h , A( t^/2g) A,/ A,\ . A, ! -A, 3 

Vx’ttt l\72c 'lA A.) + 

whence 



Graphical representation of conduit losses How cv er short a bound 
ary transition may actually be, the fact remains that the eddies which 
it produces will have an influence upon the velocity distnbution (and 
hence upon the surface resistance) for a considerable distance down 
stream Evidently, not until the flow again becomes truly uniform 
can the full effect of the transition be evaluated Owing to the resist 
ancc of the uniform conduit on the other hand the lines of total head 
and piezometnc head will approach sloping rather than horizontal 
asymptotes beyond the transition (refer to Figs 130-134), so that 
only by extrapolation of these asymptotes to the section of the transi 
tion can the loss in total head for the transition itself be determined 
As indicated by the broken lines in the several diagrams their inter- 
cept on the vertical scale invariably represents a charactcnstic decre- 
ment of the parameter ///(l^"/2g) commonly known as the Ion cotfi 
aent C L of the transition Letting II l represent the net loss in total 
head it follows that 


IIl 


(185) 



Sec. 42] 


LOSS OF HEAD AT CONDUIT TRANSITIONS 


265 


TABLE IV 

Approximate Values of the Loss Coefficient for Various Pipe Transitions 


Abrupt contractions 

H h = Cl VUlg 

Dz/Di C L 

0.8 0.13 

0.6 0.28 

0.4 0.38 

0.2 0.45 

0.0 (Inlet from reservoir) 0.50 

90° Bends 

Hl = Cl W2g 
r/D C L 

1.0 0.40 

1 5 0.32 

2.0 0.27 

3.0 0.22 

4.0 0.20 

Abrupt enlargements 

Hl = C L V{-/2 g 

' -H0I 

(Outlet into reservoir Cl = 1.0) 

Valves 

H l = Cl ^/2g 

Cl 

Gate (open) 0.2 

Globe (open) 10.0 


Typical loss coefficients for common types of transition are given in 
Table IV. These, it must be realized, refer to transitions which are 
almost the complete antithesis of streamlined forms, corresponding in 
general to the abrupt changes in section discussed in the foregoing 
pages. As such, the coefficients represent maximum values, the mag- 
nitude of which can be reduced to a considerable degree by proper 
streamlining (under the latter circumstances, of course, the loss coeffi- 



Fig. 136. Simplified representation of the change in head along a conduit of non 

uniform cross section. 
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cients would ulttmatelj become dependent upon surface rather than 
form effects and hence would vary to some extent with the Reynolds 
number) In making use of such coefficients one is restricted perforce 
to the one-dimensional method of flow analysis in other words a! 
though an> transition has been seen to have an effect upon the lines 
of total head and piezometric head for a considerable distance down 
stream it must arbitrard) be assumed that the full effect is concen 
trated at the transition section On a given conduit diagram such 
lines w ill therefore slope in proportion to the surface resistance in the 
uniform reaches and drop abruptl) in proportion to the form resist 
ance at the sections of rapid transition as in Fig 136 The Bernoulli 
equation must then include the summation of all losses which occur 
betw een an) tw o sections 



(186) 


Use of loss coefficients m problems of unsteady flow Although the 
one-dimensional method of analyzing conduit resistance to stead) flow 
must at best be regarded merely as a convenient simplification for 
purposes of rapid calculation it should also be realized that the assump- 
tion of a resistance coefficient which is independent of the Reynolds 
number permits an approximate solution of problems in unstead) 
flow which would otherwise be hopeless]) involved Perhaps the 
simplest example of this circumstance is found in the establishment 
of flow in a long pipe a case discussed in Chapter V without regard to 
boundar) resistance It is now possible to incorporate the effect of 
loss in head as a first approximation b) introducing in the initial equa 
tion a coefficient bulk which embodies in terms of the variable 
velocit) head the effect of surface and form resistance over the entire 
length of conduit Thus 

- v ” /7 ‘ - u * - S,,L - * - <> + '~ c ' ) 1; 

f dt 

and 

ft = <1 + SCO ~ 

The subsequent mtccration is affcetctl b> the presence of this ftetor 
onl> to the extent of modif)ing the numerical characteristics o t ic 
result the counterpart of Eq (96) being simpl) 


V 


Vi + icL - log. 


i - i/u 


(187) 
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Evidently, the time required to establish a given percentage of the 
ultimate velocity in the case of resistance can be found from Fig. 61 
by dividing the corresponding value of t for zero resistance by the 
radical “\/ 1 + 2 Cl. 

Example 47. Water flows between two reservoirs through a 6-inch rough 
pipe for which / = 0.03. Assuming the difference in reservoir elevation to have 
the constant magnitude of 30 feet, determine the rate of flow and the percentage 
loss due to form resistance (abrupt entrance and exit) if the pipe is (a) 50 feet 
long, ( b ) 500 feet long, and (c) 5000 feet long. 

A general expression for the rate of flow may be developed by equating the 
total change in head to the losses at the inlet, along the pipe, and at the outlet; 
thus, 

V s 


vhence 


2H l = 30 = (o.5 + + l.o) 


Q= AV = 


v X 0.5 2 30 X 2 X 32.2 


0.032. 

0.5 


+ 1.5 


2 g 
35.3 

VL+ 25 


Similarly, the loss ratio will be 


H l (form) 

2 H l 


V - 

(0.5 + 1.0) — 

2g 


1 


(°- 


= + °-^ + . 


(a) 


0.5 

35.3 


Hl (form) 
2 H l 


V 50 + 25 

1 


*)S ' 


= 4.08 cfs 


+ 0.042. 


( 6 ) 


Q = 


1 + 0.04 X 50 
35.3 


— X 100 = 33.3% 




Hl (form) 
227 l 

Q 

Hl (form) 
222z, 


V 500 + 25 
1 

1 + 0.04 X 500 
35.3 


1.54 cfs 


X 100 = 4.8% 


V5000 + 25 
1 

1 + 0.04 X 5000 


= 0.498 cfs 


X 100 = 0.5% 


Evidently, the relative importance of such form effects becomes insignificant in 
long reaches of uniform flow. 
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PROBLEMS 

305 Two reservoirs are connected by 400 feet of horizontal 10-inch pipe for which 
/ B 0 025 Midway between the reservoirs is a turbine the controls of which regu 
late the rate of flow between the reservoirs If the difference in reservoir elevation 
is 35 feet and the change in head at the turbine is 20 feet what is the rate of flow? 
Sketch the lines of total and piezometnc head 

306 Substituting a pump (A// *= 50 feet) for the turbine of Problem 305 and as 
suming that the direction of flow is reversed determine the rate 
of flow and sketch the lines of total and piezometnc head 

307 A ventilating fan having an efficiency of 50 pier cent is 
mounted as shown in a short duct 2 feet in diameter (a) What 
power must be supplied to the fan to deliver 5000 cubic feet of 
air per minute? ( b ) What percentage increase in the rate of 
flow would result from rounding the inlet as shown the power 
input remaining the same? 

308 At a given section of a vertical water pipe having an * 
equivalent sand roughness of 0 001 foot the diameter changes 
abruptly from 4 to 6 inches A differential water manometer 

is connected between points (1) 5 feet above (i e upstream from) and (2) 5 feet 
below the enlargement To what rate of flow would the gage reading of hi — h ” 
—0 35 foot correspond? 

309 Natural gns having a specific weight of 0 05 pound per cubic foot and a 
kinematic viscosity of 1 6 X 10 * square foot per second is discharged from a pres- 
sure tank through a 3 inch galvanized iron pipe If an open globe valve is located 
10 feet beyond the abrupt inlet what rate of flow should prevail when a differential 
pressure head of 1 5 inches ol water exists between the tank and a point 50 feet 
down the pipe? 

310 Reservoirs A and B are connected with a pipe line made up of the following 
consecutive elements (1) a horizontal 6-inch pipe 50 feet long having its inlet flush 
with the wall of reservoir A at a depth of 10 feet below the water surface (2) a 
6 inch 90* bend having a 12 inch radius and d reeled downward (3) a vertical 6-inch 
pipe 15 feet long (4) a 6-inch 90* bend having an 8 inch rad us and (5) 10 f«* 
horizontal 6 inch pipe with outlet in the wall of reservoir B Assuming the p pe 
roughness to be such as to yield a coefficient of 0 025 determine the rate of flow 
when the water surface in reservoir B is 20 feet below that in reservoir A 

311 A water tank is generally emptied through a horizontal 5 foot length o 
smooth 3 inch pipe having an abrupt inlet and containing a gate valve at its mi 
point \\ ould a greater increase in rate of efflux be obtained by round ng the pipe 
inlet or by changing to a 4 inch line? 

312 11 the nozzle ol Tig 51 dcliv ers a 1 5 inch jet of w ater 35 feet below the tescr 
voir level and if the delivery line consists of 250 feet each of 4 inch smoot pipe 
and 3 inch smooth hose evaluate the rate of flow and sketch the lines of tota an 
piezometnc held Assume a nozzle loss of 5 per cent of the efflux velocity a 

313 Determine the rate of flow through the pipe system of Problem 3 assum 

mg a value of / *■ 0 02 for the surface resistance . , 

314 If a ventilation duct of galvanized sheet metal changes abrupt y rorn 
feet to 3 feet in diameter what differentia! hca 1 of w-aier should exist tween poin 
50 feet upstream and downstream from the contraction during a ow o 
cubic feet of air per minute? 
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315. Water is pumped between two tanks through 300 leet of 2-inch galvanized 
pipe containing an open gate valve and 3 elbows of 4-inch radius. If the total lift 
is 50 feet, what power input will be required to maintain a flow of 15 cubic feet of 
water per minute? 

316. Two storage tanks for oil are connected by 120 feet of steel pipe 4 inches in 
diameter with abrupt inlet and outlet, a gate valve midway between the tanks per- 
mitting regulation of the flow. What is the greatest rate at which oil having a specific 
gravity of 0.S5 and a kinematic viscosity of 10 square foot per second could be 
transferred from one tank to the other under a head of 25 feet? 

317. A 6-inch pipe 100 feet long, containing three 90° elbows of 8-inch radius 
and two open globe valves, is used to transmit water from a pump to a tank 30 feet 
above. If the pump operates 6 hours a day 300 days a year and pumps 1000 gallons 
per minute, determine the annual saving which could be effected by substituting 
gate valves and bends of 24-inch radius. Assume the overall efficiency of motor 
and pump as 70 per cent and the cost of power as 2 cents per kilowatt-hour. 

318. Assuming a constant surface-resistance coefficient of 0.02 and equal tank 
diameters of 9 feet in Problem 316, estimate the time required to bring the free sur- 
faces in the two tanks to the same level. 

319. Compare the times computed for the establishment of flow' under the con- 
ditions of Problem 159 (a) without regard to energy loss and (6) including the effect 
of an abrupt inlet, an open gate valve, and boundary' roughness yielding a coefficient 
of 0.02. 


QUESTIONS FOR CLASS DISCUSSION 

1. The statement has been made that no drag can be exerted upon a body by 
stead}', irrotational flow; why is this true? Why is it not true if the flow is unsteady? 

2. Separation of flow from the upper surface of an airplane wing is sometimes 
diminished by slotting the wings. Explain the principle involved. 

3. Distinguish between deformation drag, surface drag, and form drag. 

4. Which type of drag predominates in the motion of the following bodies: a 
model-T Ford; a wing strut of an airplane; a bubble in honey; a baseball; a snow- 
flake; an arrow; a parachute? 

5. Compare from observation the orders of magnitude of the drag coefficients of 
an ordinary desk blotter when dropped in vertical and horizontal positions. 

6. Why is the drag of a hollow hemisphere greater when held with the concave 
side upstream than when held with the convex side upstream? 

7. Why is the drag coefficient of a square plate lower than that of a very long 
rectangular plate of the same width? 

8. Why is the streamlining of automobiles of less practical importance than that 
of airplanes? 

9. What is the cause of vibration in telephone wires in a high wind? Under what 
circumstances could such vibration easily lead to rupture? 

10. Under what conditions wall roughening the surface of a body (a) increase, and 
(i) decrease, its drag coefficient ? 

11. Why is considerable attention paid to the streamlining of large conduits in 
water-supply and hydroelectric installations, but very little to the streamlining of 
plumbing fixtures? 

12. The discharge coefficient of a pipe orifice increases with increasing relative 
roughness of the pipe. Explain this tendency in terms of velocity distribution and its 
effect upon the contraction of the iet. 
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13 Explain the manner in which a vaHe controls the rate of flow through a con 
du t When is it advantageous to use a gate valve instead of a globe vahe? 

14 Use of the momentum principle has been shown to yield the loss gnen in 
Table IV for an abrupt enlargement Whj is this method not applicable to abrupt 
contractions? 

15 The resistance characteristics of Table IV are often classified as 'mnor 
losses Under what circumstances is such a term quite apt? When is it a misnomer? 
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CHAPTER IX 


LIFT AND PROPULSION 

43. CIRCULATION AND THE MAGNUS EFFECT 

Significance of circulation. An important concept of fluid kine- 
matics which was not discussed in Chapter II is that known as circu- 
lation. As the word implies, circulation refers to flow which follows a 
circuitous course back to the starting point. If there is no other 
motion of the fluid, the stream lines themselves must form the closed 
curves around which the circulation takes place. More generally, 
however, the circulatory motion is super- 
posed upon the basic translator}’ motion 
of the fluid, and it therefore becomes 
necessary to express circulation in terms 
of an arbitrary curve passing through a 
system of stream lines as shown in Fig. 

137. 

At any point on this curved line the 
velocity vector will be seen to have a 
tangential component I’l, which varies in _ 
magnitude between 0 and r and generally circulation around a closed curve . 
changes sign as one proceeds around the 

circuit. If the product of vl and the increment of length dL of the 
curved line is integrated completely around the circuit, the magnitude 
of the integral will indicate to what extent circulation exists. In other 
words, circulation is defined as the integral of the quantity vl dL 
completely around a closed curve. Thus, designating circulation by 
the symbol T (gamma), 

T = fi’ L dL (188) 

As a simple example, consider the case of flow in concentric circles 
according to the condition v — ur. Around any stream line (see Fig. 
138) the magnitude of the circulation is evidently 

r = oir-2ivr = 2i?r 1 u 

which indicates that T increases in direct proportion to the square of 
the radius of the circuit. In the same manner one may determine the 
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arculation around anj arbitrary curve not coinadent with a stream 
line such as that composed of two circular arcs and two segments of 
radii as indicated in the figure, in the latter case, 


T *= L.n 0r 2 ~ ur i $ri = uO{r 2 — rj ) 

If, in either ca«e, the resulting arculation is divided b> the area of the 
surface enclosed b> the closed cur\e, it will be found that the result 
will be simpl) 2« As a matter of fact, arculation and rotation are 
intimatel) assoaated, in that the ratio 
of the arculation to the enclosed «ur 
face area will, as the area approaches 
the limit zero, be equal to twice the 
rate of fluid rotation about an axis 
normal to the surface at the limiting 
point 

limit -7 — 2wj.ii (IS9) 



a-o A 


Consider now the case of flow in con 
centric orcles according to the condition 
v ~ C/r Although this was previous!) 
stated to be irrotational flow, it will 
be found that arculation nevertheless exists around an> stream line 


Flc 138 Rotational flow in con 
centric paths 


r 


c 


2xr = 2rC 


The magnitude of T now however, is independent of the radius since 
r/2r = C On the other hand, the circulation around anv curve not 
including the center will mvariablv be found to equal zero, thus for 
the same element u«cd in the foregoing example (Fig 138) it will be 
seen that 

r = — 6r z - - Cri - 0 
ri r t 

In other words there is zero rotation at all points except the center, 
there u *= so, since, from Eq (1S9), 2w *= F/0 

Side thrust due to circulation in irrotational flow The concept of 
irrotational flow with arculation is of particular interest Ix-cnusc the 
flow net for constant arculation around an> two-dimensional bod) 
ma> be combined with the net for flow p3st the bod> to simu tc a 
lateral di«placement of stream lines often encountered in actua ow 
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Just as this composite flow pattern is obtained by graphical add 
tion of two stream line systems the resulting \elocity at any pont 
may be obtained by vector addition of the corresponding velocity 
components Thus mathematical analysis of irrotational flow past a 
cylinder yields the quantity 2t 0 sin 6 for the tangential velocitj at anj 
point on the circumference since the circumferential velocity due to 
the circulation is simply T/2vro the velocity of the combined flow 
should vary around the cylinder according to the expression 

r 

v = 2t„ sin 6 + - — 

2-irfo 

Evidently the resulting tangential velocity at any point w ill d fier 
from that of the symmetrical flow around the cylinder to an extent 
depending upon both r and the location of the point Since r was 
taken as clockwise it will be seen from Fig 139 that the tangential 
velocitj is in general increased around the upper portion of the cjl 
inder and decreased around the lower portion That is expressing the 
tangential velocity due to circulation alone as t e = T/2*tq and div id 
mg by t 0 

— = 2 sin 6 -f — 

*o to 

from which it is seen that the change in velocity at any point on the 
cylinder will depend upon the ratio of t e to the velocitj to of the ap- 
proaching flow 

As indicated bj Fig 139 the change in stream line spacing due to 
superposition of circulation upon the basic flow pattern will nccessarilj 
result in a displacement of the two points of stagnation around the cir 
cumference of the cjlinder The extent of this displacement maj be 
determined in terms of the ratio t<Ao bj setting the ratio r/fo m the 
foregoing expression equal to zero (i e bj locating the point of zero 
xelocitj) thus 

0 = 2 sin 0 + — 
r 0 

w hence 

9 0 + 180° 

Apparcntlj 0 will be 30° when the circulation is such that tv *“ **« 
and 90° when tv - 2t 0 Further increase in circulation will simplj 
cause the point of stagnation to move awaj from the cjhn cr w tc « 
will then be tntirtlj surrounded bj fluid moving in the same angu ar 
direction 
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• Inasmuch as the pattern of stream lines (and hence the distribution 
of velocity and pressure) is still symmetrical about the vertical axis, 
it is obvious that in irrotational flow no amount of circulation can 
change the longitudinal force upon the cylinder from its initial mag- 
nitude of zero. On the other hand, the fact that the velocity increases 
above the cylinder and decreases below clearly indicates a rise in pres- 
sure intensity around the lower portion and a drop around the upper 
portion — in other words, a resultant force in the lateral direction is 
produced by circulation. The magnitude of the lateral force exerted 
upon the cylinder may be determined by integrating over the surface 
of the cylinder the lateral component of force due to the pressure upon 
an increment of surface area; thus, since 


L P = \ fro 2 - l ’ 2 ) 


and 


v = 2v 0 sin 0 + 


it will be found that 

F — L j (A p r 0 d8) sin 8 
Jo 


2~r 0 


Lpr 0 r 2r r 2 /_ . . , r V 
“tI L' 0 - \ 2 ° ‘ + 2 ^,) 


sin 8 dd 


which reduces to the very significant expression: 

F = Lpv 0 T (190) 

Lift and drag of a rotating cylinder. Were it physical!)' possible to 
produce such conditions of flow past a cylinder, the side thrust F 
could be expected to vary in direct proportion to the length of the 
cylinder, the density, the velocity of approach, and the circulation, in 
accordance with Eq. (190). As a matter of fact, flow of this nature 
may be approximated through rotation of the cylinder itself, thereby 
producing local circulation through surface drag. Although the result- 
ing viscous shear eventually induces some degree of circulation even 
at a considerable distance from the cylinder, T necessarily decreases 
radially instead of remaining constant as in the irrotational case. 
Nevertheless, the local circulation actually does produce considerable 
side thrust — commonly known as lift — first noted by a German sci- 
entist named Magnus approximately a century ago. 

The actual magnitude of this so-called Magnus effect must evidently 
depend upon the Reynolds number of the flow as well as the densitv 
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and velocity of the fluid and the size and peripheral s)>eed of the cyhn 
dcr At high Reynolds numbers ne\ ertheless viscous effects upon 
the lift should approach an asymptotic limit just as in the case of 
drag Under such circumstances the lateral force may be c\aluatcd 
n terms of a coefficient of lift according to the expression 

F l =C l LD ^ (191) 


similar to the equation for drag discussed in the foregoing chapter 
Cl must then be evaluated from experiments as a function of the ratio 
leAo »e now representing the peripheral speed of the cylinder In 
Fig 140 will be found a plot of both Cl and Cp obtained in this manner 
A similar coefficient of lift may be obtained for the irrotational case of 
constant circulation through the following modification of Eq (190) 


Cl ■ 


= 2ir — 
to 


- F/LD „ 2T 
Pt o 2 /2 D 0 

This function is sho\n as a broken line in Fig 140 from which mij 
be judged the extent of the circulation which can be produced b> 
boundary drag As a matter of fact 
Msual studies indicate that in the case 
of the rotating cylinder the magm 
tude of the ratio t e /to at which the 
point of stagnation leases the bound 
«r> is approximately 4 rather than 2 
as in the irrotational case correspond 
mg in Fig 140 to the zone in which 
the lift coefficient approaches a maxi 
mum \ahie It would appear from 
these studies that the local circulation 
produced by' surface drag and mscous 
shear is about half as cffectnc as the 
constant circulation required for truly 
irrotational flow 

Despite the considerable sanation 
between the two conditions of motion 
the fact remains that the phenomenon 
of side thrust or lift is fully explained by the circulation principle this 
principle will hence ha\e considerable bearing upon the following 
section in which characteristics of the airfoil are discussed So far 
as the Magnus effect itself is concerned the dc\ lation of spinning balls 
and projectiles from thur normal trajectories is simply a further illus 
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tration of this phenomenon. Indeed, the side thrust of a rotating 
cylinder has been utilized at large scale in the Flettner rotor as a 
possible (though not the most practicable) means of propelling ships 
and windmills. 


Example 48. Two 20-foot rotors 5 feet in diameter are used to propel a ship. 
Estimate the total longitudinal force exerted upon the rotors when the relative 
wind velocity is 25 miles per hour, and the angular velocity of the rotors is 250 
revolutions per minute, in the directions shown. 

The tangential velocity of the rotors will be 
2- X 2e0 x 2 5 = 65 s fps 


v c = a; r 0 = 


60 


And the relative velocity of the wind 
25 X 52S0 


3 ^^ 


Vo = 


whence 


3600 

v c _ 65.5 
t’o 36.7 


= 36.7 fps 


= 1.78 


From Fig. 140, Cl = 4.4 and Co = 1.5, so that, per 
rotor, 



and 


Fl = ClLD = 4.4 X 20 X 5 X = 741 Jb 

F d = CoLD = 1.5 X 20 X 5 X a002;> = 2 53 lb 


In the direction of motion (see accompanying sketch) the total force will then be 
F = 2 (Fl cos 30° - Fd sin 30°) = 2(741 X 0.866 - 253 X 0.5) = 1030 lb 


PROBLEMS 



320. If a baseball having a circumference 
of 9 inches is pitched with a speed of 80 feet 
per second, what rate of backspin must it have 
in order to drop at the lowest possible rate? 
At what speed would it have to travel in 
order for the lift produced by backspin to 
balance its weight of 5 ounces? 

321. A ping-pong ball weighing 0.085 ounce 
and having a diameter of 1.4 inches is served 
in such a manner that it passes over the net 
in a horizontal direction with a velocity of 
40 feet per second and a forward spin of 90 
revolutions per second. Determine, with 
reference to the plot accompanying Problem 
320, the instantaneous magnitude and direc- 
tion of its acceleration. 



278 LIFT AND PROPULSION [Chaf 1\ 

322 What orientation of the \ector of relative wind velocity would yield the 
greatest propelling force upon the rotor ship of Example 48? Compute the mag 
nitude of this force 

323 Assuming the optimum ratio of lift to drag determine how nearly into tlx 
wind a rotor ship could sail i e ignoring the wind effect on the ship itself at what 
wand angle would the resultant propelling force on the rotors approach xero? 

324 In investigating the possibility of using rotors in place of airplane wings it 
is assumed that each of two rotating cylinders would have a diameter of 3 feet and 
a length of IS feet If the weight of the entire plane is estimated to be 9000 pounds, 
at what rate would the rotors have to be turned to support th s load at a 150-m le- 
per hour cruising speed? What power would then be required to overcome the 
rotor drag? 

325 The six blades of an experimental windmill consist of c>l nders having * 
diameter of 2 feet and a length of 10 feet mounted radiall} so that the outer end of 
eaehc>I nder is 15 feet from the windmill hub If each cylinder is rotated at the rate 
of 180 revolutions per minute what torque will have to be exerted upon the windmill 
shaft to prevent it from turning dunng a normal wind of 15 miles per hour? 

44 LIFT AND DRAG OF THE AIRFOIL 

Development of circulation around an inclined plate One of the 
most noteworthy contributions of classical hydrodynamics is a mathe- 
matical method of determining the pattern of irrotational flow, either 
with or without circulation around not only the c>hnder but also a 
wide variety of other two-dimensional body profiles. While this 
process known <»s conformal transformation is well bevond the «copc 
of the present text the results obtained for a certain family of body 
forms bear so directly upon the theory of lift and propulsion as to 
warrant careful attention at this point 

If irrotational flow is assumed to take place past ivco thin plate 
held parallel to the direction of motion the flow pattern will consist 
simply of a senes of equidistant stream lines If on the other hand 
the plate is inclined to the direction of motion at a small angle the 
pattern of irrotational flow will be similar to that shown in hig HI® 
the two points of stagnation corresponding to those of Tig 139a for 
the cvh ndcr In the latter case it will be recalled the symmetry o 
the pattern led to a zero resultant force upon the cvhnder Althoug 
the flow around the inclined plate is not truly s> mmetneaf, the ccccet 
triaty of the stagnation points simply produces a couple tending to 
rotate the plate about its midpoint, the resultant force upon the p ate 

still being zero If a pattern of constant circulation {Fig 14Ih) is sup- 
erposed upon such motion both stagnation po nts will lx. dispa 
tow an! the rear or trailing edge of the plate corresponding to t »<■<•** 
placement around tht circumference of the cv finder “how n in ig 
If, moreover, just the nght degree of circulation is chosen t ie upper 
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stagnation point can be made to coincide with the trailing edge (Fig. 
141c), with the result that the stream line leaving the plate is tangent 
to it. As in the case of the cylinder, the increase in pressure intensity 
below the plate, together with the decrease above, produces a result- 
ant force. Indeed, the side thrust or lift may be again evaluated from 



(cl 


Fig. 141. Effect of circulation upon irrotational flow past an inclined plate. 

Eq. (190), the circulation required to produce a tangential stream line 
at the trailing edge being found from the relationship 

T = ttcv 0 sin a 0 (192) 

in which c is the width or chord of the plate and ao is its inclination or 
angle of attack. 

Flow with circulation approximately similar to the irrotational pat- 
tern has been shown to be obtainable in a viscous fluid through rota- 
tion of a cylinder, but it is obviously impossible to expect the analo- 
gous pattern required to result from rotation of a plate. However, 
viscous shear again provides the necessary effect, though in a somewhat 
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different manner. In the present case, that is, the 2 ero \tIoat> at the 
base of the boundary lajer causes separation to take place at the 
trailing edge of the plate, with the result that the stream line next to 



Plate XXI Development of circulation around an airfoil a* motion {camera 

u itat nonary rdatue to fluid) 

the lower side actual) Jea\es the trading edge in the tangential dircc- 
tton, thereb} producing in th>3 zone a pattern of motion closely ap- 
proachlng that of Hg 14Ir and resulting In a definite lifting force 
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such a section is generally known as the Joukmisky profile Also due 
to Jouhousky is the original derivation of Eqs (190) and (192), 
indeed, the inclined plate and the cylinder are in reahtj limiting 
forms of the Joukowsky profile 

The relative lift and drag of such an airfoil may readily be evaluated 
in terms of the coefficients Cl and C D developed for the cylinder, if 
the length L and the diameter D of the cylinder are replaced by l 



and c the span and chord of the foil The equations of lift and drag 
thus become 


Fl = C l 1c?y 

(193) 

Fd - C„lc?Y 

(194) 


from which the coefficients Ct and Co are determined experimental!) 
for an> foil geometr) Figure 144 for example, shows the results of 
tests on a Joukowsk) foil of \cr> great span herein it should be noted, 
the angle of attack for zero lift ao is replaced b) the more readi!) 
measured inclination a of the tangent to the lower boundar> of the 
profile (sec inset sketch) It will be seen from this plot that the 
measured cun e for Cl lies much closer to the theoretical than that for 
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the cylinder in Fig. 140 Evidently, not only does the circulation re- 
sulting from separation at the trailing edge of the foil more nearly 
agree with the irrotational pattern, but the effect of separation in the 





Plate XXII Patterns of flow past an airfoil at angles of attack of 5°, 10°, and 15° 
(camera is stationary relative to foil) 

wake is of far less consequence In other words, whereas the net lift 
of the rotating cylinder is much higher than that of the airfoil, the drag 
is still more pronounced; as a result, the efficiency of the foil as a lift- 
ing device is far superior Nevertheless, even the best-formed foil is 
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T p vortex 



eventually subject to separation at the leading edge is the angle of 
attack is increased the condition known as stall being followed by a 
rapid drop in the lift drag ratio 
Wing spans of finite length, induced 
drag Although the Joukow shy profile 
scries includes a wide range of relative 
thickness and camber and hence per 
mits considerable systematic variation 
in lift-drag characteristics the perfor 
mance and structural requirements of 
the modern airplane have made it ad 
visable to depart considerably from this 
scries in actual wing profiles Thus 
some types of section arc designed to 
provide high initial lift or to permit low 
landing speeds others possess relatively 
high angles of stall and still others dis 
play efficiency curves which change 
only slowly with angle of attack Em 
dently no profile can satisfy all require- 
_ ^ , , ments at once and wing design must 

F ‘° be guided b> the particular n^ls ol 

the given type of plane 

Further complexities in design result from the fact that flow around 
a wing of finite length is three rather than two-dimensional Since 
the pressure below the wing is higher and that above is lower than 
the intensity of the surrounding air 
a lateral component of velocity in 
the direction of the pressure decrease 
must exist on both the lower and the 
upper surfaces of the wing as indicated 
in Fig 14S As a result circulation 
occurs not only around the wing itself 
but about two vortex filaments extend 
ing into the wake from the wing tips 
In the zone directly behind the wing 
therefore an appreciable dounwash is ^ 
produced by the tip vortices so that 
the relative velocity between wing and 
air has a vertical as well as a horizontal component and hence diners 
from the absolute velocity of the wing 
With reference to I ig 146 it will be seen that this downwash neces- 



Dcfin t on sketch for » 
duccti drag 
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sarily reduces the effective angle of attack. In other words, since the 
angle a is measured from the line of motion (here assumed to be hori- 
zontal) of the wing itself, the vector sum of the horizontal velocity and 
that of the downwash yields a resultant which is inclined to the hori- 
zontal at an angle e. Since the true lift is still defined as the force 
component at right angles to the mean relative velocity, it will now 
have a component in the horizontal direction. So long as e is small, the 
horizontal and resultant velocities and the vertical and resultant lifts 
will be essentially the same; that is, 

i'o/cos e ~ t > 0 and F h cos e ~ Fl 

The horizontal component of the true lift will not be negligible, how- 
ever, and hence may increase appreciably the actual drag. This com- 
ponent is commonly known as the induced drag, which evidently has 
the magnitude 

Fd( - F l sin £ ~ F h t 

By making an arbitrary assumption as to the distribution of the in- 
tensity of lift over a wing of finite length, a coefficient of induced drag 
may be expressed approximately as 

Cm « 77 (195) 

TTl/C 

in which l/c is the aspect ratio of the wing — the ratio of span to chord. 
From the foregoing equations the following approximate relationships 
for evaluating the angle £ may be obtained: 

_ F m _ C L 
Fl ■ ~l/c 

Interpretation of the polar diagram. By means of these expressions 
it is possible, as a close approximation, to evaluate from measurements 
on a wing having a particular aspect ratio the lift-drag characteristics 
of the given wing profile at any other aspect ratio — including those 
for the infinite span. In this process it is expedient to plot the meas- 
ured values of lift and drag in the form of a so-called polar diagram 
(see Fig. 147), which shows C L as a function of C D for the tested aspect 
ratio and various angles of attack. If, for the same aspect ratio, 
Eq. (195) is plotted on this diagram, the horizontal intercept between 
the two curves will represent the drag coefficient for two-dimensional 
flow around a span of infinite length; since F L cos £ = F l , the lift 
coefficient is essentially the same for both cases. It should be noted in 
passing that the polar diagram permits ready determination of the 
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maximum Ujl-drag ratio; that is, the line which is tangent to the curve 
and passes through the pole evidently has a slope w hich is equal to the 
optimum value of the ratio Cl/Cd, the point of tangency therefore 
indicating the most efficient angle of attach 



Example 49 Determine the lift and drag of an airplane wing having a span 
of 40 feet, a chord of 7 feet and the profile characteristics shown in Fig 147, 
when traveling at a velocitj of 200 miles per hour at the angle of attack jielding 
a maximum lift drag ratio What percentage of the total drag is due to the 
finite span of the wing’ 


The aspect ratio of the wing will he 


Since this does not differ great !v from the aspect ratio for the cune plotted in 
Fig 147, it ma> be assumed without rcplottmg that the greatest lift-drag ratic 
occurs at the same angle of attack — i e , a ■= 1° 
r or this value of a. Cl ■■ 0 4, and 


v / 200 X 8280V 

Lmx.x,» ) 
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From Fig. 147 the drag coefficient 0.011 for a wing of infinite span is found as 
the intercept between the curves for Cd and Coo The induced drag for the given 
aspect ratio is, from Eq. (195), 


Cm ~ 


Cl 2 


0.4 2 


whence 

Therefore 


ir//c w X 5.71 
Co = 0.011 + 0.009 = 0.020 


0.009 


F d = C D lc ~ = 0.020 X 40 X 7 X 

^ A 

and the percentage of the total drag represented by Cm is 

§r x 100 = S x 100 = 45 % 


0.0025 X 

7 x \ 60X60 ) = 


600 lb 


PROBLEMS 

326. A kite having an effective area of 7 square feet and a weight of pound is 
so rigged that its surface is held at 120° to the anchor cord. If, during a wind of 20 
miles per hour, the pull on the cord is 5 pounds and the 
cord is inclined at an angle of 45° to the horizontal, deter- 
mine the corresponding coefficients of lift and drag. 

327. If a guide vane having the form of the symmetri- 
cal foil shown in Fig. 142 has a chord of 3 feet, estimate 
from the equations of the circulation theory the side thrust 
per foot of length which would be exerted upon the vane 
by water traveling with a velocity of 12 feet per second 
at an angle of 5° to the vane axis; assume a lift efficiency of 70 per cent. 

328. An airfoil section is found to yield a zero lift coefficient at an angle of attack 
of —5° and a lift coefficient of 0.7 at an angle of 2°. What is the efficiency of the foil 
under the latter conditions, based upon the circulation theory? 

329. When the line of descent of a glider is held at 5° to the horizontal, it is found 
to attain a maximum speed of 110 miles per hour. If its gross weight is 350 pounds, 
what are the magnitudes of the corresponding lift and drag? 

330. The total wing area of a small monoplane having a weight of 1400 pounds is 
110 square feet. What must be the lift coefficient of the wing if the cruising speed 
of the plane is 135 miles per hour? If the motor delivers 200 horsepower at this 
speed, and if 60 per cent of this power represents propeller loss and body resistance, 
what is the drag coefficient of the wing? 

331. Plot the ratio of lift to drag against the angle of attack for the data of Fig. 
144, indicating the angle of best performance. 

332. What percentage reduction in (a) induced drag and ( b ) total drag could be 
obtained by increasing to 10 the aspect ratio of the wing in Example 49? 

333. An airfoil section is tested in a wind tunnel under conditions simulating an 
infinite aspect ratio (i.e., through use of thin plates mounted parallel to the flow 
at each end of the section). At an angle of attack of 3° the lift coefficient is deter- 


20 mph 
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mined to be 0 7 and the drag coefficient 0 Oa What would be the correspond ng 
magnitude of the coefficient of induced drag for an aspect ratio of 7? 

334 If each of two para\anes towed through water bj a m nesweeper has the 
I ft-drag charactenst cs of Fig 147 and is r gged as shown in the 

r accompan) ing plan view at what cable angle a will a stable 
position relative to the sh p be attained? 

33a A wing having the infinite Span I ft and drag coefficients 
of Problem 333 has a span of 50 feet and a chord of 8 feet What 
thrust would the propeller of the plane ha\e to develop in order 
to overcome the total drag of this wing at a speed of 250 m les 
per hour and an angle of attack of 
336 As a means of el minating the wav e res stance of speed 
Prod 334 boats it has been suggested that the hulls be supported well 
above the water surface on struts extend ng to cambered vanes 
belo v the surface If such a vane has the charactenst cs plotted in Fig 147 what 
must be its d mens ons to support a load of 5 tons at the most favorable I ft-drag 
ratio when the boat is era s ng at a «pced of 30 m les per hour? 


45 CHARACTERISTICS OF PROPELLERS 

Vector analysis of a blade element Although the airfoil finds its 
simplest application in providing the supporting force required by all 
heavier than air craft the principles of lift and 
drag discussed in the foregoing section are b> f \ 

no means limited to the design of airplane w ings \„i 

Indeed not only arc these principles applicable -l | ^ 

to liquids as well as gases at comparable values * / 

of the Rey nolds number but thev may rcaddj A r 

be adapted to the non rectilinear motion of vanes /** / 

exemplified by windmills fans airplane propel * px Ail 

lers and ship screws While the detailed analy 
sis of such phenomena is rendered somewhat Y -n. 

more complex b> secondary factors due to bound I 

ary rotation the basic principles will be found 
identical m every instance 

For example let Fig 148 represent a typical 
propeller which rotates with an angular velocity 
u at the same time that it advances as a whole 
through the fluid at the linear velocity ro Tur 
thcr let Tig 149 represent a tangential section to 'ransL^ 

/l-^l through the blade at the distance r from tion and rotatlon c f a 
the axis of rotation If the undisturbed fluid propeller 

is assumed to be at rest the actual velocity v of 
the section rclativ e to the fluid as a w hole w ill cv idently be the \ eetor 
sum of the longitudinal velocity to and the tangential velocity <*r as 
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shown in the illustration. The local blade angle (3 thus bears the same 
relationship to the local angle of advance <? = tan -1 v 0 /ur as the geo- 
metric pitch of the section bears to the effective pitch of the propeller 
as a whole — i.e., its axial displacement lire a 'co during one complete 
revolution. 



Fig. 14°. Definition sketch for the pitch of a blade element. 


The corresponding conditions of steady flow relative to the section 
may be obtained as usual by adding the velocity v in the opposite 
direction to both fluid and body, with the result shown in Fig. 150. 
The angle /3 — $ is now seen to represent the counterpart of the angle 
of attack for the elementary airfoil. It is therefore to be expected that 
the blade section will be subject to the same combination of fluid forces 



Fig. 150. Lift and drag components of force on a blade element. 

as the airfoil. That is, owing to the circulation produced by separa- 
tion at the trailing edge of the section, the moving fluid will exert, 
upon an incremental length of blade dr having the given section, the 
differential lift dF L at right angles to the velocity v, and the differen- 
tial drag dF D parallel to the velocity v. For present purposes, however 
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it is more expedient to resolve their resultant dF into components m 
the axial and tangential directions as shown in Fig 151 the axial 
component dF a thus represents the elementary thrust and the tangen 
tial component dF t the elemental} 
torque per unit radius of the blade 
section 

Propeller thrust, power, and 
efficiency As in the case of the 
airfoil the relative magnitudes of 
the elementary forces at any sec- 
tion of a propeller blade will vary 
with both the form of the section 
and the angle of attach In the 
case of the propeller however the 
pitch of the section is also involved since the lift component con 
tributes not only to the thrust of the blade but also to the torque 
Moreover the angle of attack depends upon both the blade angle 
and the angle of advance of the section and the latter (see Fig 149) 
necessarily vanes with radial distance from the axis of rotation If 
therefore the blade is to attain high efficiency as a whole (i e a h gh 
thrust torque ratio at all sections) the geometric pitch as w ell as the 
cross sectional form of a well designed propeller will have to vary con 
tinuously along the blade It then becomes necessary to characterize 
the blade as a whole m terms of its nominal pitch — i e its geometric 
pitch at some arbitrary section generally taken at two-thirds the blade 
radius 

The thrust torque ratio of course becomes secondary to structural 
considerations in the proximity of the hub but here the tangential 
velocities are so low relatively speaking that considerable departure 
from proper blade form in this zone is of little consequence On the 
other hand near the tip of the blade the same type of secondary 
motion is encountered which was found to produce down wash and 
induced drag in the wing of finite span Moreover tip speeds of air 
plane propellers approaching the velocity of sound lead to density dis- 
turbances w htch greatly lower the blade efficiency while the reduction 
in pressure on the back of ship screw s often produces severe civ itation 
Further treatment of such details is obv lously bey ond the scope of the 
present text Suffice it to say that in the refned design of a propeller 
the force characteristics of each elementary portion of the blade must 
be investigated in the manner shown and the overall thrust and 
torque determined through ntegration of the elementary force com 
ponents over the entire length of blade 
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At the present time, it is needless to remark, propeller models are 
invariably tested in the wind or water tunnel prior to acceptance of 
the prototype design. Test results are evaluated in terms of dimen- 
sionless coefficients of thrust and power, comparable to die coefficients 
of lift and drag characterizing the performance of the airfoil, and 
plotted, together with the efficiency, as functions of the ratio of the 
axial to the tangential velocity of the tips of the blades. For con- 
venience, it is standard practice to use the revolutions per second v 



Plate XXIII. Powered scale model of the Republic P-47 in the Langley atmospheric 
wind tunnel of the National Advisory Committee for Aeronautics. 


instead of the angular velocity oj, the overall diameter D of the pro- 
peller instead of the radius of the blade tip, and the square of the diam- 
eter instead of the actual surface or projected area of the blades. 
The thrust coefficient thus becomes 


Ct = 


Ft 

pn 2 D* 


(196) 


and the power coefficient 


C P = 


pn z D 5 


(197) 


Since n = w/2- r, the quantity v 0 /n represents the effective pitch or 
advance per revolution; when divided by the propeller diameter this 
becomes the basic parameter Vq/iiD known as the advancc-diametcr 
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ratio The efficiency j? (eta) is at once expressible in terms of the 
advance diameter ratio and the thrust and power coefficients 


Frig _ £t _to_ 

P ~ C P nD 


( 198 ) 


A typical test diagram in terms of these parameters is shown in 

ng is2 



Fig 152 Dimens onlcss performance chiractcnstics of a t> pical a rptone propeller 


The \ atues of the several curxcs at their intercept with the vertical 
axis evidently correspond to starting conditions of a ship or pfane at 
which the relative veloaty tp between the propeller and the fluid as a 
whole is zero, under such circumstances the thrust coefficient is seen 
to attain its maximum \aluc the efficiency being zero owing to the 
use of r 0 as the characteristic velocity (the efficiency of a stationary 
fan obviously , must be otherwise evaluated) At the other extreme 
of the abscissa scale the thrust coefficient attains the limit zero which 
corresponds approximately to the position of zero lift for the airfoil 
the cfficicncv is then zero for appreciable torque is still required to 
overcome the fluid resistance to the relative motion of the blade 
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Between these limits of the performance curves — but well toward 
the right of the diagram — the efficiency of the propeller is seen to 
reach a maximum value, corresponding to best operating conditions. 
At peak efficiency the effective pitch of the propeller is somewhat 
below the geometric pitch, which results in a so-called "slip” of the 
blades ; indeed, the abscissa parameter v 0 /nD is sometimes replaced by 
what is known as the slip function, which varies from 100 per cent to 
0 per cent as the ratio of the effective to the geometric pitch varies 
from 0 to 1. It is of interest at this point to note that propeller blades 



Plate XXIV. High-speed photograph of a cavitating model ship propeller under 
test at the David Taylor Model Basin of the U. S. Navy. 

of adjustable pitch in effect permit control of the slip function to 
maintain a high degree of efficiency over a wide range of operating 
conditions. 

One-dimensional analysis of the slipstream. Although the fore- 
going discussion has dealt specifically with propellers used to produce 
motion of craft through fluids at rest, essentially the same analysis is 
adaptable to stationary' fans and windmills. In this connection, the 
one-dimensional method once used exclusively in propeller analysis is 
of particular value for the general clarity which it lends to the problem 
as a whole. Before proceeding to a description of this method, how- 
ever, it must again be emphasized that the motion in the slipstream of 
any propeller is quite complex, even when reduced to the schematic 
form of Fig. 153. Evidently, the circulation around the blades of 
finite length continues in the slipstream as a system of helical tip 
vortices, the tangential component of the resultant force upon the 
blades produces rotation of the slipstream as a whole, and the thrust 
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results in a change m axial \elocity — regardless of whether the rotat 
ing blades are those of a propeller windmill or fan 
In the case of a propeller addition of the xelocity i 0 to the right will 
result so far as the axial components of flow arc concerned — in a 
constant velocity of approach to 
and a mean \clocit> to -f AK 
within the slipstream at the 
right In accordance with the 
continuity principle the slip 
stream diameter must be smaller 
than that of the propeller me! 
the diameter of the correspond 
ing 7one in the approaching flow 
must accordingly be larger as 
indicated in Fig 154 From the principle of momentum the resulting 
change in velocity may be related to the thrust in the following 



Components of motion i 
w ate of a propeller 


Ft « Qp AF 


(199) 


On the other hand the propeller maj be considered to produce an 
abrupt change m the pressure intensity of the flow as it passes the 

propeller section the thrust neces 

r _ 'V^ sarily being equal to the product of 

| (I this mean pressure change and the 

cross sectional area of the section 


— 0-H- 


L 


Ft = Ap- 


r D° 


( 200 ) 


Assuming in approximate accord with 
the accompanjing change in mean 
\clocity, that the pressure change 
consists of a reduction on the up- 
stream side and an increase on the 
don nst ream side rehtne to the at 
mospheric intensity f>o the mean \e~ 
locity and pressure variation in the 
longitudinal direction will be essen 
tiallj as shown in the figure 
Since the pressure intensity in the slipstream neccssanlj approaches 
that of the surrounding fluid the power input of the propeller should 
in accordance with the Bernoulli equation for one-dimensional flow 
equal the rate of change in Linetic energy phis the pomr lost due to 




— T r~ 

P, 1 — ^ 

Fic 154 One-d mens onat anal; 
of flow past a propeller 
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the surface drag of the blades. If, as a first approximation, both the 
power loss and that part of the kinetic energy due to circulation are 
ignored, the work done by the thrust of the propeller may be placed 
equal to the change in the mean kinetic energy of the axial flow: 


pQo + AF) 2 _ 

2 2 


Elimination of Ft and Ap from Eqs. (199), (200), and (201) then yields 
for the rate of flow past the propeller section the quantity 



which indicates that half the velocity change takes place in front of 
the propeller section and half behind. Introduction of this relation- 
ship for Q in Eq. (199) then permits evaluation of the velocity change 
(i.e., the actual velocity of a propeller slipstream) in terms of the thrust: 

AF * - a 0 + ^o 2 + ^ (203) 

Since the stationary fan is equivalent to a propeller advancing with 
the velocity v 0 = 0, the corresponding one-dimensional representa- 
tion would be essentially as shown in Fig. 155, the flow approaching 





\ 

Fig. 155. Flow produced by a fan. Fig. 156. Flow past a windmill. 


the fan section from all directions and again contracting as it passes 
into the slipstream. In the case of the windmill, on the contrary, the 
fact that the flow now does work upon the vanes requires a higher pres- 
sure on the upwind side and hence an increase in slipstream diameter 
beyond the vane section as shown in Fig. 156. In either case, never- 
theless, the same equations may be used to evaluate the slipstream 
diameter and velocity, with essentially the same degree of approxi- 
mation. 

In making use of the one-dimensional approach, the fact must again 
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be emphasized that neglect of the surface drag of the blades and the 
circulatory motion in the wake leads to considerable inexactness in the 
results Indeed, if the efficiency of a propeller is computed by this 
method, the idealized curve shown as a broken line in Fig 152 will 
result, from which the actual extent of the discrepancy may be judged 
Although the magnitude of the energy of circulation in the slipstream 
may be evaluated by a more refined analjsis, it still represents lost 
power It is therefore interesting to note 
that loss due to rotation of the slipstream 
as a whole may be avoided to a great ex- 
tent through use of stationary straightening 
vanes (sec Tig 157) on the downstream 
side of the blades The tip vortices and 
the resulting induced drag may likewise 
largely be eliminated by placing a cjhn 
dncal sleeve or shroud around the blades, 
this also obviates the change in slipstream 
diameter, as shown in the figure, with a resulting increase in efficiency. 
However, the unit then becomes, in effect, a duct fan, propeller pump, 
or turbine, and as such will be discussed more fully in the following 
section 


— Housing ^ 


Fig 157 Methods of improv- 
ing fan performance 


Example 50. An 8 inch model screw, tested in a water tunnel at a rotational 
speed of 22 5 revolutions per second and a velocity of (low of 12 feet per second, 
yields a measured thrust of 28 5 pounds, a torque of 3 45 pounds, and an efficicnc) 
of 70 per cent If the model scale is 1 25, what should be the equivalent rota 
tional speed, thrust, and power of the protot>pc when the speed of the ship is 
15 knots? What will be the approximate velocity of the prototype slipstream? 

Since the problem is evidently one of approximate dynamic similant> (vis- 
cous effects being ignored), the thrust and power coefficients must be respectively 
the same for model and prototype It is thus at once «ccn that 


Moreover, 

(.Ft), - (pn 1 D i ) i 


m. 


= 199X 190' X 25X8/ 12 J X 


1 94 X22-5*X 8/12* 


Likcw ise, 

P , - (pn*/) 1 ), 




■ 199 X 190* X 25X8/ 12* X 
* 2,940,000 ft Ib/sec 


2r X 22 5 X 3 4S 
1 94 X 22 5* X 8/12’ 


2 940 000 


5340 hp 


550 
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34S A 24 inch stationary lan hating the characterise cs of Fig 152 is operated at 
600 revolutons per m nute Deterin ne the fan efficeitC) based upon the kmetc 
energy of the si pstream svb ch it produces 
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Duct fans, propeller pumps, and propeller turbines As noted at 
the end of the previous section a duct fan or propeller pump (Fig 158) 
differs from an open fan or propeller pnma 
nl> in that the blades are enclosed b> a c>lin 
dricnl casing of sufficient length to provide 
uniform flow on both the upstream and down 
stream sides Such units also geierall) con 
tain a system of guide vanes to prevent 
rotation of the slipstream together vv ith a 
bell mouthed intake to avoid undue contrac 
tion of the approaching flow A propeller tur 
bine evidontl) bears the same relationship to 
a propeller pump as a stationary windmill 
bears to a stationar) fan In a word the 
method of anal) sis of the foregoing section 
applies as well to the design of duct fans 
propeller pumps and propeller turbines — 
which are all axial flow machines — and hence requires only the fol 
lowing amplification at this point 
So far as performance characteristics arc concerned it has long been 
customary to plot the head horsepower and eflicicnc) for an) given 
unit as functions of the capacitj as shown in Tig 159 for a tjpical 
propeller pump Duct fans pumps and turbines are however sub- 
ject to the same generalized trcatmtnt as the airfoil and propeller the 
performance curves for a given design thercb) becoming independent 
of scale and fluid densit) For greater con\ entence how ev er in place 
of the thrust coefficient a head coefficient cmbotl) ing the change in total 
head is used 


- u-. 

to motor — “S 



Fig 158 Schematic d a 
gram of a propeller pump 


Cl! 


gA/7 

n 2 D 


(204) 


and in place of the advance-diameter ratio i capacity coefficient 


Cq 


Q 

nD 3 


(205) 


Since the quantities involved m evaluating the power requirement* 
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are identical in both instances, the power coefficient will be the same 
as before: 

C -~^D, ( 20 « 

The coefficients of head and power, together with the efficiency, 


V = 


Toutput 
-F input 


(207) 


thus become functions of the capacity coefficient, and Fig. 159 reduces 
to the dimensionless performance diagram shown in Fig. 160. It 
is to be noted that two curves for power have now been included — 
the upper corresponding to the power input for a propeller pump, 



Fig. 159. Performance characteristics of a 12-inch propeller pump at 
1500 revolutions per minute. 


and the lower to the power output of a propeller turbine, for the same 
head-capacity characteristics. It is assumed, moreover, that the 
plotted characteristics apply to both liquids and gases, although struc- 
tural considerations for the two cases must obviously be reflected in 
the performance diagram. 

Curves such as those shown in this diagram are necessarily char- 
acteristic of one particular blade design, but the latter may be modi- 
fied to a considerable degree to meet various operating requirements. 
Such units as propeller turbines, moreover, are frequently built with 
adjustable blades to permit maximum efficiency over a considerable 
range of capacity. On the other hand, all axial-flow machines have one 
characteristic in common : high flow capacity under relatively low head. 
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Blowers, centrifugal pumps, and Francis turbines In man> in 
stances of course requirements quite opposite to those of axial flow 
machines must be satisfied high head at relatively low rates of flow 
Such requirements can be fulfilled only by means of the so-called 
centrifugal fan or blouer the centrifugal pump and the Pranas turbine 
In such units the flow is not wholly axial as m propeller units but 
almost entirely radial as indicated schematicall) m Fig 161 Although 
the action of each individual blade may again be anal) zed in terms of 



Fig 160 D mens onless performance charaetenst cs of a t> p cal axial flow mach nc 

circulation lift and drag it is perhaps wore useful at present to adapt 
the one dimensional approach to the case of axiall) s> mmetric motion 
in the following manner 

Except for the necessarj reversal in blade curvature and direction 
of flow (compare parts a and b of Fig 161) there is little essential <ht 
ferencc in the analysis of a centrifugal pump or I ranas turbine b> 
this method Assume therefore that flow passing the giu 1c vanes o 
a turbine (Fig 162a) readies the blades of the runner with thcvelocit) 
n at the angle c*i and leaves the runner with the velocity r 3 at the 
angle « 2 The rate of flow through the runner c\idcntl> depends 
upon onl> the radial component of r» or r* 

Q - 2rr,6ir, s,n a, = 2rr b r- «rn 


AXIaL-FLOW and radial-flow machinery 




fa) Radial-flow turbine fb) Radial- flow pump 
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Fig. 161. Schematic diagrams of radial-flow machines. 

The torque, on the other hand, depends upon only the tangential com- 
ponents of these velocities; that is, equating torque to rate of change 







fa) Turbine 


Ret path 


(b) Pump 


Fig. 162. Velocity diagrams for the runner and impeller of Fig. 161. 

of angular momentum, there results an expression derived by Euler 
some two hundred years ago : 

Torque = Qp{v i cos ai r\ — i’o cos a 2 r») 

Multiplication of each term by the angular velocity os then yields the 
power delivered to the runner: 


P = Qpufpi cos a i fj — Co cos a o r 2 ) 
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This relationship takes on particular significance when it is noted 
that the products v\ cos a\ 2rri and v 2 cos a 2 2irr 2 represent the ctr 
dilation of the fluid before and after passage through the runner 
thus since n = «/2r the power output becomes 

p = QM?x - r 2 ) (209) 

F\ identfy the greater the change in circulation (1 e the greater the 
change in both radius and tangential aelocity) the greater the power 
delnered by the turbine This power output corresponds in effect 
to a drop All in the total head of the flow such that 
P = Qy AH 

whence 


z 

In addition however a certain amount of head is lost through surface 
drag and possible separation from the blades not to mention losses of 
a simtlar nature m the scroll case guide \ anes and draft tube The 
total drop in head may therefore be written as the sum of that repre 
senttng useful work upon the runner and that resulting from form and 
surface drag thus for the turbine 


All, - — 1 + Z11l (210) 

Z 

while for the centrifugal pump (or blower) it will be found that the 
head produced will be 

All, - - - ZHi (21D 

z 


Since the efficiency is the ratio of the power input to the power out 
put the efficiency of the turbine will be simpK 


_ ”(»! ~ r 2> 
'* * All, 

and that for the pump (or blower) 

gA/7, 

Vp " n(r 2 - r.) 


( 212 ) 

(213) 


So far as the form of the runner or impeller bhdes is concerned two 
salient facts will become clear from stud\ of the \e1ocity diagrams in 
Tig 162 In order for the turbine to operate at peak efficiency the 
total head of the flow which leases a turbine runner must be a mini 
mum «incc the \eloaty head must then also be a minimum optimum 
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conditions — so far as direction of outflow is concerned — are reached 
when the tangential component of v 2 , and hence the circulation r 2 , is 
very nearly equal to zero; the trailing edges of the runner blades must 
therefore be at such an angle that the tangential velocity of the fluid 
relative to the blade is approximately equal and opposite to the tangen- 
tial velocity of the blade itself. The same must be true, of course, at 
the leading edges of the blades of a blower or pump impeller, the fluid 
entering the runner under optimum conditions with practically zero 
circulation. At the leading edges of the turbine-runner blades, which 
correspond to the trailing edges of the blower or pump-impeller blades, 
for maximum efficiency there must also be a smooth transition of the 



Fig. 163. 


0 1000 2000 3000 4000 5000 

Capacity in gallons per minute 

Performance characteristics of a 12-inch centrifugal pump at 
1000 revolutions per minute. 


flow from or to the guide vanes; in other words, the blades in this zone 
must be so shaped as to be essentially tangent to the vector of relative 
velocity. Since the blades in this type of machinery are generally 
fixed in position, it is evident that a change in either speed or capacity 
from optimum conditions will result in fluid velocities which do not 
properly conform to the existing blade angles at entrance and exit. 
Separation then occurs, producing an increased loss in head and hence 
a reduction in operating efficiency. 

Significance of the specific speed. Although the one-dimensional 
analysis of such radial-flow machinery differs in detail from that of 
the axial-flow type, the method of evaluating performance char- 
acteristics is essentially the same. The standard diagram of Fig. 163 
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for a particular centrifugal pump thus corresponds to that oi Fig 155 
for a particular propeller pump w hile the dimensionless diagram show n 
in Fig 164 like that of Fig 160 may be used for any similar blower 
pump or turbine regardless of size speed or fluid density The 
essential difference between the radial flow and axial flow types as 
already indicated lies in the relative magnitudes of the coefficients of 


Fig 164 



D mens onlcss performance characteristics of a typ cal rad al flo * mach ne 


capacity and head at peak efficiency the radial flow type in other 
words is characterized by a low capacity head ratio and the axial 
flow tv pc by a high capacity head ratio If this ratio is «o evaluated 
as to eliminate the factor D in both numerator and denominator there 
results a very convenient index known as the specific speed 


A, = 


Cq* 

Cm* 


nVQ 

IgA")" 


(2H) 


(This form of the index it should be noted is dimensionless and 
huicc preferable to customary forms in which g is omitted and Q is 
**xprcsscd in gallons or cubic feet per minute ) Tht radial flow 
turbine pump or blower is cvadently characterized by a low specific 
speed and axial flow machinery by a high specific sped! There are 
needless to say many mixed flow designs which combine axial and 
radial flow to varying degrees so that a continuous trend exists 
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from low to high specific speed, as indicated by the sequence of 
runner or impeller forms shown in Fig. 165. The performance char- 
acteristics of these units will, of course, range from the high specific- 
speed curves of Fig. 160 to the low specific-speed curves of Fig. 164. 

Aside from their fundamental principles of operation, the several 
types of fluid machinery discussed herein have certain other features 
in common which warrant mention at this 
point. First, any enclosed unit is subject 
to the same cavitation or acoustic disturb- 
ances as the open propeller or fan, and 
should be so designed (and operated) as to 
reduce such effects to a minimum. Second, 
the dimensionless performance curves apply 
not only to one particular design but also, 
strictly speaking, to one particular Reynolds 
number; under normal conditions of opera- 
tion, to be sure, the Reynolds number is 
usually so high that viscous influences may 
be ignored ; nevertheless, tests on very small 
models or rates of flow, or with fluids of 
high kinematic viscosity, may invariably 
be expected to yield lower efficiencies. 

Third, the rated efficiency of any machine 
necessarily involves both fluid resistance 
and mechanical friction; the latter is gener- 
ally higher on small units, which again will result in a lower model 
efficiency even though the Reynolds numbers are the same. Finally, 
although the units described herein were stripped to their barest es- 
sentials for the sake of clarity, any such device may be built in mul- 
tiple-stage form — i.e., duplicate units arranged in series — in order to 
increase the overall change in head for the same rate of flow; such 
practice is, indeed, quite common in the case of centrifugal pumps. 

Example 51. When driven by a 20-horsepower motor at a speed of 1800 
revolutions per minute, a ventilating fan delivers 35,000 cubic feet of air per 
minute under a pressure head of 1 Ji inches of water. What power and speed of 
motor would be required to increase the fan capacity by 25 per cent with the 
same pressure load? (Assume the fan to have the characteristics shown in Fig. 
160.) 

According to Eqs. (204) and (205), if A H remains constant and 02 — L25 0i 

«2 , „r (Cq)i 



N, =0-2 


N s -0i 


Ns* 0-8 


Fig. 165. Variation in spe- 
cific speed with transition 
from radial to axial flow. 
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Eliminating ri.fr-, 

Pres-mabh tbe original motor 'peed was cbosen to obtain peal e^aeacj at the 
given p-esaj-e and rate of flow , tberdore, according to Rg 160, (Cf)i ■= Q.S0. 
(Cq)i = 0.33, and (Cp)i = 0 33 whence 


fV£^ - 

Cq 


0S0X^5= 2.17 
0.33 


R\ trial and error it is found from the diatnam that (Ch). = 0.62 and (CjN “ 
0 36 which corresponds to a drop n e'naencv of o*il\ 2 per cent. 

Evaluation of r and P then p-oceeds as follows 


rt _ 

r i 

X25<%h 

(Co). 

, 033 

= I 2o X — 
036 


1«00 X 1 

15 = 2070 rpm 

and for the value (C/>)* = 

P2S 


P . _ 

"i* (Cr)t 

. 0 28 

= 1 13 X — - < 
033 

Pi° 

r t ' (Cr)i 


20 X 1 

29 - 25 S hp 


PROBLEMS 
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speed is 360 revolutions per nnnute, it is found that the exit angle of the air is 20° 
Assuming an entrance angle of 90", determine the required power input 

354. If 20 per cent of the power input for the conditions of Problem 353 is dissi 
pated in the inlet and volute of the blower, determine the efficiencj of the machine and 
the pressure intensity in the 5-bv -5-foot discharge duct to which it is connected 

355 Water passes from the guide vanes into the runner of a radial-flow turb.ne 
at an angle of 30° and a velocitv of 8 feet per second at a radial distance of 6 feet 
from the vertical runner shaft, and leaves the ttaihng edges of the runner Wades 
at a radial distance of 4 feet from the shaft. The height of the runner is 1 5 feet 
If the torque on the shaft is 16,000 pound-feet when the rotational speed is 120 
revolutions per minute, at what angle does the water leave the runner blades? 

356. W r hat is the brake horsepower of the turbine shaft of Problem 355? W'hat 
change in average pressure head takes place as the water passes through the runner? 

357. If a pump which has the characteristics of Fig 163 when calibrated with 
water is used with gasoline (specific gravitv = 0 7), what power would be required at 
the rated speed to pump against a head of 60 feet of gasoline? W'hat rate of flow 
would be obtained under these conditions? 

358. A water pump having the characteristics of Fig 163 is to be driven at a 
30 per cent greater rotational speed Determine the factors bv w hich the ordinate 
and abscissa scales of the given performance diagram should be multiplied in order 
to yield the corresponding values of head, power, efficiency, and capacity. 

359. Compute the specific speeds of the pumps for which Figs 159 and 163 repre- 
sent the performance characteristics 

360. Air is to be supplied at the rate of 15,000 cubic feet per minute to a duct 
under a pressure head of 2 inches of water Would an a.\ial-flow or radial flow tv pe 
of blower be indicated bv these requirements? 

361 Carbon tetrachloride (specific gravitv = 1 59) is to be pumped at the rate of 
75 gallons per minute against a head of 60 feet Determine whether the characteristic 
curves of Fig 160 or tho=e of Fig 164 would require the lower power input at 6000 
revolutions per minute. To what pump size would this correspond? 


47. YIAWD TRANSMISSION OF POWER. 

The fluid coupling. If a pump and a turbine of the same capacity 
characteristics were connected in senes, it would be reasonable to 
expect that both the speed and the power output of the turbine could 
be controlled over a considerable range of operating conditions by 
variation in the speed and pow er input of the pump This is, in effect, 
the principle of most machinery for the fluid transmission of powder. 
However, certain practical requirements of such transmission devices 
result in two distinct types of design. One type, known as th & fluid 
coupling, is intended only to absorb the shock caused in purely me- 
chanical transmissions by abrupt changes in load. The other type, 
known as the torque converter, is the fluid equivalent of a series of me- 
chanical speed-reduction gears 

In its primary details the fluid coupling is extremely simple As 
indicated in Fig 166, the blades of both impeller and runner lie en- 
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tirety in radial planes and are housed in such manner that flow ma> 
take place radially outward through the impeller into the runner and 
then radially inward through the runner into the impeller Although 
there is no mechanical means of presenting flow in the opposite dirce 
tion the centrifugal effect of a higher impeller speed will invariably 
produce flow in the direction indicated Were the speeds of impeller 
and runner the same to be sure no flow would occur between the two 


units and hence no torque could be transmitted The flow produced 
by a speed difference how e\ or will 
brpeller necessarily result in a continuous in 

crease in the tangential velocity of the 
fluid as it passes through the impeller 
and a corresponding decrease in tan 
gential velocity as it returns through 
the runner Since the rate of flow the 
rad al displacement and the change in 
tangential velocity arc mimcncalJ} the 
, same in both impeller and runner it 
follows that the torques of the input 
and output shafts of a fluid coupling 
will always be identical regardless of 
their relative speeds Owing to the 
necessary difference in angular veloe 

Flc 166 Schrast c d agnn, of > '•>' of coursc the P°" cr °‘"P ut * 1,1 11 

flu d coup! ng ways be lower than the power input 

the loss resulting in part from surface 
drag and in part from turbulence produced at the juncture of the two 
units The peak efficiency of such a fluid coupling is very close to 
unity m other words at normal operating conditions the slip of 
the runner (and hence the power loss) is only a few per cent 
The torque converter As its name implies the torque converter 
differs from the fluid coupling in that not only is the torque of the out 
put shaft greater than that of the input shaft but the torque ratio — 
instead of remaining constant — decreases as the speed ratio increases 
In order to produce such torque conversion a greater change must 



be made to occur in the tangential v elocity of the fluid as it passes 
through the runner than takes place during passage through the 
impeller Tins can be accomplished only by property shaping the 
impeller and runner blades and by introducing one or more sets of 
stationary guide vanes (I ig 167) curved to yield conditions of maxi 
mum efficiency A change in speed ratio from such optimum condi 
tions will of course result in a lowering of ^flicunc) owing to the 
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of the two t> pes of unit E\ identlj , the high peak efHcienc) of the 
coupling is offset bj the high power input required under conditions 
of maximum slip due to constancy of the torque ratio Since the 
latter disadv antage is oxercome by the torque-converter — which 
however, is relatrv ely inefficient even at optimum conditions — some 



Fig 169 Genera] zed pcrforn ancc characteristics oi a torque converter 


commercial transmission stems involve an automatical!) selective 
combination of the two units thercbj providing first a high starting 
torque and then a high operating cfficicnc> entirely b> fluid means 


Example 52 What reduction in the size of fluid power transmission units 
would be permitted bv the substitution of mcrcurj for the oil customanlj u^d > 
Uh> is this not practicable 1 * 

Since the power factor P/pn^D* ma> bccon«i Icrcd constant as a basis of com 
ponson 

Put _ ( £ou V* 

Ooq NPiir/ 


whence assuming that po u ■* 0 9 X I 94 “lugs per cubic foot 


An 


Po a X 


/ 09 X 1 94 y* 
\I3 6X 1 94/ 


0 >*P*t 


Fvadentlv the s! ght sav mg in size would be more than oPset bv the mcmsc in 
cost weight and corrosive effects if mercur> were used 
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PROBLEMS 

362. Hon- much larger would the transmission unit of Example 52 have to be to de- 
liver the same power at the same speed and the same speed ratio if air were used 
instead of oil? How much faster would a unit of the same size have to run? 

363. An automobile traveling at 50 miles per hour on level ground requires an 
engine output of 35 horsepower at 1100 revolutions per minute, the fluid coupling 
then having a slip of 4 per cent. To maintain speed at a slight increase in grade, a 
15 per cent increase in power output of the coupling is required. If the coupling 
momentarily develops a 25 per cent slip, what will be the corresponding change in 
engine speed and power? 

364. There is found to be a 4 per cent slip in a certain fluid coupling when the 
input shaft turns at the rate of 1500 revolutions per minute. To what power output 
would this correspond when the torque on the input shaft is 15 pound-feet? 

365. The rotational speeds of the input and output shafts on a torque converter 
are 2400 and 900 revolutions per minute, and the input and output torques are 35 
and SO pound-feet, respectively. Determine the corresponding power input and 
efficiency. 

366. A torque converter to be used on a Diesel locomotive unit is tested at a 1:15 
scale reduction, the results indicating that at the peak efficiency a torque ratio of 
2.5 and a speed ratio of 0.33 will prevail. If the prototype output shaft at its normal 
operating speed of 1200 revolutions per minute must maintain a torque of 30,000 
pound-feet, what must be the power of the driving unit? 


QUESTIONS FOR CLASS DISCUSSION 

1. Why does a spinning tennis ball “curve” more markedly than a baseball? 

2. What are some practical disadvantages of the Flettner rotor? 

3. If a blotter is dropped in a slanting position, it will rotate rapidly as it falls. 
What is the cause of this phenomenon? 

4. Explain the principle of the kite. 

5. An airplane is considered to be supported by a lifting force exerted upon the 
wing by the air. With the aid of the principle of action and reaction, show that the 
weight of the plane is actually transmitted in full to the earth's surface. 

6. Why do airplanes take off and land against the wind? 

7. The efficiency of a wing may be measured in terms of its maximum lift-drag 
ratio. At what point in an airplane's flight is a high drag (and hence a low efficiency) 
of great importance? 

8. Suggest a reason for reducing the chord of an airplane wing with distance 
from the base (i.e., tapering the wing toward the tip). 

9. What practical consideration governs the difference in form between airplane 
propellers and ship screws? 

10. Why does the efficiency' of a fan or propeller eventually begin to drop as the 
number of blades is increased? 

11. Suggest a suitable measure of efficiency for a fan, to replace Eq. (198). 

12. If the power supply for a centrifugal pump fails, the flow sometimes changes 
direction before valves can be closed: the pump then behaves, in effect, like a turbine. 
Would its efficiency as such be hieh or low? Whv ? 
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13 Would turbines of high or low specific speed be selected for a hydroelectric 
plant at a Mississippi Ri\er dam? 

14 Explain the necessity of using stationary guide vanes in a torque converter 
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SURFACE TENSION 

48. MOLECULAR ATTRACTION AND SURFACE ENERGY 

Work of cohesion and adhesion. All bodies of matter, whether 
fluid or solid, have been stated to exert upon each other an attractive 
force which is directly proportional to the product of their masses and 
inversely proportional to the square of the distance between their 
mass centers. Quite distinct from such mass attraction is an electro- 
chemical force known as molecular attraction, which gives rise to the 
liquid properties of cohesion and ad- 
hesion. So far as present purposes 
are concerned, the chief difference be- 
tween mass attraction and molecular 
attraction is the fact that the latter 
force is effective over only a very 
minute distance. Thus, as shown 
schematically in Fig. 170, a molecule 
at point A a short distance from the 
liquid surface will still be attracted equally in all directions by 
neighboring molecules, whereas molecule B very near the free surface 
will have exerted upon it a smaller force from the free-surface side 
where fewer molecules are present. It follows that molecules close to 
the surface of a liquid will be subject to a resultant force acting at 
right angles to the surface. 

In order to form a free surface within a liquid body, it will be seen 
that work must be done against the mutual attraction of the molecules 
on the two sides of the zone of separation. The existence of a free 
surface therefore represents the presence of what is known as surface 
energy, which is equal in magnitude to the work that was done when 
the surface was formed. Designating such energy per unit surface area 
by the symbol c- (sigma), the work W which must be done, for instance, 
in producing separation of a liquid column at some arbitrary cross 
section will be simply 2A<r, since two free surfaces of area A will thereby 
be formed. The quantity W/A — 2cr is hence known as the liquid 
work of cohesion. 


vfT 


v, 


f | ^ Effective limit of 

i y— •- i ( molecular at t roct ton 

vJTV 

Fig. 170. Intermolecular forces 
near a liquid surface. 
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Owing- to the molecular basis of such surface energy it will be ap 
parent that the magnitude of a for a given liquid surface will depend 
upon the magnitude of the attractive force not onl> between the 
molecules of the liquid itself but also between the liquid molecules 
and those of the medium on the other side of the surface In the case 
of the liquid vapor interface just discussed a represents simpl> the 
attractive force of the liquid molecules for one am ther In the case 
of the interface between two different liquids on the other hand the 
attractive force between the unlike molecules may be cither greater 
or less than that between the like molecules In order to effect the 
separation of two liquids along such an interface of area A the work 
required must be equal to the difference between the final surface 
energy of the two free surfaces A(<r a + <rt) and the surface entrgj of 
the original interface A<r a b thus 

- «r a + c b — <r cfc (215) 

Just as the quantity II /A = 2 a was said to indicate the work of 
cohesion of a given liquid the quantity II a b/A of the foregoing equa 
tion may be considered to represent uork of adl eston between two 
liquids Apparently the smaller the magnitude of II a b/A (i c the 
greater the magnitude of the interfacial energy o- a6 in comparison 
with <r a + c b ) the less pronounced will be the adhesion of the two 
liquids on the other hand the larger the magnitude of JJ<,j/./l (ie 
the smaller the relative magnitude of v a b) the more stronglj will the 
two liquids adhere to one another It then follows that if cr a & becomes 
equal to zero — or even negative — the molecules of the two liquids will 
have at least as great an attraction for each other as those of cither 
liquid have among themselves a state of complete miscibilit} will 
then exist and the resulting process of molecular mixing or diffusion 
will soon eliminate the original interface 

Evaluation of the pressure difference across a curved surface 
Application of the simple concept of surface energ> will serve to cx 
plain such phenomena as the spreading of certain oils on the surface of 
water and the tendenc> of all liquids to form spherical droplets (ic 
bodies of minimum surface area) when sprajed into air There are 
however two closelj related aspects of the problem which have not 
>ct been mentioned In the first place the formation of new surface 
entails not onl> mechanical energy but — if the temperature of the sur 
face is to remain the samc—thcrmal energ> as well since an analjsis 
of the thermodynamics of surface phenomena is not within the scope 
of this text the nccessit> for such considerations can merely lx* indi 
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cated. In the second place, and of particular importance to the pres- 
ent study, the existence of a resultant force normal to any surface must 
require an equal and opposite force within the fluid if static equilibrium 
is to prevail; within even' liquid body, therefore, it must be realized 
that there will exist an internal pressure of such magnitude as to 
counteract the surface forces due to unbalanced molecular attraction. 

So long as the surface in question is a plane, the magnitude of the 
pressure intensity due to such molecular forces will be not only very 
small but also impossible of direct measurement. 

Once the surface becomes cun'ed, however, the 
resulting intensity of pressure will be both percepti- 
ble and measurable, for the presence of surface curva- 
ture is at once the cause of the additional pressure 
change and the means of its evaluation. Consider, 
for example, the spherical liquid-gas interface shown 
schematically in Fig. 171. The surface energy which 
it represents will be simply cr(As) 2 . If, now, the 
surface is displaced the radial distance A r, thereby 
increasing slightly in area, the surface energy at the 
end of the displacement will be approximately 
<r(A 5 + As Ar/r ) 2 . If the work against the inter- 
molecular forces which is entailed by this change in 
surface energy is done only by the radial force 
A p {As) 2 due to the difference in pressure intensity between the 
concave and the convex side of the interface, 

A p (As) 2 Ar = <r ^Aj + — Ar^ — <r(As) 2 = 2 tr (As)" — + a i^As — ^ 



Fig. 171. Radial 

displacement of a 
curved interface. 


Upon dividing each term by (As) 2 Ar and letting Ar approach zero, 
the pressure difference at a spherical surface will be seen to be pro- 
portional to the ratio of the unit surface energy and the radius of 
curvature of the surface: 



(216) 


It is to be noted from the derivation that the pressure intensity is 
invariably higher on the concave side. 

The bubble method of measuring surface energy. In order to use 
this relationship for the measurement of unit surface energy, it is 
necessary to restrict the surface curvature to a very small radius, so 
that gravitational effects upon the surface form — which were not taken 
into account in the derivation of Eq. (216) — will be relatively unimpor- 
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tant Assume then that an open tube of \ er) small bore is introduced 
\erticall> into a container of liquid as shown in Fig 1/2 As air is 
forced downward through the tube a bubble will form at its tip the 
size of the bubble being controlled b> the 
pressure intensity of the air supplj to the 
tube As the bubble increases in \olumc 
with increasing air pressure its radius of 
Curvature will decrease until it is equal to 
the radius r 0 of the tube Since further 
increase in \oIume would then cause the 
bubble to increase in diameter this cm 
dcntlj marks the minimum radius of 
bubble curvature and hence b> Eq (216) 
the maximum pressure intensity for equi 
librium conditions Thus measurement of 
the pressure intensity p of the air supplj 
just before the bubble becomes unstable 
permits the magnitude of a for the given liquid to be determined 
from the following modification of Eq (216) 


U 




Flo 172 Measurement of 
surface energj 


* = J (P ~ t h ) 


(217) 


Example 53 A smoke generator u«ed in m btarj screening comerts an oil 
ha\ing a unit surface energj of 0 002a foot pound per square foot into a mist of 
1Q~* inch droplets at the rate of 50 gallons per hour (a) What is the intensity 
of pressure within a tjpeal liquid droplet’ ( b ) Ignoring thermal effects esti 
mate the rate at w hich work is dene bj the generator 
The radius of curvature of a 10 * inch droplet is 


= 10 ~* 

' 2 X 12 


= 417 X 10-<ft 


Hence from Eq (216) the pressure intensitj in the droplet will be 


P 


2a 


2 X 0002a 
4 17 X 10-« 


= 1200 psf 


The jwmoIw ctf drpfiets produmi per second becomes 
o0 x 748 X 60 X 60 . f , v 


i X r X (4 1/ y 10 V 

which corresponds lo the following rate of surface area product on 
^ - 612 X 10‘X4XrX(l I' X 10 «)’ - 13 400(1’ 
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Therefore, the rate at which work is done will be 
„ dA 

P = it — = 0.0025 X 13,400 = 33.5 ft-lb/sec 


PROBLEMS 

367. Determine the pressure intensity within a bubble of air 0.01 inch in diameter 
at a depth of 1 foot below the free surface of water at 60° Fahrenheit. 

36S. Ignoring thermal effects, compute the power required to convert 2 gallons 
of water per minute at a temperature of 50° Fahrenheit into a mist having an average 
droplet size of 10~ 5 inch. 

369. What pressure intensity will exist within the mist droplets of Problem 368? 

370. In measuring the unit surface energy of a mineral oil (specific gravity = 0.85) 
by the bubble method, a tube having a lie-inch bore is immersed to a depth of 
inch in the oil. What magnitude of a will a maximum bubble pressure intensity of 
3.15 pounds per square foot indicate? 

371. A soap bubble is blown at the end of a tube having a diameter of inch; if 
the soap solution has 75 per cent as great a unit surface energy as water at 60° Fahren- 
heit, what is the greatest pressure intensity required? (Note that a soap bubble has 
two surfaces.) 


49. SURFACE “TENSION” AND CAPILLARITY 

Force diagrams for adhesion and cohesion. For many years the 
surface phenomena discussed in the foregoing section were explained 
in terms of an apparent tension in an elastic skin or membrane which 
was thought to form at every liquid surface. It was, of course, never 
decided why the stress in such a skin remained constant no matter 
how much it was stretched, or how the skin could cling tenaciously 
to a solid boundary and at the same time slide freely along the boun- 
dary as the liquid surface was displaced. As a matter of fact, there 
are so many physical inconsistencies in the surface-tension concept 
that the continued designation of the quantity cr as the coefficient of 
surface tension is, to say the least, misleading. Oddly enough, how- 
ever, the quantitative evaluation of surface phenomena by means of 
the surface-tension concept yields perfectly accurate results, despite 
the erroneous physical picture upon which it is based. Indeed, the 
use of the force diagrams involved in this concept still provides the 
only simple means of deriving many of the fundamental relationships 
for surface energy. 

To illustrate this method, consider the force counterpart of the 
analysis leading to Eq. (216). Instead of investigating the work in- 
volved in increasing the area of the liquid surface shown in Fig. 171, 
it is merely necessary to assume a system of force vectors acting at the 
edges of the surface as indicated in Fig. 173. The components of these 
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four vectors in the normal direction maj then be equated to the in 
crease in pressure on the concave side of the surface as follows 

Ap (As) 2 = 4 a As wn A$/2 



Since sin A<t>/2 Ap/2 * 
expression as Cq (216) 


As/2r this at once reduces to the same 




An example on the other hand of a derivation not so casd> obtained 
b> the surface energy method is found in the problem of the contact 
angle at the juncture of a solid a liquid and a 
gas While Eq (215) is quite as applicable to a 
liquid solid as to a liquid liquid interface its 
usefulness depends upon the elimination of the 
surface-energ} term for the solid surface If 
force vectors representing hjpothctical tensions 
per unit length in the three surfaces arc assumed 
as shown in Fig 174 it follows that 



Fig 174 H>po 
thet cal surface forces 
at a boundary 


. = <Um + oi COS 0 


Introduction of this expression in the following counterpart of Tq 
(215) 


then vields the basic relationship 

— j— = <q(l + cos 0) (218) 

A 

Inspection of the diagram will show that if the attraction between 
the liquid and solid molecules is equal to or greater than that be 
tween the liquid molecules themselves the angle of contact 0 will be 
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zero that is, Wu! A = 2 cri, which is the work of cohesion of the liquid; 
the liquid is then said to “wet” the solid. Accordingly, if the adhesive 
tendency between liquid and solid is only half as great as the cohesive 
tendency of the liquid, the contact angle will be 90°, and wetting will 


^ (b) ^ (O 

a j ~ t/l 
1 e -°' W”- 30 ' f 


|j 6 - 0 ° 

Fig. 175. Variation in contact angle with degree of wetting. 



be incomplete. Although the adhesive stress between some liquids 
and solids is relatively small, in no case can it be equal to zero; hence 
a contact angle of 180° may be approached, but never attained; never- 
theless, for all practical purposes the wetting tendency is then so small 
as to be negligible. For instance, a clean glass surface will be com- 
pletely wetted by water but only imperceptibly by mercury, with the 
resulting contact angles shown in Fig. 1 75a and c. 

Capillary rise of liquids. Perhaps the most important application 
of the principle of adhesion is in connection with the capillary rise of 
liquids in tubes and in the interstices 


of porous materials. If a tube is very 
small in diameter, and if the liquid 
completely wets its inner boundary, 
the curved surface or meniscus of the 
liquid will display the hemispherical 



Ah 

form shown in Fig. 176. Since the 

y 


V 1 

pressure intensity within the liquid 
just below the free surface must be 
smaller in magnitude than that 


_2r 



above, in accordance with Eq. (216), Fig m CapiIIar> rise of liquid in 
and since the liquid pressure inten- a tu j, e 

sity at a given elevation must be the 

same on the inside and the outside of the tube, in accordance with 
Eq. (45), it follows that the meniscus of the liquid column will lie 
above the free surface of the outer liquid. The extent of this differ- 
ence in elevation may be evaluated by the following combination of 
Eq. (216) and the elementary principle of hydrostatics: 

1 2o 
Ah — - — 

7 r 


( 219 ) 
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In applying this equation, the fact must be borne in mind that it— 
like Eq (217)— becomes exact only as the radius of the tube becomes 
infinitesimal Although the error invoked will be inappreciable for 



Fig 177. Capillary rise of water and tnercurj as a function of tube diameter 


small but finite radii, continued increase in radius will eventually pro- 
duce a marked departure from hemispherical surface form, the radius 
of curvature of the midpoint of the meniscus graduall> increasing 
bejond that in the zone of bound.ar) contact owing to the lev cling 
effect of gravity upon any liquid surface While the anal) sis of such 
a combination of mass attraction and molecular attraction is too com- 
plex to warrant further discussion, the extent of the graduall) in- 
creasing error involved in Eq (219) mi) be 
judged from Tig 177 It must also be noted 
that this form of the relationship is restricted 
to liquids which compfetcl) wet the bound iry 
and must be modified for angles of contact 
greater than zero, of particular importance is 
the fact that the slightest trace of unclcanh- 
ness of a liquid-solid interface ma> change the 
Fig 178 Gjpitlar> deprw anj rj c to an appreciable degree As 

non of a liomd surface , , . , in 

a rule, therefore, the measured capillary n*c 
of liquids in tulies will be fess than that computed for chemical!) clean 
conditions. Furthermore, in case the degree of wetting is negligible 
( t c , for contact angles approaching 180 6 ) there will result a capillar) 
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depression of the free surface, the meniscus being practically a mirror 
image of that for capillary rise shown in Fig. 176. As indicated by 
Fig. 178, evaluation of the magnitude of the depression will lead to a 
relationship which is identical to Eq. (219) except for a negative sign 
before the elevation term. 


Example 54. Estimate the height to which water will rise in a clay soil having 
an average grain diameter of 0.0001 foot. 

Since the size of the pores in the soil depends upon the compaction and grad- 
ing as well as the average diameter of the particles, it is evident that only a 
rough estimate may be obtained with the given information. Assuming, as a 
first approximation, that the interstices are one-tenth the mean grain diameter, 
by Eq. (219) 


Ah 


1 

62A 


2 X 0.005 
0.00001 


16 ft 


PROBLEMS 

372. Liquids A and B are used in a compound glass manometer, liquid A being 
lighter than liquid B. The surface tension between the two liquids is 0.0035 pound 
per foot, that between liquid A and glass is 0.0015 pound per foot, and that between 
liquid B and glass is 0.0040 pound per foot. Compute and show in a sketch the angle 
at which the liquid interface will meet the wall of the manometer. 

373. The rise of sap in trees is sometimes erroneously explained as a purely capillary 
phenomenon. Assuming sap to have the same surface tension as water at 60° 
Fahrenheit, estimate the diameter of tube which would be necessary’ to carry it to a 
tree height of 100 feet. 

374. It is found that water at 40° Fahrenheit rises through capillary action to a 
height of 7 feet in an earth dike. To what diameter of uniform tube would the inter- 
stices in the earth correspond? 

375. Two glass plates 6 inches square are stood together in a shallow container 
of water in such manner that two vertical edges are inch apart and the other two 
Hi inch apart. Determine and plot to scale the height of the meniscus over the 6- 
inch distance from edge to edge of either plate. (Note that the meniscus curves in 
one plane only.) 

376. Glass tubing to be used in a differential water manometer is found to vary in 
diameter between 0.25 and 0.29 inch. Assuming that the gage is to be used for read- 
ings from 2 to 15 inches of water, estimate the maximum percentage of error that could 
occur. 

377. Water at 75° Fahrenheit is contained between two concentric glass tubes. 
If the diameter of the inner tube is J4 inch and the radial distance between its outer 
wall and the inner wall of the outer tube is oo inch, what capillary rise should take 
place? (Note that in the derivation of Eq. (219) surface curvature in two directions 
has been considered.) 

50. SIGNIFICANCE OF THE WEBER NUMBER 

Formulation of the Weber number. Like other fluid properties, 
the molecular attraction at the surface of a liquid may or may not 
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pli> a primary role »n a given problem of fluid motion depending 
upon the magnitude of the surface energy in comparison with that of 
the flow as a whole As in the case of fluid weight of course it is first 
necessary that a free surface or interface exist before the pattern of 
motion can be influenced by surface energy phenomena In other 
words flow which is entire!} confined bj solid boundaries can no more 
be affected by molecular attraction than b> gravitational attraction 
(for instance the phenomenon of tangential shear and zero relative 
velocity at the surface of contact between a solid boundary and a 
moving liquid is m no way dependent upon either hydrostatic pressure 
or adhesion at the liquid solid interface for each of these stresses acts 
at right angles to the boundary) Once a free surface exists on the 
other hand any departure of this surface from a plane or any tendency 
of the flow to increase the surface area will bring molecular forces into 
play which may sensibly modify the basic distribution of velocity and 
pressure 

As a general measure of the relative magnitude of such surface 
effects one may devise a dimensionless parameter analogous to the 
Euler Troude and Rcy nolds numbers already discussed Thus as in 
earlier pages one may represent by the quantity pi 2 /L a typical unit 
inertial reaction to an accelerative force expressing a typical unit 
surface force by a/V the ratio of these tw o quantities becomes simply 
p\' , Lf<r More significantly perhaps this fraction may be regarded 
as twice the ratio of kinetic energy per unit volume pi */2 to the 
surface energy per unit volume a/L In any event the radical form 
of this ratio 

W - (220) 

vV/pz. 


is known as the 11 eber number The smaller the Weber number evi 
dently the larger the relative influence of the molecular attraction 
should be and v ice v ersa 

Capillary effects in jets and waves Since the magnitude of the 
Weber number should for given boundary conditions indicate the 
extent to which the flow pattern is modified by surface effects one 
would expect the Fulcr number characterizing the flow pattern to 
vary therewith that is 

E - <i(W) ( 22i > 


In the case of orifice flow for example the coefficient of discharge is 
known to be modified bv both the adhesion of the liquid to the outer 
edge of the orifice and the tendency of the jet to attain a minimum 
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surface area; in each case the effects become the more pronounced 
with decreasing Weber number, but of negligible magnitude as the 
Weber number becomes large. Unfortunately, the influence of both 
viscosity and gravity upon the jet characteristics at low Weber num- 
bers makes the experimental analysis of surface effects so difficult that 
reliable quantitative information for orifice flow is not yet available. 

The study of capillary waves, on the other hand, has not only been 
carried out successfully in the laboratory, but analytical methods have 
long since led to an accurate relationship for their velocity of propa- 
gation. If one assumes, for instance, that a liquid surface momentarily 
has the rippled form shown in Fig. 179, it will be evident from the 



Fro. 179 . Definition sketch for capillary waves. 


foregoing discussion of surface energy that the surface will tend to 
contract until a minimum area is attained — that is, until the surface 
becomes a horizontal plane. In the process of contraction, however, 
the surface energy is transformed into kinetic energy, with the result 
that the motion does not cease at the minimum-area stage but con- 
tinues as a series of standing waves oscillating about the mean surface 
line. By assuming the wave profile to be sinusoidal, and by superpos- 
ing two standing-wave systems differing by a quarter period and a 
quarter wave length, the British physicist Lord Kelvin determined 
nearly a century ago that a train of capillary waves would travel over 
a liquid surface with the celerity 



in which X (lambda) is the distance between wave crests. Evidently, 
just as the Froude number in open-channel flow indicates the ratio 
of the velocity of flow to the celerity of a gravity wave, the Weber 
number may be considered to represent the ratio of the velocity of 
flow to the celerity of a capillary wave. 

It would appear from the above expression that such a wave would 
move more and more rapidly as its size decreased. As is true of other 
capillary phenomena, nevertheless, only in the case of very small 
radii of curvature may gravitational effects safely be ignored. For 
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instance, it has been mentioned at an earlier point in this text that a 
gravity Hava in deep water will travel with the celerity 


€ 


which at some intermediate stage will be of the same order of magni- 
tude as that due to capillarity As a matter of fact, the celerity of any 



Plate XXV Capillary ripples superposed upon gravity waves in flow past a 
model bridge pier 

surface nave is governed by both gravity and capillarity in accord- 
ance with the expression 

= Ji. 1 + bZ (222) 

’ 2x p X p 

Short \\a\es (i e , ripples) arc e\idently controlled primarily by capil- 
larity and long waxes primarily by gravity, intermediate wave lengths 
involving both influences Moreover, since capillary waves travel 
faster with decreasing wave length and gravity waves with increasing 
wave length, there must exist a minimum celerity of wave propagation 
in the intermediate zone, as seen from Fig. 180 This explains t ie 
fact that wind has to exceed a certain velocity before it can rippe 
the surface of a m er or Jake— a phenomenon w Inch evidently depends 
upon the Weber as well as the Troudc number. 
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The Weber number, indeed, is a key parameter in the analysis of 
many flow phenomena, only a few of which can even be mentioned 
in these pages. Perhaps the most intriguing of these is the so-called 


c 


Pi 

Fig. 180. Celerity of surface waves as a function of wave length. 

inversion of jets from non-circular orifices, which is simply a modifica- 
tion of the foregoing problem. As indicated in Fig. 181, the tendency 
of a jet from an ellipsoidal opening to assume a 
circular (i.e., minimum-perimeter) cross section 
will give rise to a series of standing waves 
along the surface, the geometry of which will 
vary as the Weber number V/^/ u/pd changes. 

A phenomenon also peculiar to capillary effects 
in jets is the formation of drops or spray; the 
latter, in urn, is important in a number of in- 
dustries which involve the production and size 
control of liquid droplets, whether molten shot 
or paint or agricultural insecticide. The appli- 
cation of surface-energy analysis to the field of 
chemistry, needless to say, is a subject in 
itself. 

Example 55. Determine the minimum celerity of 
waves on the surface of mercury (o = 0.035 pound Em. 181. Capillary in- 
per foot). version of a liquid jet. 

A general expression for c m[n may be obtained by placing the derivative of 
Eq. (222) with respect to X equal to zero; thus, 

T . 27TCT 

dc _ q _ 1 2tt p X 2 p 

rfX 2 /Xy 2 tt<t 

Y 2irp Xp 
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Therefore for mercury 






'I. ..<>035 X 624 X 136 

■ V 4X ” (lMXt36)> 


PROBLEMS 

378 Water is found to penetrate a 6 inch sand filter through capillary action in 
IS seconds What period would be required if the grain diameter of the filter sand 
were reduced by 75 per cent? (Note a s milanty parameter for such conditions of 
negligible acceleration may be based upon the ratio of a unit capillary force to a 
unit viscous resistance ) 

379 It is known that the admixture of an aerosol will reduce the surface tension 
of water by as much as 50 per cent If the Weber number only is used as the »imi 
lanty criterion what should be the ratio of heads on two identical orifices the one 
discharging water and the other a water aerosot mixture of the gi\en characteristics 
in order that the discharge coefficients of the two orifices will be the same? 

380 The jet from a small triangular orifice is obscr\ed to undergo three mvers on 
cycles in a given distance when the efflux velocity is 8 feet per second Were the 
orifice dimensions to be doubled at what velocity should the same fluid be discharged 
in order to > icld a geometrically similar jet form (a) according to the Froudc criterion 
and (6) according to the Weber criterion? 

3S1 What should be the wave length of npplcs produced just upstream from a 
1 inch anchor cable when the relative velocity of the water is 8 feet per second? 

382 Deep-water waves having a length of 8 inches are produced in a model of a 
harbor in which breakwater effects are under study What discrepancy should there 
be between the actual wave celerity and that computed on the basis of gravitational 
effects alone? 

QUESTIONS FOR CLASS DISCUSSION 

1 Explain how certain insects arc able to walk on the surface of water 

2 Contrast the trends of pressure variation in (a) blowing up a toy balloon and 
((•) blowing a soap bubble 

3 Noting that a bubble has two free surfaces denv e an expression for the internal 
pressure in terms of the bubble diameter 

4 If a tiny float is rubbed at Of le end with camphor an 1 tl en ptaced in wnter '* 
will move rapidly across the surface In which d rection will it travel and why i 

5 Why will a mold of damp sand retain its form whereas either wet or r> win 
will slump > 
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6. Under what conditions is the meniscus between two liquids in a glass tube 
(a) concave upwards and ( b ) concave downwards? (Explain in terms of the relative 
adhesions between the liquids and the boundary.) 

7. Sketch the successive changes in the cross section of a liquid jet issuing (a) from 
a square orifice and (6) from a triangular orifice. 

8. Indicate the role of capillary action in (a) an oil lamp; (6) a corn field; (c) a 
blotter; (d) an atomizer; (e) a fountain pen; (/) the process of blowing glass. 

9. Why is it necessary to control the size of droplets formed in spraying (a) paint 
and ( b ) insecticide? 

SELECTED REFERENCE 

Adam, N. K. The Physics and Chemistry of Surfaces. Oxford University Press, 
2nd edition, 1938. 
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THE ROLE OF COMPRESSIBILITY IN FLUID MOTION 
51 PROPAGATION OF ELASTIC WAVES 

Celenty of the elementary elastic wave So much emphasis is 
usually laid upon the incompressibility of liquids in comparison 
"ith gases that one loses sight of the fact that liquids solids and gases 
ahhe are elastic media and hence subject to at least some change in 
\oIume with every change in compressive stress Although the shear 
of solids and fluids results in the basically different phenomena dis 
cussed in Section 26 all matter may be characterized by a bulk modulus 
of elasticity equal to the ratio of a differential unit compressive stress 
to the relative reduction in volume which the stress produces Since 
a decrease in the volume of any bod> must be accompanied by a 
proportional increase in its densit> the bulk modulus may for present 
purposes be expressed most conveniently as follows 



If a finite comprcssiv c stress is applied to a body of matter gradually 
it may be assumed for all practical purposes that each increment of 
stress is distributed instantaneously through the entire body Actu 
ally , however any such incremental change in pressure can be trans 
mitted through the bod> on!> as an elastic ume traveling with a 
celerity which is far from infinite A stress which is rapidly applied 
therefore ma> be of such short duration that quite different states of 
compression exist at various points in the body at a given instant 
Since the terms gradual and rapid are by no means absolute 
but arc governed by the size of the body and the rate at which the 
given medium will transmit a compressive stress the celerity of an 
elastic wave takes on immediate significance 

If a solitary wave of compression (or expansion) of differential mag 
mtude is assumed to travel linearly through a given fluid medium 
which is otherwise at rest the course of the wave might lie followed 
(see Tig 182a) by the local change in pressure intensity which it 
3 23 
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produces, just as the course of a gravity wave (Fig. 68a) is indicated 
by the local change in surface elevation. Like a gravity wave, an 
elastic wave must be accompanied by a local displacement of fluid, 
the resulting momentary change in 
velocity indicating conditions of 
unsteady flow. If. however, a ve- 
locity equal to the wave celerity is 
added in the opposite direction as 
in Fig. lS2f>, a state of steady flow 
will result, and the differential in- 
crease in pressure intensity within 
the standing wave will indicate a 
corresponding differential decrease 
in velocity. The interrelationship 
of the changes in velocity and pres- 
sure intensity mav still be represented by the differential expression 
for convective acceleration 

—dp = p r dv 

but the continuity equation must now indicate a constant rate of mass 
flow past the two successive sections; that is, d(pv) — 0, whence 


T 

p 

I 

c — 

fa) 



T 



1 

fo) 


Fig. 1S2. Definition sketch for anal- 
ysis of an elastic wave. 


pdv + v dp = 0 

If the quantity dv is eliminated from these two expressions, it will 
follow that 



Since the steady velocity r is equal to the celerity c, and since, by 
definition, E = p dpt dp, the celerity of a differential elastic wave will 
be simply 



Noteworthy is the fact that the celerity of an elastic wave is de- 
pendent upon the ratio of the elastic modulus to the density rather 
than upon the elastic modulus alone. Thus, although the elastic 
moduli of liquids and gases are vastly different, the corresponding 
values of E/p are much more nearly the same. In water and air, for 
example, the celerities of elastic waves are roughly 4/00 and 1100 feet 
per second, respectively, which will probably be recognized as the 
velocities of sound in the two media. A sound wave is, of course, exactly 
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the same as an elastic wave — but as will soon be shown elastic waves 
in fluids are sometimes responsible for far more than merely acoustic 
effects 


Pressure fluctuations due to rapid throttling of flow Certain char 
acteristics of wave motion in general ma) well be noted at this point 
If one wave passes another the effects of both must be added algc- 
braicall) two equal waves of compression will thus produce a mo- 
mentary pressure change which is twice as great as that due to either 
wave alone likewise equal waves of compression and expansion will 
upon passing so counterbalance one another as to yield momentanlj 
a pressure change of zero magnitude A wave which reaches a sol d 
boundary (such as the closed end of a conduit) will be positivcl) re 
fleeted the combination of the oncoming wave and its reflection don 
bling the local pressure change at the instant it reaches the boundarj 
the converse of a solid boundary (for instance a large reservoir at the 
end of a conduit) will produce just the opposite effect — 1 c negative 
reflection — the combination of the positive wave and its inverted image 
resulting in a zero pressure change at this section The cause of such 
reflection phenomena will become apparent if one notes that at the 
entrance to a large reservoir it is the pressure intensit) rather than the 
velocity which must remain constant while at the closed end of a 
conduit it is the velocitj rather than the pressure intensit) which 
cannot change 

From the foregoing discussion it becomes evident that the rate of 
travel of an elastic wave will have direct bearing upon the problems 
of unsteady flow in conduits discussed in Chapter V Were the fluid 
and the conduit complete!) inelastic as then assumed the fluid column 
could change velocity onlj as a unit in other words the infinite mag 
nitude of E required b> this assumption would correspond to an in 
finite celerity of wave propagation the change in pressure intensit) 
due to vahe adjustment therefore affecting instantaneously the entire 
fluid column In the actual case of course a wave of compression 
caused b> abrupt \al\e closure would travel upstream at a speed well 
below lnfimt) if the conduit were very long moreover the time 
required for the wave to reach the reservoir end might be rclativcl) 
great — and not until it reached the end could the initial stoppage of 


flow be considered complete 

Presuming for the moment that the resistance to (Ion is neghgt e 
(see Fig I83a) sudden closure of a valve at the end of the conduit 
would at once cause the local velocit) head to become equal to zero 
with an accompanjmg nsc in pressure intensit) Reasoning t at t ic 
change in kinetic cnerg) per unit volume p I /2 must equa to t t 
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work per unit volume ( \p)~/2E done by the change in pressure in- 
tensity A p (i.e., the product of the average unit stress A/>/2 and the 



Fig. 183. Compression wave produced by abrupt throttling of flow, assuming 
resistance to be negligible. 


resulting unit strain A p/p = A p/E), it follows that the rise in pressure 
within the wave may be evaluated from the expression 

Ap = VV% = p Vc (225) 


This then marks the extent of pressure rise within the conduit, which 
progresses upstream at the rate c = V 7 E/p as indicated in Fig. 1836. 
Upon reaching the open end of the conduit at time l = L/c, however, 
this compression wave will be reflected negatively, the resulting wave 


of expansion reducing the 
pressure to that in the reser- 
voir as it travels back toward 
the valve; positive reflection 
of the expansion wave by the 
closed valve at time t = 2 L/c 
will then double the pressure 
drop, with the result that, 
under the assumed conditions, 
the original impulse will con- 
tinue to travel back and forth 



Fig. 184. Variation in pressure intensity 
with time for conditions of Fig. 183. 


over the length of the pipe, alternating between equally high and 
low pressure intensities about the line of zero flow, as shown by 


Fig. 184. 


332 


ROLE Of COMPRESSIBILITY IN FLUID MOTION JCiur M 


The matter of fluid resistance, of course cannot wholl} be ignored 
since the influence of viscosity not only reduces the initial pressure 
nsebut leads eventually to the complete dissipation of the wa\e energy 
Thus as mij be seen from Fig 185, the initial pressure rise will again 


Fig 18S 



Compression wa\e produced by abrupt throttling of flow assum ng re- 
sistance to be appreciable 


depend upon the original \elocit> head at the end of the conduit but 
since the piezometnc head originall> increases in the upstream dircc 
tion as the result of the resistance to established flow the pressure 
head at the vah e must continue to rise as the w a\ e tra\ els along th* 
pipe From the same reasoning as led to Eq (225) it will be foun 
that the magnitude of this increase will be approximately hj/ 2 
The resulting plot of variation 


I 
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Fig 186 Variation in pressure intensity 
with time for corn! tions of Fig 185 


in \al\e pressure with time is 
shown in Tig 186 the sue 
ccssiac pressure fluctuations 
gradual!) diminishing m mag 
mtude as the result of cncrg) 
dissipation 

Although space does not per 
mit their analysis two addi 
tional features of such motion 
shou'd be noted First, tin 


elastic! t> of the conduit itself further diminishes the maRnittidc of the 
pressure rise Second it is physical! v impossi > e to c ^ ^ <XJ(n 
stantaneousl) although the time of closure mi) si ^ t | t( . 

parison with the time required for the compn-ssi 
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reservoir end. Actual measurements therefore result in pressure-time 
diagrams similar to that of Fig. 187. So far as time of closure is con- 
cerned, it should further be noted that the maximum pressure inten- 
sity at the valve will not be affected so long as the closure becomes 
complete before the wave reaches the reservoir end of the conduit. 
The longer the relative time 
of closure, therefore, the more 
important becomes the inertia 
of the fluid in comparison with 
its elasticity; in other words, 
the method of analysis of 
Chapter V becomes increas- 
ingly more exact as the rapid- 
ity of closure is reduced. 

The phenomenon just described is commonly known as water ham- 
mer, owing to its frequent occurrence in plumbing and other hydraulic 
lines and to the violent nature of the pressure fluctuations which 
may result. Although the accompanying sound effects may not be 
quite as startling, it should nevertheless be realized that ventilation 
systems are subject to the same type of elastic disturbance on sudden 
throttling. 

Submarine signaling and detection. The close similarity between 
the elastic behavior of gases and that of liquids becomes particularly 
striking when one considers the application of acoustics — normally 
associated with sound waves in air— to such problems as underwater 
signaling and ship detection. These problems are, in fact, merely 
useful versions of the water-hammer principle just discussed. 

Assume, for instance, that elastic or sound waves are produced by 
the controlled vibration of a diaphragm at point 0 (Fig. 188) beneath 
the surface of water. The motion of the diaphragm relative to the 
otherwise still water thus produces the same sort of pressure impulse 
as the abrupt obstruction of moving water by the conduit valve, ex- 
cept that the continued vibration of the diaphragm results in a suc- 
cession of positive and negative waves of controlled frequency. Un- 
like the conduit wave, however, the latter impulses will be propagated 
in all directions through the body of water. Upon reaching a boun- 
dary (whether the free surface, a ship, or the earth below), the waves 
will be reflected, and a small portion of each initial impulse will return 
to the point of propagation. An instrument to record the returning 
impulse against time should then permit evaluation of the distance to 
the reflecting surface in terms of the known velocity of sound, the 
controlled frequency of vibration of the diaphragm, and the measured 



Valve , j ^ t 

closure 1 ' 

Fig. 1ST. Actual diagram of pressure wave 
produced by rapid closure of valve. 
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displacement in time of the returning \\a\es relatne to those trans 
mitted Two such receiMng instruments m slightly different positions 
moreover should yield an approximate directional indication just as 
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FlG 188 Propagat on and reflect on of underwater sound waxes 

turning one s head permits one to judge the location of a source of 
sound through a \cr> sensitne perception of the differential time at 
which the sound reaches the two different eardrums This is basicall} 
the pnnciple of acoustic signaling and detection in both air and water 



PLATE NAN I S Ihoucttc of an underwater sound wax e produced b> the e*p!os on 
of a oetonator cap at the Dax d Tajlor Model Bas n of the U S Nav> 

In present -da\ practice of cour=c electrical methods of producing 
and receiving high frequency «ouml waxes in water haxe large ) re- 
placed the simpler acoustic instruments of the fir«t world war >ut t c 
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mechanics of elastic-wave propagation remains the same. Moreover, 
although the ultra-high-frequency electronic waves of radar possess so 
many practical advantages over the use of sound waves for detection 
purposes in air as to have superseded acoustic methods entirely, the 
analogy between these methods is very' close. 

Example 56. An electrical sounding device on an ocean vessel produces 2 
pressure impulses per second. If the waves reflected from the ocean bottom are 





0.05 second out of phase with the initial signals, what depth (or depths) is 
indicated? 

The celerity of the elastic wave in sea water is 

c = jmWxm = 4m{t 

Yp V 1.99 
In 0.05 second the wave will travel 

j = ct = 4890 X 0.05 = 245 ft 
whence the indicated depth will be 

?45 

/; = U = — = 122 ft 
- 2 

However, in case the frequency is too great for the local depth conditions, the 
same indication would be obtained for the depth 

/; = - (0.5 + 0.05) = — X 0.55 = 1340 ft 
2 2 

PROBLEMS 

383. Assuming the density of salt water at atmospheric pressure to be 1.99 slugs 
per cubic foot, determine its change due to pressure increase at a depth of 5 miles 
below the ocean surface. 

384. Compute the relative speed of sound in salt water, oil, and mercury, using 
the speed of propagation in fresh water as a reference. 

385. Water flowing at the rate of 0.5 cubic foot per second through 2000 feet of 
horizontal 3-inch pipe undergoes a loss in head of 180 feet between the supply reservoir 
and the outlet. If the outlet valve is abruptly closed, determine: (a) the initial change 
in pressure head, (6) the time required for the pressure wave to travel to the reservoir 
and back to the valve, and (c) the maximum pressure head which will occur in the 
pipe, ignoring elastic effects of the pipe itself. 
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386 Assuming a linear rate of change m water vetocity what must be the minimum 
length of valve closure for the conditions of Problem 385 if the pressure head at the 
valve is not to exceed 200 feet? 

387 Plot to scale against time after the instant of valve closure the variation in 
pressure head at the midpoint of the pipe line of Problem 385 

388 Flow through a ventilation duct having a 2b> 2 foot cross section is con 
trolled at the outlet by a 2 by 2 foot plate pivoted about its mid section If the 
control is abruptly closed when the rate of flow is 7500 cub c feet of air per minute 
what initial force will be exerted upon it by the air? Assume a density of 0001 
slug per cubic foot 

389 If sound ranging equipment is used for submarine detection over a maxi 
mum radius of 5 miles what should be the minimum time bitween sound impulses 
m order to receive all returning signals within the first half of the s gnal period? 


52 EFFECTS OF COMPRESSIBILITY ON THE STEADY FLOW OF GASES 

Limitations of the assumption of constant density Now that 
emphasis has been hid upon the fundamental similarity between 
liquids and gases as elastic media due heed must be given to the 
practical limitations of treating them invariably in the same cate- 
gory First of all the very fact that the ratio E/p is of the same 
order of magnitude in both cases is at once a warning that the clastic 
moduli must be just as dtITerent in order of magnitude as arc the 
densities — the density of the avenge gas in fact being roughly one 
thousandth that of the average liquid No matter how great the 
compressive stress to which it is subjected the value of E for every 
liquid happens to be so large that the resulting density change will 
still be very small in comparison with the density itself The elastic 
modulus of any gas on the other hand is so small in comparison that 
even moderate compressive stresses may produce density changes of 
the same order as the original density Thus although comfortably 
audible sound waves in air still correspond to almost imperceptible 
density variations waves of explosive violence may cause local density 
changes having magnitudes several times as great as the normal den 
sity of the atmosphere, under such circumstances the elementary wave 
theory evidently cannot be expected to apply Moreover, as will be. 
recalleel from earlier chapters even in the case of steady flow both 
boundary form and boundary drag may entail considerable variation 
in pressure intensity , the effect of such variation upon the elensity of 
a gas was not taken into account however and it can only be con 
eluded that application of the resulting equations to liquids and gases 
alike must involve at least some error in the latter case 

Since the detailed study of ga«es as compressible fluids is embodied 
in the science of thcrmodvnamics. it should suffice for present pur 
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poses to determine the extent to which the density changes of a flow- 
ing gas may safely be ignored. To this end use will be made of the 
ideal gas law of elementary physics, which may be written most sig- 
nificantly in the form 

P = ~~ (226) 

g s RT 


Herein g s is the standard gravitational acceleration (i.e., the magni- 
tude of g at sea level and at latitude 45°), R is a so-called gas constant, 
and p and T are the absolute pressure intensity and temperature of 
the gas. The gist of this relationship is that the density of a gas 
having certain simplified characteristics will be directly proportional 
to the absolute intensity of pressure to which it is subjected, and in- 
versely proportional to its absolute temperature. 

Variation of atmospheric pressure with elevation. At once apparent 
from Eq. (226) is the fact that, if the familiar hydrostatic relationship 
p -f- yz = constant is applied over a considerable vertical distance, 
appreciable change in the pressure intensity will result in a change in 
the density — and hence in the specific weight — which was not taken 
into account in deriving this relationship. Thus, while the hydro- 
static relationship for constant density would indicate a linear varia- 
tion in atmospheric pressure with elevation above the earth, as shown 
by the straight line in Fig. 189, the actual pressure-elevation function 
must be a curve which approaches the vertical axis asymptotically. 
A closer approximation to this function than is permitted by the 
hydrostatic relationship may be determined quite simply from Eq. 
(226) by assuming that both the temperature and the gravitational 
force per unit mass do not change with elevation. Since this is equiva- 
lent to the assumption that p/y remains constant, 

P _ Po 
y To 

in which Po and to correspond to the elevation z = 0; solution of this 
equation for y and substitution in the differential expression for pres- 
sure variation dp = _ y dz 

will then yield the readily integrable form 

dp dz 

p Po/to 

Integration at once leads to the approximate expression 
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m wh,dl the hydrostatic parameter p 0 /y Q ss seen to correspond to the 
height to which the atmosphere would extend if the density actually 
remained constant 

From the plot of this function on Fig 189 it will be found that the 
assumption of constant density will lead to an error in the computed 


z 

ffi) 


to,ooo 


0 

Fig 189 Var at on n atmospheric pressure » th elevat on 

pressure intensity of only 2 percent in a xcrtical distinct of SO 00 feet 
a difference in elevation which would seem very large ir most engineer 
ing problems but which is relatively small in certain phases of aero- 
nautics and meteorology Under the latter circumstances use must 
be made of the following empirical relationship for the variation of 
the absolute temperature of the atmosphere with deration 

7” - 519 - 0 00357 h 

which applies with good approximation from /» = la 000 feet to the 
isothermal stratosphere The corresponding variation in pressure in 
tensity is show n as a full line in the figure 
Isothermal flow in conduits Application of the same simplification 
of Eq (226) to the case of the flow of a gas in a uniform conduit Jihe 
wise permits evaluation of the error introduced by the assumption <f 
flow at constant density fn the cv ent that the conduit is not thermally 
insulated the temperature of the gas — and hence the magnitude of 
the ratio p/p *=■ k,RT — will be the same at successive sections Thtre 
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fore, in terms of the pressure intensity and density at some reference 
section, for isothermal flow 

P = Pi 

P Pi 

Since the rate of mass flow must also be constant from section to sec- 
tion, in the case of a uniform conduit 


pV = p, r t 

The decrease in pressure intensity along the conduit should depend 
only upon the boundary resistance and the acceleration of the fluid 
as the density decreases; therefore, 

/ pT 2 

~ dp = D 2 dX + pVdV 


However much the velocity may change as the result of the expansion 
of the fluid, the Reynolds number R = VD/v will be unaffected owing 
to the constancy of the product pV; therefore / will be the same at all 
sections. Although the term pV dV will obviously not be zero, as a 
first approximation it may be regarded as negligible in comparison 
with the resistance term. Thus, expressing p and V in terms of p, 
Pi, pi, and I r i by means of the foregoing expressions, 



/ Pi I/ 2 
D 2 


dx 


integration of which over the distance L = .r 2 — xi then yields 
Pi 2 -p2 2 , L pi F t 2 


Since 


2pi 


f 


D 2 


Pl~ ~ p2 (Pi — P2)(P\ + P-l) 1 ^ 

___ , - fc ) 




the foregoing relationship may be written in the form 

Pi ~ P2 ~ 


2 Lpi TV 


1 + P 2 /P 1 D 2 


(227) 


This is seen to differ from the corresponding resistance equation of 
Chapter VI by a factor depending only upon the ratio p 2 / pi = 
1 — Ap/p. Evidently, so long as the pressure drop A p is less than 
5 per cent of the initial absolute intensity, neglectjng this factor will 
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in\olve an error of only 2M per cent — which is permissible in many 
engineering calculations 

Acceleration under adiabatic conditions Quite distinct from iso. 
thermal flow of this nature is motion which involves such rapid change 
in velocity that the expansion or compression of the gas is adiabatic— 
ic involving no change in the heat content per unit mass Under 
such circumstances the isothermal relationship p/pi — p/pi is replaced 
by the adiabatic form of Eq (226) 



in which k is essentially constant for any given gas If as a first 
approximation viscous resistance to motion is ignored the differential 
equation of acceleration becomes simply 

-dp - pVdV 

Substitution of the value Ptip/pi) 1 * for p in this equation then yields 
- Pi * * ^nt = p\V d\ 

integration of which between sections 1 and 2 of a stream filament leads 
at once to the expression 

1 ^ 57 * <*—' -?<»•* 

which is the adiabatic counterpart of the energy equation for flow at 
constant density The error involved by assuming constmt density 
may be estimated in the following manner The equation is solved 
for p* the right side is expanded in a scries and Pi is then subtracted 
from both sides whereupon it will be found that 

+Mi ^ l£,+ ] (22S> 
Evidently if adiabatic flow is treated as flow at constant elensitv the 
resulting error is represented as a frst approxim ltion by tie term 

_ PiH i" — Is) 

4*/>, 

For instance in the flow of air under normal atmospheric conditions 
a change in velocitv from 50 to 350 feet p«r secon ! woul 1 involve a 
discrepancy in the pomputeel pres. ur» change of only +2* percent 
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It would appear from the foregoing discussion that in very many 
instances gases may truly be treated as fluids of constant density 
without introducing errors of serious magnitude. Even when the re- 
sulting errors may no longer be neglected, ample correction may often 
be made by means of the approximate factors developed herein, thereby 
avoiding tedious evaluation of the more exact relationships. Need- 
less to say, however, there is a limit to the applicability of such ap- 
proximate methods, for certain problems of gas flow involve velocities 
approaching — and even exceeding — the speed of sound. If the com- 
plexities of thermodynamic analysis are added to those due to bound- 
ary curvature and viscous shear, the general problem of gas flow at 
high velocity obviously becomes extremely involved. However, as 
will be shown in the final section of this volume, there exists a funda- 
mental parameter for variable-density flow v hich permits the conver- 
sion of test results on scale models to any desired prototype conditions. 


Example 57- Natural gas is pumped at the rate of 1000 pounds per hour 
through a 6-inch w rought-iron conduit. At a given section the relative pressure 
intensity is 15 pounds per square inch, the corresponding density and kinematic 
viscosity being 0 002S slug per cubic foot and S 5 X 10 -5 square foot per second 

(а) If the density variation is ignored, what is the maximum length of line for 
which the resulting error in computed pressure drop will not exceed 2 per cent 5 

(б) Show that the change in kinetic energy per unit volume is small compared 
with the energy dissipation per unit volume in the same distance. 


For the stated conditions, 
V = 


1000 


60 X 60 X 0 002S X 32 2 X - X 0 5= 

4 


= 15 7 fps 


R = 


15 7x05 
8 5 X 10- 5 


92,300 


D 0 5 
k~ 0 00015 
f -002 

(a) If 2/(1 -f- pi/ pi) = 


= 3330 

1 02 (i e , for 2 per cent error ), 

pi = 0 96(14 7 4- 15) = 28 5 psia = 13 8 psi 


Therefore, from Eq (227), 
(15 - 13 8)144 - 

and 


-L x oo 2 x Ax^ 28x - b l 7: 

1 + 0 96 0 5 2 


L - lj*'« XI 96 X 05X2 _ 


2 X 0 02 X 0 0028 X 15 7 2 
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(6) At the distance L from the reference section 


Pi = Pi — = 0 0028 X 0 96 = 0 00269 slug/ft* 
P\ 


U 


1 


Therefore the change in kinetic energy per unit \oIumc will be 
Pi jy _ Pi Vi * __ 0 00269 x U4* 0 0028 X IS T 

2 ~2 


0 017 ft Ib/ft 1 


2 2 
while the energy dissipation per unit volume may be approximated as 
t L piU 


D 2 

The ratio of these values obviousl) will be exceedingly small 


PROBLEMS 

390 Fstimate from the data given in T ig 189 the temperature ai I densit) of the 
atmosphere at an elevation of 6 miles 

391 \\ hat error would be involved in ignoring the effect of density variat on when 
computing the pressure intensity of the atmosphere at an elevation of 1000 feet? 

392 Air flows at the rate of 2000 cubic feet per minute in a sheet metal duct 
having a diameter of 15 inches If the pressure mtensit> at gage t is 5 pounds per 
6quareinch and/“0015 what will be the reading of gage B 750 feet down theduct 
(o) assuming constant density and (6) taking the density variation into account? 

393 How far apart could the two gages of Problem 392 be without involving an 
error of more than I per cent between the given rate of flow and that computed 
from the measured pressure drop on the assumption of constant densit) ? 

394 What error would be involved in the constant-density indication of a stag 
nation tube mounted on the wing of an airplane traveling at a speed of 300 m tes 
per hour? 

395 Air under a pressure intensit) of 15 pounds per square inch is discharged 
into the atmosphere through a I inch welt rounded orifice in the side of a tank K>ti 
mate the error involved in computing the rate of flow without regard to the density 
change 

53 SIGNIFICANCE OF THE MACH NUMBER 

Importance of c as a reference velocity. Considerable attention was 
paid in earlier pages of this chapter to the celerity of an elastic wave 
of small magnitude 
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which was shown to be synonymous with the speed of sound in any 
given medium. So far as liquids are concerned, E and p — and hence 
c — were found to be very nearly independent of the pressure intensity. 
Gases, on the contrary, vary with pressure to an extreme degree in 
both elasticity and density, but the net effect of such variation upon c 
happens to be nil provided that the temperature does not change. 
For instance, from the adiabatic relationship p‘p k = constant it fol- 
lows that 

log p — k log p = constant' 

whence 


dp _ dp 


and 


E = 


dp 

dp/p 


0 


kp 


The celeritv of a gaseous sound wave of small magnitude (which is 
propagated without appreciable loss in heat) is therefore 


c = V— = 

’ n 


(229) 


and hence ultimately dependent upon only the absolute temperature. 

So long as the velocity of flow of either a liquid or a gas is very small 
in comparison with the corresponding speed of sound, elastic effects 
will generally be negligible in comparison w ith other factors influencing 
the motion. " While it is unlikely that velocities of liquid flow even re- 
motely approaching the sound-wave celerity w ill ev er be attaine , t e 
tips of propellers have long since exceeded such \elocities in air, an 
many high-speed projectiles likewise travel in advance o t le soun 
waves which they produce. Obviously, elastic effects can v no means 

be ignored under such circumstances. . 

The importance of the wave celerity in problems of aeronautics and 
ballistics becomes the more immediate as c diminishes m magnitude 
with increasing elevation above the earth, owing to t e rapi ^ rop i 
atmospheric temperature. Such use of c as a reference velocity is of 
course, bv no means limited to the motion of bodies through air. For 
instance," since the mass rate of steady gas flow through a conduit 
must be the same at successive sections, continued decrease m pres- 
sure-and hence in density-requires a continued increase m velocity ; 
the closer V approaches the limit c, the greater becomes the relative 
error in treating such flow as one of constant density. Similarly in 
the adiabatic acceleration of gas through on ces or nozz e~. 
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\ clocitj, in the zone of greatest contraction maj casilj approach— or 
e\cn attain — the speed of sound the error in\oked in ignoring the 
resulting density change again increasing with the ratio of V to c 
The Mach number According to statements made in earlier chap 
ters of this text in the eacnt that fluid properties other than densift 
would hn\e appreciable influence upon the flow, the Euler number 
could be expected to \ar> accordingly If as in the cast of w tight 
vrscositj and surface tension an elasticity parameter were formed of 



the ratio between a typical unit inertial reaction {pV'/I ) and a typical 
unit clastic force (£//.) the result (pV”/L) should characterize tin 
relatiee importance of clastic effects in a gi\en state of flow Inspec 
tion of this parameter will show that it is simplj the square of the 
ratio l Jc — the latter commonlj being known as the Mach number 


M - 


Vj,/ P 


(230) 


It then follows forgiaen boundary geometr> that 

E = $(M) (231) 

Since the discharge coefficient of an orifice is a particular form of tin 
Euler number it is therefore to be expected that C* will var> with 
M just as it has been found to depend in turn upon the parameters 
F R and W That such is the case ma> lx? sexn from the Cj M 
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plot for the efflux of gas from an orifice in a large pressure tank, shown 
in Fig. 190, G being the weight rate of flow. Noteworthy is the fact 
that as the contracted jet attains 
the speed of sound the efflux rate 
becomes independent of the ex- 
ternal pressure; once this criti- 
cal velocity is reached, in other 
words, outside disturbances can 
no longer be propagated in the 
upstream direction. 

Variation in wave pattern with 
the Mach number. Interestingly 
enough, the formation of sound 
waves due to such high relative 
velocities between a solid and a 
gas is closely analogous to the 
formation of gravity waves on 
the surface of water by a ship or 
a channel constriction. In the 
latter case the form of the visible 
wave pattern has already been 
found to depend on a character- 
istic Froude number — the ratio 
of the relative velocity of the 
liquid to the celerity of a gravity' 
wave. In the case of gases, the 
invisible sound-wave pattern 
may be photographed only 
through the variable refraction 
of light from a point source, but 
the similarity of the resulting 
pictures to those of gravity-waves 
produced by similar boundaries 
is in itself enough to convince 
one that the Mach number must 
have the same significance in 
elastic-wave phenomena as the 
Froude number has in gravity-wave phenomena. Such a conclusion 
is further justified by the following schematic analysis of wave prop- 
agation by a small body moving through an otherwise quiet fluid. 

If one assumes, for the sake of ease in visualization, that the mo- 
tion of a bodv is transmitted to the surrounding fluid as a series of 



Plvte XXVII. Sound-wave silhouettes 
fora ? { 6-inch spherical projectile at Mach 
numbers of 1, 2, and 4, photographed at 
the Aberdeen Proving Ground. 
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finite — rather thin infinitesimal— impulses each such impulse should 
Rive rise to a wave which tra\els radiallj outward at the eelent) c 
from the position of the bod) at the instant of generation If the 
speed of the bod> is aerj small in comparison with c the tw-o-d imen 
sional pattern of the waves at an> instant can be represented b> a 
s> stem of practicall) concentric circles as in Fig I9ia As t> becomes 
larger however the centers of successive waves will be a scries of 
points representing the location of the body as each w ave in turn was 




generated — with the n suiting pattern shown in hig 1916 I vidcntl) 
as r bi comes ixactl) equal toe the bod) will be advancing at cxactl) 
the same speed as that part of each successive « ave I) mg in its path 
as a result (Fig 191c) the waves will all be tangent to a single normal 
line just ahead of the bod) If then r exceeds c each successive 
wave will be left behind directl) after generation but through subse- 
quent growth will remain tangent to a pair of lines intersecting at the 
bod) As mav |>e seen from Tig I91d the sine of the angle between 
either line and the path of the bod) (known as the Mach antfe) will 
depend u|xm the ratio of c lo r If ihc forces transmitted to the fluid 
bv the Ixxl) are now visualized as continuous rather than a schematic 
vries of successive impul-cs it will lx. scan that the vclocit) condi 
tions of I ig 191u corresjx>nd to those treatrd in earlier chapters 
whenm it was tacitl) assumed tint boundarv forces would l>c trans 
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mitted instantaneously through any fluid ; in other words, such flows 
correspond to Mach numbers which are very close to zero. Figure 
1916, on the contrary, represents a phase of motion in w'hich the flow 
pattern is already influenced by elastic effects to an appreciable de- 
gree, while Figs. 191c and 191d simply indicate intermediate and ad- 
vanced stages of such influence; the corresponding Mach numbers are, 
respectively, <1, 1, and >1. 

Form drag at supersonic speeds. Once M exceeds unity, of course, 
no elementary force can be transmitted ahead of the body; there is, 
however, a pronounced force concentration along the tangents shown 
in Figs. 191c and 191d, resulting in a very abrupt change in the fluid 
density — i.e., a so-called shock wave analogous to the breaking w'ave 
at the bow of a high-speed ship. Just as in the case of a liquid w 7 ave 
or surge, the celerity of an elastic wave increases with amplitude, so 




Fig. 192. Variation in wave pattern with form of projectile nose. 

that shock waves travel more rapidly than sound w r aves of barely 
audible magnitude. That this must necessarily be true will be seen 
from Fig. 192a, which represents the wave formation produced by a 
blunt-nosed body traveling at a speed considerably in excess of the 
reference parameter c = V^E/p. The faster such a body moves, the 
higher must be the pressure and density directly ahead — and hence 
the more rapidly this portion of the w 7 ave pattern can advance; such 
local conditions correspond, in effect, to the schematic pattern of Fig. 
191c. If, on the other hand, the nose of the body is sufficiently ta- 
pered (as in Fig. 1926), the shock wave which it produces will form a 
conic surface with apex at the very tip; evidently, this will reduce 
the local wave intensity, since the pressure at the nose need no longer 
be sufficiently great to produce a local wave celerity equal to the 
speed of flight. 
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Plate XXVIII Wave pattern produced by a 75 millimeter shell traveling 2800 
feet per second at the Aberdeen Proving Ground 

At velocities below that of sound the process of streamlining is 
confined to the elimination of separation and the resulting formation 
of eddies at the rear of a bod> Above the velocity of sound on the 



Fig 193 Coefficient of drag as a funct on of the Mach number for typical 
project Ie shapes 

contrary it is the front of the body rather than the rear which is the 
source of form effects upon the resistance Thus if the Euler number 
is written as a coefficient of drag as in Chapter VIII the extent to 
which it vanes with the Mach number will depend largely upon the 
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shape of the front part of the body. Such curves of Co : M for typi- 
cal forms of projectile may be seen in Fig. 193, indicating both the 
extent to which elastic effects will increase the form drag of any body 
and the extent to which such effects may be reduced by streamlining. 
Much the same considerations apply to the design of high-speed pro- 
pellers and will very likely have considerable influence upon the form 
of the airplane itself as ever greater velocities of flight are attained. 
Xeedless to say, the parameter M will have as much significance in 
model tests at supersonic speeds as the Reynolds number has at sub- 
sonic speeds. 

Example 58. Assuming that the Gavre curve of Fig. 193 represents the drag 
function of a 1000-pound bomb having a diameter of 18 inches, determine the 
velocity at which sucli a bomb will strike the earth after release from a plane at 
a height of 20.000 feet. 

If, as a first approximation, compressibility effects arc ignored, it will be found 
from Eq. (ISO) that 

f~lF j 2 X 1000 

to = \l — - = / — — — — = laOO fps 

CdAp J 0.2 X - X US- X 0.0025 
' 4 


Since this exceeds the speed of sound, it is evident that the drag coefficient will 
depend upon the Mach number — which, in turn, must depend for direct evalu- 
ation upon knowledge of the terminal velocity of descent. However, the ve- 
locity may be eliminated from this phase of the problem by simultaneous solu- 
tion of the definition equations for C d and M. as follows: 


Ci = 


F 

A pro-/ 2 


M = 


to 

y/TpTp 


whence Ci 


IF J_ 

Akp M= 


Evidently, for the given values of F, A, k, and p the intersection of the curve 
of this relationship with that of the Gavre function should correspond to the 
desired values of Ci and M, as discussed in Sections 40 and 41. Taking arbi- 
trarily the values Ci = 0.4 and Ci — 0.5, it will be found that the correspond- 
ing values M = 0.98 and M = 0.87, respectively, will be obtained for the 
condition that 


IF 

Akp 


2 X 1000 


= 0.382 


- X 1.5- X 1-40 X 14.7 X 144 
4 


A second-degree hyperbola (i.e., C d ~ 1/M") passing through these points on 
Fig. 193 mil be found to intersect the Gavre curve at Q = 0.42, whence 


ro = 


j IF _ I 2 X 1000 

CdAP 0.42 X | X US 2 X 0.0025 


1040 fps 
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ROLE OF COMPRESSIBILITY IN FLUID MOTION [Cimp \I 


PROBLEMS 

396 Air is pumped at the rate of 200 pounds per minute through a 6 inch duct 
If the gage readings at stations A and B a considerable d stance apart arc 60 and 5 
pounds per square inch respective!) uhat wiJJ be the corresponding Mach numbers 
of the flow ? 

397 When the pressure gage on a tank of compressed air reads 30 pounds per 
square inch what will be the rate of outflow through a ^ inch orifice in the side of 
the tank? What would be the corresponding Mach number? What en-or would 
result if the rate of Bow were computed without regard to elastic effects? 

398 Estimate from the wave angle formed by the projectile of Plate XXVIII 
the Mach number and the speed of flight 

399 Assuming the sphere of Plate XXVII to be steel (specific gravity =■ 7 85) de 
t ermine for each Mach number the ratio of the drag to the weight of the sphere 

400 Assuming the blunt (Krupp) and the pointed (Aberdeen) projectiles of Fig 
193 to have a diameter of 2 inches and a weight of 7 pounds determine and sketch to 
scale the force components acting upon each when traveling horizontally at a speed 
of 1800 feet per second 


QUESTIONS FOR CLASS DISCUSSION 

1 How would the pressure diagram of Fig 184 vary if the section in question were 
midwa> between the ends of the pipe instead of directly upstream from the valve? 

2 Wh) is it unlike!) that an underwater body ml! ever attain a \c1ocit} as great 
ns that of an elastic wave? 

3 Should the failure to take into account the density change for flow through a 
thermally insulated pipe cause a greater or smaller error than for isothermnl flow ? 

4 Why does the pressure intensity of a gas — but not of a liquid — represent poten 
tial energy? 

5 Show the analog) between the gravit) su-ges of Fig 69 and sound waves of 
different intensities 

6 At what speed in miles per hour will an airplane travel as fast as sound? 
Wh> will the wings generate sound waves well before this speed is attained? 

7 Compare the shapes of barges freighters and destroyers with those of low 
speed and high speed projectiles and explain the reasons for the variation 

8 The high-densit) (pressure) wind tunnel has been shown useful in attaining 
high Reynolds numbers for model tests What effect should this have upon the 
Mach number? May R and M be varied independently in such a tunnel? 
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MECHANICAL PROPERTIES OF FLUID MATTER 


54. APPLICATION OF DIMENSIONAL PRINCIPLES 

Dimensional homogeneity. A fundamental requisite of any correct 
mathematical expression is that the quantities between which an 
equality' is stated to exist be dimensionally as well as numerically 
equivalent. An equation must, in other words, be dimensionally homo- 
geneous if the physical condition which it expresses is to be generally 
true. 

Since all phenomena of mechanics in effect represent an application 
of Newton’s laws of motion, which in turn are dimensionally describ- 
able in terms of length [L], time [T], force [F], and mass [M], these di- 
mensions should be the only ones appearing in any equation of me- 
chanics. If, moreover, the proportionality' factor of Newton’s second 
law is defined as a pure number, then any' one of these four dimensions 
may be replaced by' a particular combination of the other three. That 
is, by' writing Newton’s second law in the equation form 

F = Ma 


the force dimension is specifically related to the length, time, and 


mass dimensions: 



It follows therefrom 



or, more generally', 


that 




(232) 


It is quite arbitrary' which three of the four dimensions are chosen 
for general use; indeed, it is often convenient to follow different poli- 
cies at different times, depending upon the problem under considera- 
tion. For example, it is more significant to think of density as having 
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the dimension [M/1?) than [FT/L*] or \ M'/Ft* J although all three 
are equally correct On the other hand it would be less significant— 
though more consistent with the foregoing example — to consider the 
dimension of pressure intensity as { M/LT *] than simply \F/l?\ 
There is of course a practical limit to such freedom of selection the 
more general use of length and time effectively restricting the alter 
nativ e categories to force and mass 
As a typical example of the homogeneity test for the dimensional 
correctness of an equation the pressure relationship frequently used 
in the foregoing pages may be considered 



In dimensional terms this equation would ha\c the form 

[«-[£«)'] 

If force (or mass) is now replaced by its equivalent combination of the 
other three dimensions the two sides of the equation mil be found to 
be identical 

m ■[#©■] 

Evidently therefore the ratio is truly a dimensionless 

quantity Consider on the other hand the Ch6z> relationship 

i = cVrs 

If C is assumed to be a dimensionless factor (as any general coefficient 
should bo) it will be found that 

Obv iou«lv if the equation is to be dimensionally homo geneous then 
C must have the dimension (le C *=> V 7 8g/'f as shown in 

Chapter \ II) 

\Ithough dimensional homogencitv is thus a pnmarv requisite for 
the general vahditv of an equation it must not be asaimed that any 
equation which is dimensionally homogeneous is perforce correct 
There art moreover many empirical formulas in existence which an. 
not dimtnsionallv homogeneous |«ec for example Fq (233)J but 
which nevertheless serve a useful purpose in faithfullv reproducing 
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experimental data over a limited range for a particular dimensional 
system. To be truly general, however, an expression must be dimen- 
sionally sound a fact which in itself permits a far more significant 
basis for interpreting experimental results than simple curve fitting 
without regard to dimensional homogeneity. Even so far as the rou- 
tine solution of problems is concerned, a rapid check of dimensional as 
well as numerical accuracy in all equations will permit many an error 
of omission from occurring. 

Dimensions of quantities describing boundary, flow, and fluid char- 
acteristics. In Table Vare listed the most important of the quanti- 
ties used in the study of fluid motion, together with their customary' 
algebraic symbols, opposite each of which is given the corresponding 
dimension in both L-T-F and L-T-M terms. These are arranged, for 
maximum significance, in the following four groups: first, those de- 
scribing the boundary' geometry' and shape of the flow pattern and 
hence involving only the length dimension; second, those describing 
the kinematics of the flow pattern and hence involving only the length 
and time dimensions (included in this group, because of their dimen- 
sional nature, are the ratios of two fluid properties to the fluid den- 
sity); third, those terms required in describing the dynamics of the 
flow pattern and hence involving either force or mass in addition to 
length and time; fourth, the series of dimensionless parameters com- 
monly used in analyzing general flow conditions. This tabulation will 
be found of constant reference value, both in checking the dimensional 
accuracy of flow equations and in converting units of measurement 
from one dimensional system to another. 

Conversion of dimensional units. There is, unfortunately, no uni- 
versal system of dimensional units in general use throughout the 
world, and even within any one country different systems are preferred 
by different professions. The second (1/86,400 of the mean solar day) 
is, to be sure, the standard unit in the measurement of time; but com- 
mon use of the foot by English-speaking peoples and of the centimeter 
by others as the unit of length leads at once to obvious inconvenience 
in engineering intercourse. The situation becomes really involved, 
however, when one considers the units of force and mass. The gram 
is recognized as the unit of mass in most physical sciences, but conti- 
nental engineers consider the kilogram (1000 grams) the unit of force. 

In England, similarly, the pound has iong since been adopted as the 
unit of mass, but in America the pound is generally associated with 
the measurement of force. 

If the metric gram, the British pound, and the American slug are 
all considered basic units of mass, these units will obviously be inde- 
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Dimensions of Quantities Describing Boundary, Flow, and 
Fluid Characteristics 


Dimensions in terms of 


L-T-F L-T U 


Geometric 

Length (any linear measurement) 

Area 

Volume 

Slope 


Kinematic 

Time 

Ydoeit> , ViTitar 
angular 

Acceleration, linear 
angular 

Volume rate of flow, total 
per unit width 

Circulation 

Gras national acceleration (y/p) 

Kinematic viscosity (p/p) 


D> namic 
Mass 
Force 

Mass density 
Specific weight 
Dy namic \iscosity 
Surface tension 
Elastic modulus 
Pressure intensity 
Shear intensity 
Impulse momentum 
Work energy 
Power 

Dimensionless 
Euler number 
Froude number 
Reynolds number 
Weber number 
Mach number 
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pendent of any gravitational system, for they are measures purely of 
the quantity of matter within a given body. Since, according to the 
universally accepted significance of the Newtonian equation, 1 unit of 
force is that which will accelerate 1 unit of mass at a rate equal to 
1 unit of length per unit of time per unit of time, then the correspond- 
ing force unit in each of these systems must be of such magnitude as 
to produce a unit acceleration upon the given unit of mass. That is, 
a force of 1 dyne will by definition accelerate a 1-gram body 1 centi- 
meter per second per second; a force of 1 poundal will accelerate a 
1-pound body 1 foot per second per second; and a force of 1 pound 
will accelerate a 1-slug body 1 foot per second per second. 

If, now, it is desired to convert the units of a given dimensional 
quantity from one of these systems to another, use must be made of 
internationally adopted standards for the relative magnitudes of the 
corresponding units. The centimeter, which represents approximately 
one-billionth of the distance at sea level from the equator to either 
pole, is defined as one-hundredth as long as the international proto- 
type meter preserved in metal at Sevres, France. The foot is defined 
as a unit which is 30.48+ times as long as the centimeter. The gram, 
which corresponds very closely to the mass of 1 cubic centimeter of 
water at 4° Centigrade, is defined as one-thousandth of the mass of 
the international prototype kilogram, also preserved in metal at Sevres. 
The pound as a unit of mass is then defined as 453.6— times as great 
as the gram. But since a body having a mass of 1 pound is considered 
in America as having a standard weight (i.e., gravitational attraction) 
of 1 pound, the slug must be defined as well in terms of the standard 
gravitational attraction g s = 32.17+ feet per second per second. In 
other words, the American slug is 32.17+ times as great as the British 
pound and hence 14,593 - times as great as the metric gram. Like- 
wise, the kilogram as a force unit is 9.81- X 10 5 times as great as the 
dyne. 

Use of these standards in performing the desired conversion of units 
may take either of two alternative forms of algebraic operation. One 
involves substituting the equivalent number of units of the required 
system for the unit of the given system. The other consists in multi- 
plying the quantity in question by the ratio of the unit equivalents. 
Neither form of operation, of course, will alter either the magnitude 
or the dimension of the quantity upon which it is performed, since 
one amounts to the interchange of equal values and the other to mul- 
tiplication by the ratio of equal values (i.e., by unity). 

As the latter procedure has been shown by experience to be less 
subject to inconsistency — and hence error — in manner of application, 
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a series of unit con\ersion ratios useful m problems of fluid motion 
has been compiled m Table VI Each ratio has been so constituted 
that the numerical factor is greater thin I, the conversion operation 
being either multiplication or division in such manner that the units 
from which it is desired to conicrt will cancel in numerator and de- 
nominator 

TABLE VI 

Unit Cowersion Ratios 


Length 

j Volume 

30 5 cm 

1 5 MO ft 

1 61 km 

35 3 ft* 

I 7 4* gal 

IS 3 lit-ri 

ft | 

rale 

mile 

m* 

ft* 

fl» 

V eloeity 

Flow rate 

\lat» density 

Speafic weight 

Force Intensity 

1 * 61 fp. : 

1 1 60 fps 1 

410 gpro 

l 01 slugs ft* 

62 4 lb ft* 

14J3 p«i 


; knot 

cf. 

fT cc 

gr a 

kg cm* 

Maw I 

Force 

1 46 X 10* gr 

i 3' 2 lb 

454 Kt 

4 45 X 10* dyn *s 


2 205 lb 

slug 

»!ug 

lb 

lb 

32 1 p- undals J 

kg 

Energy 

lower ; 

V.wowty 

77* ft lb 

2 66 X 10* ft lb 

530 ft lb sec 1 

746 walls 

47* po set 

920 stokes 

Btu 

kw hr 

bp 

| hp 

Ib-src ft* 

ft'/sec 


Consider, for example the con\crsion of 17 5 feet to the equivalent 
number of centimeters Since Table VI indicates tint there are ap- 
proximate!} 30 5 centimeters per foot of length, multiplication of 1 / 5 

feet bj the ratio — ^ Cm , followed b> cancelation of like units in nu- 
merator and denominator, will jield the desired result 

17 5 ft = 17 S ft X 30 ^ Cm = 17 5 X 30 S cm = 534 cm 

As a second example, assume that the stress intensit} of 643 d>nes 
per square centimeter must be converted to the equivalent number of 
pounds per square foot According to the table, there arc esscntiall) 
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4.45 X 10° dynes per pound and, as before, 30.5 centimeters per foot. 

4.45 X 10° dynes , , . , / 30.i 

— and multiplying by 1 — - 


Hence, dividing by 
, dynes 


t5 cmV 


643 


cm” 


lb 

, . , dynes 

643 X 


lb 


cm 2 4.45 X 10 5 dvnes 


X 


/ 30.5 
\ ft 


ft ) ’ 
cmj 2 


643 X 30. 5 2 lb 
4.45 X 10 s ft 2 


1.344 psf 


55. PROPERTIES OF COMMON FLUIDS 

Density. The measurement of mass usually involves comparison of 
the gravitational attraction exerted upon the body of matter in ques- 
tion with that exerted upon a reference body of know n mass, through 
use of either a beam or a spring balance. Since, for accuracy, the 
reference measurement should be made at the same locality, the ex- 
act magnitude of the local gravitational attraction is evidently of no 
consequence. Division of the mass of the body of matter by the vol- 
ume of the space which it occupies under the required conditions then 
yields its mass density. 

The density of every liquid varies somewhat with temperature and 
pressure. Since such variation plays only a minor role in practical 
computations, the values for typical liquids at 60° Fahrenheit and 
14.7 pounds per square inch absolute given in Table VII will prove 

TABLE VII 


Density Characteristics of Common Liquids under Atmospheric Pressure 

at 60° Fahrenheit 


Liquid 

Density 

P 

slug/ft 3 

Specific 
\\ eight 

7 

lb/ft 3 

Liquid 

Densit> 

p 

slug/ft 3 

Specific 

Weight 

7 

Ib/ft 3 

Alcohol, ethvl 

1 .53 

49 3 

Mercury 

26.3 

847 

Benzene 

1 71 

54 9 

Oil 



Brine (20%NaCl) 

2 23 

71 6 

lubricating 

1.65-1 .70 

53-55 

Carbon tetra- 



crude 

1.65-1 SO 

53-58 

chloride 

3 09 

99 5 

fuel 

1.S0-1.90 

58-61 

Gasoline 

1.28-1 34 

41-43 

Water 



Glycerine 

2.45 

78 8 

fresh 

1.94 

62.4 

Kerosene 

1 51-1 59 

49-51 

salt 

1.99 

64 0 
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sufficient accurate for most purposes The same is not true of gases 
however since a gas \anes m densitj with both temperature and pres 
sure m dose accordance w ith the ideal gas equation 


P 


P 

R.RT 


( 226 ) 


in which the magnitudes of both p and T must be referred to the re- 
spective absolute zeros (459° below zero Fahrenheit in the latter in 
stance) Table VIII therefore lists the densities of common gases at 


TABLE Mil 


Density Characteristics of Common Cases inch Atmospheric Pressure at 
60* Fahrenheit 


Gas 

Dens ty 

p 

slug/ft 1 

Specific 

Weght 

1b ft* 

Gas 

Constant 

R 

ft *F 

Adiabat C 
Constant 

* 

Acetylene 

0 00215 

0 0693 

59 3 

1 26 

Air 

0 00237 

0 0763 

53 3 

1 40 

Ammonia 

0 0014 t 

0 0455 

89 5 

1 31 

Carbon d oxide 

0 00363 

0 117 

34 9 

1 23 

Hcl um 

0 000329 

0 0106 

386 

1 66 

Hydrogen 

0 000165 

0 00531 

767 

1 40 

Methane (natural gas) 

0 00132 

0 0424 

96 3 

1 32 

Oxygen 

0 0026 1 

0 0S44 

48 3 

1 40 

N trogen 

0 00’29 

0 0739 

55 l 

1 40 

Sulfur d oxide 

0 OOS37 

0 173 

23 6 

1 26 


60° Fahrenheit and 14 7 pounds per square inch absolute together 
with values of R from which the densities at an} desired tempen 
tures and pressures maj be computed 
Specific weight The weight per unit « ofume of an} substance 
be computed from the density of the substance and the local m3gm 
tude of the gravitational acceleration \anation in the latter quan 
tit> is do**!} indicated b} the empirical relationship 

g = 32 1721 - OOS211 cos 2$ - 0 000003A (233) 

in which p is latitude and h is elevation in feet above mean sei level 
As will be «*en from inspection of this equation the standard gravi 
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tational acceleration g s = 32.1739 feet per second per second is very 
nearly equal to that at sea level and 45° latitude, while the commonly 
used value g = 32.2 feet per second per second does not differ by even 
1 per cent from that corresponding to most localities in the United 
States. For this reason the values for 7 given in Tables VII and VIII 
will be found sufficiently accurate for engineering calculations. 

Viscosity. Fluid viscosity has become important in so many fields 
of practice during recent decades that confusing units of measure- 
ment are still encountered. The ease of timing efflux through the 
outlet of a tank led to the adoption of the efflux period for a given 
quantity of fluid as a relative viscosity measure in the classification 
of oils, but the shortness of standard outlet tubes necessarily yields 
non-linear functions between time and viscosity in the lower range. 
However, use of a long capillary tube, a rotating cylinder, or a falling 
sphere, together with the corresponding equation of viscous motion, 
will permit direct evaluation of the dynamic (or the kinematic) vis- 
cosity in basic L-T-F or L-T-M units. In the metric system the vis- 
cosity units themselves have conveniently been given names; that is, 

1 dyne-second per square centimeter is customarily called a poise and 
1 square centimeter per second is called a stoke. Similar terms for the 
viscosity units in the English and American systems have not yet 
been adopted. In passing it might be noted that the kinematic vis- 
cosity of liquids may be evaluated with close approximation from the 
efflux time for a Saybolt Universal viscosimeter through use of the 
empirical formula v — 2.37 X 10 -6 / — 1.94 X 10 ~ 3 /t, in which v is 
measured in square feet per second and t in seconds. 

In Figs. 194 and 195 are plotted curves of dynamic viscosity versus 
temperature for gases and liquids commonly encountered, from which 
it will be seen that, although a considerable change with temperature 
invariably takes place, the difference in molecular spacing between 
liquids and gases results in opposite trends of the two systems of 
curves. Except under very extreme conditions, pressure is found to 
have no effect upon either the form or the position of these curves ; 
they may therefore be considered independent of pressure for all prac- 
tical purposes. 

The curves of kinematic viscosity, reproduced in Fig. 196 for both 
liquids and gases, indicate the same general trends. However, it will 
be noted that the relative positions of the liquid and the gas curves are 
radically different from those of Figs. 194 and 195, gases evidently 
being considerably more viscous per unit density than many common 
liquids. Attention should also be called to the fact that these curves 
are specifically for conditions of atmospheric pressure, values for the 



Fig 191 Djtiamc ciscos ty \ertus temperature lor con mon gate s and 1 gu U. 

pn«cs at other pressures being obtainable from I ig 194 through (Jim 
sion by the corresponding density 

Surface tension- The measurement of surface energy may tic per 
formed by the bubble method described in Chapter A although con 
sidenbly more refined apparatus not warranting discussion herein 
is usually cmplov «l in precise work As will be noted from Tabic JA 
the coefficients of suffice tension of common liquids other than mer 
cury do not differ greatly so that little could be g lined expenmen 
tilh by use of different liquids in the effort to cour a wide Wiber 
number range fn fact the simple addition of aerosol to water will 
y nit! practically as great a variation in ir as could otherw iso lie obtained 
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Fig. 195. Dynamic viscosity versus temperature for typical grades of oil. 

TABLE IX 

Surface Tension of Common Liquids in Contact with Air 
vt 68° Fahrenheit 

I Surface Tension 


Alcohol, ethyl 
Benzene 

Carbon tetrachloride 

Kerosene 

Water 


Surface Tension 


a 

ib/a 

Liquid 

0 00153 

Mercurv , in air 

0.0019S 

in water 

0 00183 

in vacuum 

0 0016-0 0022 

Oil, lubricating 

0 0049S 

crude 


0 0352 
0.0269 
0.0333 

0 0024-0.0026 
■0 0016-0.0026 
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Elastic modulus. So far as the bulk modulus of elasticity of any 
gas is concerned, reasonably exact evaluations may be made by means 
of the ideal-gas law p = /> a bs/ gsRT a b a and the definition equation for 
the modulus. The latter, however, depends upon whether isothermal 
(constant-temperature) or adiabatic (constant-heat) conditions pre- 
vail during the volume change: if the change is isothermal, E = p a b s ; 
if it is adiabatic, E = kp a b 3 ( k being the ratio of the specific heats 
for constant pressure and constant volume, as listed in Table VIII). 

The elastic characteristics of liquids in relation to temperature and 
pressure are by no means so definitely established. Although it is 
known that both pressure and temperature influence the magnitude of 
E, systematic data for even the most common liquids are very incom- 
plete. Approximate values are given for water at atmospheric pres- 
sure in Table XI, a rise in E of about 2 per cent occurring for each 
1000-pounds-per-square-inch rise in pressure intensity. Ocean water 
has an elastic modulus which averages about 9 per cent higher than 
that of fresh water under comparable conditions. If the nominal 
value of E for fresh water is taken as 300,000 pounds per square inch, 
corresponding values for other common liquids will be as follows: salt 
water, 330,000; glycerine, 630,000; mercury, 3,800,000; and oil, 180,000 
to 270,000 pounds per square inch. 

Properties of air and water. Although scientists and engineers en- 
gaged in the various professions dealing with fluid motion are con- 
fronted with a steadily growing number of commercially important 


TABLE X 

Mechanical Properties of Air at Atmospheric Pressure 


Temperature 

T 

° Fahrenheit 

Density 

p 

slug/ft 3 

Specific 

Weight 

7 

lb/ft 3 

Dynamic 

Viscosity 

V 

lb-sec/ft 2 

0 

0.00268 

0.0862 

3.28 X 10- 7 

20 

0.00257 

0.0827 

3.50 

40 

0.00247 

0.0794 

3.62 

60 

0.00237 

0.0763 

3.74 

80 

0.00228 

0.0735 

3.85 X 10“' 

100 

0.00220 

0.0709 

3.96 

120 

0.00215 

0.0684 

4.07 

150 

0.00204 

0.0651 

4.23 

200 

0.00187 

0.0601 

4.49 X 10“' 


Kinematic 

Viscosity 

V 

ft 2 /sec 


1.26 X 10- 4 
1.36 
1.46 
1.58 

1.69 X 10~ 4 
1.80 
1.89 
2.07 

2.40 X 10~ 4 
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fluids, the fact remains that the abundance of air and water and their 
essentiality to civilized life make them by far the most predominant 
in routine problems of flow. For this reason Tables X and XI list 
the mechanical properties of air and water, respectively, for the range 
of temperatures normally encountered in engineering practice; at- 
mospheric pressure intensity is used as the basis of these values. In 
the tabulation for water, it will be noted, the vapor pressure has also 
been included, owing to its importance in problems of cavitation. 
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Alison, N. L., 312 
Allen, H. S., 245 
Alternate depths, 134-137 
Ammonia, properties of, 358, 360, 362 
Amplitude, wave, 143 
Angle, Mach, 346 
of attack, 279, 282, 284, 286 
of contact, 318 
Annett, F. A., 312 
Archimedes, principle of, 76 
Arnold, H. D., 245 
Aspect ratio, 285 
Atmospheric pressure, 45 
variation with elevation, 337, 338 
Attack, angle of, 279, 282, 284, 286 
Axial-flow machinery', 298-300, 303-305 


Bends, conduit, 260, 261, 265 
Benzene, properties of, 357, 360-362 
Bernoulli, D., 81 
Bernoulli equation, 81-85 
for open channels, 132-134 
Bernoulli theorem, 81 
Blade-element analysis, 288-290 
Blasius, H., 187, 202 
Bliss, P. H., 146 
Blowers, 301—305 
Boundary’ layer, definition of, 184 
laminar, 184-187 
separation in, 233, 234 
thickness of, 184, 185, 188 
turbulent, 187—189, 234, 244 
velocity distribution in, 188 
Breaking surge, 143, 144 
Brine, properties of, 357, 360, 362 
British thermal unit, magnitude of, 357 
Bubble method of measuring surface 
energy, 315, 316, 360 
Bulk modulus of elasticity, definition of, 
328 

of common fluids, 363 
of water, 364 
Buoyancy, 76 


Camber, 281 

Capacity coefficient, 298-300, 303, 304 
Capillary - depression, 320, 321 
Capillary rise, 319, 320 
Capillary waves, 323— 325 
Carbon dioxide, properties of, 358, 360, 


362 

bon tetrachloride, properties of, 357, 
360-363 

'itation, 84, 85, 293, 305 
;rity, of capillary waves, 323-325 
f elastic waves, 328-335, 342-349 
f gravity waves, 141-143, 325 
f surface waves, 324, 325 

f e~tirrrc>c 143 — 145 


Backwater profile, 225 
Bakhmeteff, B. A., 146 
Bardslev, C. E., 7 
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Center of pressure, 74, 76 
Centimeter, definition of, 355 
Centrifugal pumps and fans 301-305 
Centroid, 74, 75 
Charters A C , 348, 350 
Chfzy, A do, 217 
Chtzy coefficient, 217 
Chfzy equation, 217, 222, 3S2 
Chord, 282 
Chu, P F , 146 
Circulation, definition of, 271 
around cambered foil, 280-283 
around cylinder, 273-277 
around inclined plate, 278-280 
in radial flow machinery, 301, 302 
in xortex trial, 239 
Classical hydrodynamics, 1 
Classification of surface profiles 225, 226 
Coefficient of contraction, orifice 56-59 
slot, 56-58, 90. 91 
sluice gate, 91, 93-96 
weir, 91, 92 

Coefficient of discharge, Chezy, 217 
oriUcc, 58. 59, 104, 105, 168. 255. 256 
344 

slot, 58 91, 92 
sluice gate, 91, 9S. 96 
Venturi meter, 255, 256 
weir, 91-93 

Coefficient of drag airfoils 282-286 
projectiles 347-349 
surfaces 186-188 
symmetrical bodies, 244-249 
Coefficient of lift airfoils 282, 285, 286 
rotating c> Jindcr 2/6 
rotating sphere, 277 
Coefficient of surface tension 317 
of common fluids 36l 
of water, 364 
Cohesion, 313 317, 318 
wort of, 313 

Cotcliroot. C F , 209. 210 
Colebrook transition function, 20q 210 
Commercial pipes, resistance of, 209-212 
Components of boundary pressure 74-76 
of force on blade clement, 2S9, 290 
of \elooty' vector, 9 
Compressibility, 328, 336-341 
Conduits of non-circular cross section, 
214-219 


Contact angle, 318, 319 
Continuity, equations of, 13-16, 110, 115 
329 

Contraction coefficient, orifice, 56-59 
slot 56-58, 90, 91 
sluice gate, 91, 93-96 
weir, 91,92 

Contractions conduit, 257-259, 265 
Control sections open -channel, 227 
Convectuc acceleration, definition of, 32 
Con vers /on of units, J5J, J55-J57 
Comerter, torque, 307-310 
Correction factors mean-i cJocitj , 112- 
115 

Coupling fluid, 307-309 
Critical depth 135-139, 224-227 
Critical slope, channels of 225, 2 26 
Critical sclocity Troude 135-139 
Reynolds 172-174 

Crude oil projicrties of 357 360-362 
Cylinder, drag of 247 249 
pressure distribution around 238, 219 
rotating 273-277 

Darcy H . 201, 209 

Darcy Ueisbach resistance coefficient 
201 

Da\ id Ta% for Model Rasin iv 2 93 334 
Deformation fluid 21 150-153 
Deformation drag definition of, 232 
Degree of wetting 319 
Density , definition of 44 
of air 363 

of common fluids, 357 353 
of water 364 

Depth critical 135-139, 224-227 
mean, 227 
uniform 224-227 
Dewey. \ S, 245 
Differential manometer 71 
Diffusion coefficient, ( 79, ISO 
Dimensional homogeneity, 351 
Dimensionless parameters, 353 354 
Dimensions, table of, 354 
theory of, 351-353 
Direction of flow 10 
Discharge maximum, 136-139 
Discharge coi fficient. Chezy. 217 
onfice 58 59. KM 105 165 255 256 
344 



INDEX 


369 


Discharge coefficient, slot, 58, 91, 92 
sluice gate, 91, 95, 96 
Venturi meter, 255, 256 
weir, 91-93 

Discharge diagram, 136-138 
Discharge meters, 254, 256, 261, 262 
Discontinuity, surface of, 171, 233, 234 
Disk, drag of, 245, 249 
pressure distribution around, 236 
Dissipation of energy, in laminar flow, 
160-162 

in turbulent flow, 176, 177 
in wakes, 234 

Divergent flow, separation in, 24-27, 233, 
234 

Down wash, 284, 285 
Drag coefficient, for airfoils, 282-286 
for projectiles, 348 
for surfaces, 186-188 
for symmetrical bodies, 244—249 
Drag definitions, deformation, 232 
form, 234, 347 
surface, 232 

Drag equation, 244, 282 
Duct fans, 298-300 
Durand, W. F„ 42 

Dynamic similarity, 105, 106, 138-140, 
168, 179, 323-325, 344, 349 
Dynamic viscosity, definition of, 150-152 
of air, 360, 363 
of common fluids, 360, 361 
of water, 360, 364 
Dyne, definition of, 355 


Eddy size, 178-180 

Eddy velocity, 178-180 

Eddy viscosity, 177—180 

Effective pitch, 289-291 

Efficiency, 292, 296, 299, 302, 308-310 

Efflux, 55-60 

Elastic modulus, definition of, 328 
of common fluids, 363 


of water, 364 

Elastic waves, 328-335, 342-349 
Energy', definition of, 112 


flux of, 113 
kinetic, 112-114 
potential, 114 
Energy' dissipation, in 


laminar flow, 160— 


162 


Energy dissipation, in turbulent flow 
176, 177 
in wakes, 234 

Energy principle, 109, 112—115 
Enlargements, conduit, 258—260, 265 
Equation, acceleration, 46 
Bernoulli, 81, 133 
Chezy, 217 

continuity, 13-16, 110, 115, 329 
discharge, 58, 59, 91-95 
drag, 139, 244, 282 
efflux, 58, 59, 91, 92 
energy', 113, 115 
Euler, 46, 62, 80 
gradually varied florv, 222, 225 
Karman-Prandtl, 194, 195, 204, 205 
lift, 276, 282 
momentum, 112, 115 
Poiseuille, 158, 202 
pressure, 49, 51 
Stokes, 158, 244 
velocity distribution, 198 
Equivalent sand roughness, 209-211 
Establishment of flow, 128-130 
Euler, L., 62, 81 

Euler number, 62, 102-106, 166-168, 186, 
202, 203, 236, 237, 243, 244, 322, 
344, 348, 354 

Eulerian equations, 46, 62, 80 
integration of, 47, 49, 80-82 

Fage, A., 238, 247 

Falling head, orifice discharge under, 125, 
126 

Fan, duct, 298-300, 304, 305 
open, 295, 296 
Filament, dye, 173, 174 
Flachsbart, O., 237, 239 
Flow meters, 94, 254—256, 261, 262 
Flow net, definition of, 20 
Flow-net construction, 22, 23 
Flow nets, 20, 22-25, 50, 56, 89, 93, 95, 
108 

Flow patterns, 8, 14, 15, 35, 37-39, 233, 
236, 237, 239-241, 248, 254, 259 
273, 279-281, 283 
Fluctuation, velocity of, 177—180 
Fluid couplings, 307-309 
Fluid properties, 357-365 
Fluid turbulence, definition of, 176 
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Flux, ofenergj, 113 
of momentum, 112 
Foot, definition of, 35S 
Force, 43, 351 
due to pressure gradient, 46 
due to gravit>, 65-67 
units of, 43, 355 

Form drag, subsonic, 234, 243-250, 276, 
282 

supersonic, 347-349 
Francis turbine, 301-305 
Free jet, 98-101, 103,325 
Free surface, constancy of pressure at, 
65, 72, 87 

curvilinear flow with 87-96 
Freeman, J R , 108, 200 
Frequency of vortex formation, 240, 241 
Froude, W , 106 

Froude number, 104-106, 138-140, 145- 
147, 202, 322, 344, 345, 354 
Fuel oil, properties of, 357, 361 362 
Fuhrmann, G , 235, 245 

Gallon, magnitude of, 356 
Gas constant, 337 
of common gases 358 
Gas law, ideal. 337 358,363 
Gasoline, properties of, 357, 360, 362 
Cebcrs, F , 187 
Generation of heat 160-162 
Geometric pitch, 289, 290 
Gucomelli, R , 7 
Gibson, A H , 149, 350 
Glauert, H , 312 

Gljcenne, properties of, 357, 361, 362 
Goldstein, S , 231, 270 
Gradient, definition of, 46 
piezometnc, 67, 162, 163, 201, 216 
pressure, 46, 66 154-158, 161, 162, 
176, 201, 339, 341 

veloratv, 152, 156, 157, 171, 172, 177, 
178, 185, 188, 192, 193,215 
Gradual!) varied flow, 221-228 
differential equation of, 224, 225 
Gram, definition of, 355 
Gravitational acceleration, 61, 65, 357, 
359 

standard. 337. 355, 359 
sanation of, 65, J5S 
Gravitational attraction, 61, 357 


Gravitj currents, 147, 227, 228 
Gravitj waves, 141-143, 324,325 
Greve, F, \\ , 209 
Guide vanes, 261, 296, 298, 308, 309 

Head coefficient, 298-300, 304 
ffcad definitions, pierometric, 67, 73 
pressure, 67 
specific, 134 
total, 81 
velocity, 81 

Head loss, at conduit transitions, 263-267 
in laminar flow, 162, 163 
in turbulent flow, 201, 202, 215, 222 
Heat, generation of, 160-162 
Heat transfer, 179 
Height of hjdraulic jump, 145, 146 
Helium, properties of, 358, 360, 362 
Hersey, M D , 182 
Heywood, F , 209 
Homogeneity, dimensional, 351 
Horsepower magnitude of, 356 
Hoskins L M , 209 
Hjdraulic jump, 145-147 227 
Hjdraulic machinerv, 121 122 
Hjdraulic radius 216 
Hjdraulics, 1 

Hydrodj namics classical 1, 109 
Hjdrogen, properties of, 358 360, 362 
Hjdrostatic pressure distribution, 72 
74-77. 138 235, 337 338 
Hydrostatics 72-77 

Ideal gas Jaw 337, 358 363 
Impeller, fluid-coupling, 308, 309 
pump 301 

Impulse, definition of, 110 
Impulse momentum equation 110 
Induced drag. 284-286 
Inertia 43 

Inlets, conduit, 257, 258, 265 
Instabilitj, 170-174 
Intensitj of pressure definition of, 45 
Intensity of shear definition of, 150, 157 
International prototj pe kilogram, 355 
International prototj pe meter, 355 
Inversion of jets 325 
I notations I flow, definition of, 21 
J notations I vortex, 87, 88, 27 2 
Isothermal flow, 338-340, 363 
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Jet contraction, 56 
Jet geometry, 9S-101, 103 
Jet inversion, 325 
Johansen, F. C., 238, 256 
Joukowsky, N., 281, 282 
Joukowsky profile, 281, 282, 284 
Jump, hydraulic, 145-147, 227 

Karman, Th. von, 7, 182, 188, 239 
Karman vortex trail, 239-241 
Karman-Prandtl resistance equations, 
203-205, 217 

Karman-Prandtl velocity-distribution 
equations, 194-197, 217 
Karman-Schoenherr drag equation, 188 
Kelvin, Lord, 323 
Kempf, G., 187 

Kerosene, properties of, 357, 360-362 
Kessler, L. H., 209 
Keulegan, G. H., 149, 231 
Kilometer, magnitude of, 357 
Kinematic eddy viscosity, 178, 179 
Kinematic viscosity, definition of, 167 
of air, 362, 363 
of common fluids, 362 
of water, 362, 364 
Kinetic energy, 114 
King, H. W., 270 
Kirch hoff, G., 57 
Knot, magnitude of, 356 
Kristal, F. A., 312 

Lamb, H., 63 

Laminar boundary layer, 184-187 
Laminar flow, definition of, 170 
between parallel planes, 155, 156 
in circular tube, 157, 158, 162 
with free surface, 163 
Laminar sublayer, 188, 193, 195, 203, 
204, 206, 207 

Laws of motion, Newtonian, 43 
Lea, F. C., 108, 168 
Length, 351 
units of, 355 

Length of hydraulic jump, 145, 146 
Liebster, H., 245 
Lift, definition of, 275 
Lift coefficient, airfoil, 282, 285, 286 
rotating cylinder, 276 
rotating sphere, 277 


Lift-drag ratio, maximum, 286 
Lift equation, 276, 282 
Line, of piezometric head, 81, 120-122, 
128, 163, 216, 264-266 
of total head, 120-122, 264-266 
Line integral, 271 
Liter, magnitude of, 356 
Local acceleration, definition of, 36 
Local drag coefficient, 186, 188 
Logarithmic velocity distribution, 188, 
192 

Loss coefficient, 264, 265 
Loss of head, at conduit transitions, 263- 
267 

in laminar flow, 162, 163 
in turbulent flow, 201, 202, 215, 222, 224 
Loudon, F. A., 245, 247 
Lower critical Reynolds number, 174 
Lubricating oil, properties of, 357, 361, 362 
Lunnon, R. G., 245 

Maccoll, J. W., 350 
Mach angle, 346 
Mach number, 343, 349, 354 
Machinery, hydraulic, 121, 122 
Magnus, G., 275 
Magnus effect, 275 
Manning, R., 217 
Manning formula, 217-219, 224 
Manning roughness factors, table of, 219 
Manometer, differential, 71 
Martin, R. R., 209 
Marx, C. D., 209 
Mass, 43, 351 
units of, 43, 353, 355 
Mass attraction, 64, 313 
Mass density, definition of, 44 
of air, 363 

of common fluids, 357, 358 
of water, 364 
Matzke, A. E., 146 
Maximum discharge, 136-139 
Mean depth, 227 
Mean drag coefficient, 186—188 
Mean velocity, definition of, 16 
correction factors for, 112-115 
laminar flow, 156, 157 
orifice discharge, 168, 255 
slipstream, 294, 295 
turbulent flow, 177, 197, 198 
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Measurement o( differential pressure 71 
of mass 357 

of pieiotnctnc find 73 81 
of pressure intensity SI 70 71 
of nte of flow 91 254 256 261 262 
of surface ttnsjon 316 360 
of tonl h«ii! 81 
of vtJocU) 32 
of velocity held 81 
of viscosity 15 f 152 350 
Mechanics of fluids 1 
Meniscus 319 

Mercury properties of 358 360 363 
Meters flow 254 256 261 262 
Methane properties of 357 360 362 
Mil! slope channels of 225 226 
Mile nngmtulcof 356 
Mills II r 209 
Minimum specific hen! 135 138 
Mists K von 57 
Mixing proass turbulent 176 180 
Model nna]>. s i v 8 105 106 140 168 
241 250 291 305 321 319 
Modulus of elasticity definition of 128 
of common fluids 361 
of Hater 361 
Molecuhr attraction 311 
Momentum definition of 1 10 
flux of 112 

principle of 109-112 114 115 144 185 
Musk.it M , 182 

Nvppe 93 

National A !\ ivor> Comm ttre for Aero- 
nautics 29] 

Nitun! rib [ r»|x rtn-s of 157 360 362 
Nsvicr Stokes c juat ions 150 
Newton Sir Is.nc 41 
Newton's hw* of motion 43 J5f 
Nikuradsc J 191 196 204 209 210 
Nominal pitch 2 JO 

Non-ciraihr cross section conduits of 
214 219 

Non uniform flow def n tion of 29 
Non uniform tun I rougl lieu 209 
Normal a err! era t ion dr fin t on of 30 

O !» profsrti srf J17 160 361 
Onc-d men* oml nm!)t s method of 
109 113 


One dimensions! anafjsis of conduit 
flow 120-131 209 212 214 216 
263 267 138 340 

of open chin ncl flow J12 140 216 
219 221 228 

of operKhanml waves 141-147 
of radnl flow machinery, 300 302 
of ihpstrmm 293 296 
Open channel waves and surges 141-147 
Open channels flow m 132 140 216 
219 221 228 

Onfee rlflux from 55-60 168 344 
pipe 252 256 

tin ler fall ng I ei 1 125 126 
Outlets conduit 260 265 
()x>gen pro[<crtiis of 357 360 362 

Path line 37 38 
Patterson O U 149 
I cnduhtion of liquid in n U tube 127 
128 

I crformmcc dngrams of pumps in«l tur 
bine* 299 300 101 301 
f trimeter wetted 215 
I’triod of oscillation I into 128 
vortex trail 21J 
water hsmmcr Hi 113 
I icromcfcrs 51 70 7! 

I exometne gra I ent or slope 67 162 
163 201 216 

f le/onietnc I ci I definition of 67 73 
<! stril ut on of 82 83 252 262 
line of 81 120 122 128 163 216 
2f 1 266 

I K/oimtnc filini 72 74 77 132 
I ipe orifice 252 256 
I i[K rt mitance ih igram 21 1 
1 ipis vil ieit> distnl ution in 157 177 
189 |9| t90 
I istotes 1 7 

Pitch effective 289 291 
gconctric 289 2J0 
nominal 290 
I itot tube 52 71 8! 

IliU drag of 185 188 247-249 
inclined 278 280 
pressure <1 »trd ut on aroun I 238 
font of stagnit >n 51 
Poise d fin l» nrf 359 
Po «ru U' equation of 158 202 
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Polar diagram, 285, 2S6 
Posey. C. J.. 231 
Potential energy, 114 
Pound, definition of, 43, 355 
Poundal, definition of, 555 
Power, 113, 121, 122, 162 
Power coefficient, machinery, 299, 309 
propeller, 291 

Prandtl, L„ 63, 1S2, 1S3, 1SS, 231, 312 
Prandtl boundary -layer theory, 183 
Prandtl-Pitot tube, 52 
Prandtl-Tietjens, 42 
Pressure, 45 
center of, 74, 76 

Pressure diflerence across curved inter- 
face, 314. 315 

Pressure distribution, boundary, 49-51, 
56, 93, 95, 235-241 

hydrostatic, 72, 74-77, 13S, 235, 337, 
338 

Pressure equation, 49-51 
Pressure gradient, 46, 66, 154-15S, 161, 
162, 176, 201, 339, 341 
Pressure head, definition of, 67 
distribution of, S3, 93, 95, 120-122, 
128, 163, 331, 332 
Pressure intensity, definition of, 45 
absolute, 45, 337, 358, 363 
atmospheric. 45, 357, 358 
relative, 45 

variation with elevation, 70, 337, 338 
Principle, continuity, 13-16, 110, 115, 
329 

energy, 109, 112-115 
momentum, 109, 110-112, 115 
Propagation of waves, capillary, 323-325 
elastic, 328-335, 342-349 
gravity, 141-143, 324, 325 
surface, 324, 325 

Propeller pumps and turbines, 298—300, 
304, 305 

Properties, of air, 363 
of common fluids, 357-363 
of water, 364 

Pumps, centrifugal, 300-305 
propeller, 298-300, 304, 305 
variation in head at, 121, 122 

Radial-flow machinery-, 300-305 
Radius, hydraulic, 216 


Radius of curvature, 31, 32 
Rate of deformation, 150, 152 
Reflection of waves, 330-333 
Relative motion, 9, 10, 39, 40 
Relatrie roughness, 204, 218, 219 
Resistance, of commercial pipe, 209-212 
of rough pipe, 204-207 
of smooth pipe, 202-204 
Resistance diagram, for bodies of revolu- 
tion, 245 
for pipes, 211 
for plane surfaces, 187 
for projectiles, 348 
for two-dimensional bodies, 247 
Reynolds, 0., 172 
Reynolds apparatus, 172-174 
Reynolds number, 167, 168, 172-174, 
180, 1S3-189, 202-207, 209-211, 
236-239, 241, 243-250, 252, 254- 
258, 276, 288, 305, 322, 344, 349, 
354 

lower critical, 173 
upper critical, 174 
Ripples, 324 

Root-mean-square, 90, 17S 
Rotating cylinder, lift and drag of, 275- 
277 

Rotating sphere, lift and drag of, 277 
Rotational flow, 21, 22, 81, 150 
Rough pipes, resistance of, 204-207 
Roughness, boundary-, 195, 196, 206 
219, 234 

equivalent sand, 209-211 
relative, 204-207, 218 
Rouse, H., 42, 10S, 149, 236 
Runner, fluid-coupling, 30S, 309 
turbine, 301 

Saph, A. V., 209 

Saybolt Universal viscosimeter, 359 
Scalar quantity, 43 
Schadt, C. F., 236 
Schmiedel, H„ 245 
Schoder, E. \V., 209 
Schoenherr, K. E., 188 
Secondary flow, at conduit bend, 261 
behind propeller, 293, 294 
past wing of finite length, 284 
Sediment suspension, 179 
Separation, 25-27, 233, 234, 257 
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Shear, definition of, 150 
distribution of, 152, 154, 155, 157, 185. 

186, 188, 192, 215 
Shear velocity, 192, 197, 203 
Shock wave, 347 

Side thrust due to circulation, 274 275 
Similitude, capillar), 323-325 
elastic, 344, 349 
gravitational. 105, 106, 138-140 
turbulent, 179 
viscous, 167, 168 
Simmons F, G , 245 
Siphon, 121 
Slip function, 293 
Slipstream, anal) sis of, 293-296 
Slope, channel, 216, 222 
free-aurlace, 163, 216 
piezometnc, 67, 162, 163, 201, 216 
Slot, efflux from, 55-58, 88-92 
Slug definition of 43, 355 
Sluice gate, 93-96 137 
Smith R H.245 247 
Smooth pipes resistance of 202-201 
Sound, speed of, 329 
Span, 282 

Spannhake, \V , 312 
Specific gravit), definition of, 65 
Specific head, definition of, 134 
variation of, 222 
Specificdiead diagram. 134-136 
Specific speed, 301, 305 
Specific weight, definition of, 65 
of air, 363 

of common fluids, 357, 358 
of water. 364 
Speed, of flow , 9 
of sound, 329 
Sphere, drag of, 244-249 

pressure distribution around. 237, 
238 

rotating, 277 

StabiUt) parameter, 172, 193 
Stagnation, 24 
Stagnation point, 51 
Stagnation pressure, 51, 52 
Stagnation tube, 81, 83 
Standard gravitational acceleration, 317, 
3SS, 359 

Standards of measure, 355 
Steep slope, channels of, 225, 226 


Step computation of surface profiles, 
221-224 

Stoke, definition of, 359 
Stokes equation, 158, 244 
Stream line, definition of, 10 
Stream tube, definition of, 12 
Streamlined body of rev olution, drag of, 
245, 249 

pressure distribution around, 2JJ, 236 
Streamlined strut, drag of, 247, 249 
flow around 37-39 
Streamlining, 248, 349 
Sublayer, laminar, 183, 193, 195, 203, 
204, 206, 207 

Submarine signaling, 333-335 
Superposition of flow patterns 38-40, 
273, 278 

Surface drag, definition of, 232 • 
local coefficient of, 186, 188 
mean coefficient of, 186-fffS • 

Surface energy definition of, 323 
measurement of, 316 
Surface of discontmuit) 171, 233 234 
Surface profiles, classification of. 225 226 
step computation of 221-224 
Surface tension definition of, 313, 317 
of common fluids, 361 
of water, 364 
Surface naves 323-325 
Surge, breaking 143, 144 
standing, 145-147 
undutar, 143, 144 
Surge tank, 131 
Suspension of sediment, 179 

Table, of air properties, 363 
of contraction coefficients, 57 
of conversion ratios, 356 
of dimensions 354 
of drag coefficients, 249 
of gas densities, 357 
of liquid densities, 358 
of toss coefficients, 265 
of Manning coefficients, 219 
of surface tensions 361 
of water properties 364 
Tangential acceleration, definition of, 3C 
Ta>for. G l . 350 

Temperature, ab«Jute, 337, 343 358 
361 
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Temporal mean velocity, 177 
Theorem, Rcmoulli. 81 
Thomas. R. N.. 5-18, 850 
Throttling of flow, 130, 131, 350-333 
Thru*:, 200 

coefficient of, 201, 202, 20i 
Time, 351 
units of, 353 

Time of valve closure. 150, 131, 333 
Torque, propeller, 200 
transmission, 30S-310 
turbine, 301 

Torque converters, 507-310 
Total acceleration, definition of, 56 
Total head, definition of, SI 
line of, S3. 80. 00, 05, 05. 00, 100, 120- 
122, 128. 133, 136, 137, 143, 257- 
261, 261, 265. 331, 332 
variation of, SI, 125, 12S, 150, 145, 
222, 221, 263-267 
Transfer of heat, 170 
Tube, flow in, 157, 15S, 162 
Pitot, 52. 71. SI 
stagnation, SI, S3 
V-. 71. 127 

Turbines, Francis, 500-305 
propeller, 208-300. 30}, 305 
variation in head at, 121, 122 
Turbulence. 13, 170, 176-180 
Turbulent boundary Inver, 1S7-1S0, 234, 
241 

Turbulent convection, 170 
Tvio-dirncnsion.il flow, definition of, 14 

I'-tubc. as differential manometer, 71 
pendulation of liquid in, 127 
Underwater round waves, 334 
Undular surge, 143, 144 
Uniform depth, 224-227 
Uniform flow, 20, 70, 111, 113, 154-15S, 
191-190, 201-207, 209-212, 214- 
219. 221 

Uniform sand roughness, 200 
U. S. Engineer Office, 8 
Units, conversion of, 353, 355-357 
Unsteady flow, definition of, 29 
from orifice, 125, 126 
in closed conduits, 127-131, 330-333 
in open channels, 141-145 
Upper critical Reynolds number, 173 


Valve closure, pressure change due to, 
130, 131, 330-333 
Vector quantity, 9 
Velocity , definition of, 9, 29 
components of, 9 
Froudc critical, 135-139 
mean, 16, 110, 156, 157, 168, 177, 197, 
19S, 255, 294, 295 
correction coefficients for, 112-115 
of fall, 15S, 247 
of sound, 329 
Reynolds critical, 172-174 
slipstream, 294, 295 
wave, 142, 145 

Velocity distribution, in boundary layer, 
185, 18S 

in non-circular conduits, 215 
in pipes, laminar, 157 
turbulent, 197, 19S 
near rough boundaries, 195, 196 
near smooth boundaries, 194, 195 
Velocity gradient, 152, 156, 157, 171, 172, 
177, 178, 185, 188, 192, 193, 215 
Velocity head, definition of, 81 
Velocity vector, definition of, 9 
Ventilation, weir, 93, 94 
Venturi meter, 252-2S6 
Viscosimeter, 151, 359 
Viscosity, dynamic (absolute), definition 
of, 150-152 
of air, 365 

of common fluids, 360, 361 
of water, 364 

kinematic, definition of, 167 
of air, 363 

of common fluids, 362 
of water, 364 

Viscous similitude, 167, 168 
Volume rate of flow, definition of, 13, 14 
measurement of, 94, 254, 256, 261, 262 
Vortex, irrotational, 87, 88, 272 
Vortex formation in wakes, 238-241 
period of, 241 
Vortex trail, 239-241 

Wake, of cylinder, 240, 248 
of disk, 246 
of plate, 248 
of sphere, 245, 246 
of streamlined foil, 24S 
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Warden, R , 247 
Warsap, J. H , 247 
Water, properties of, 364 
\\ ater hammer, 333 
Watt, magnitude of. 356 
Wa\ e amplitude, 143 
Wav e celerity, capillary, 323-325 
elastic, 328-33S, 342-349 
gravity, 131-143, 325 
surface, 324, 325 
Wave length. 142, 323-325 
Wave patterns, 324, 34S-348 
Wave reflection, 330, 33 1 
Wave velocity, 142, 145 
Weber number, 322-325, 344, 354 
Weight, 64 
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Weight, specific, 65, 357-359 
W'etr, sharp-crested, 92-94 
Wcisbach, J , 201 
Wetted perimeter, 215 
Wetting, degree of, 319 
White, C M , 209, 210 
WlescUberger, C , 187, 245, 243 
Windmill, flow past, 295 
Wing, C n , 209 
Woodward S M , 231 
Work, definition of, 112 
of adhesion, 314 
of cohesion, 313 
Work-energy equation, 112 

Zahm, F A , 245, 247 



